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Abstract

Fagin, Halpern, Moses, and Vardi have proposed a framewbdpigtemic agents with multiple
“frames of mind” (ocal-reasoning structurgsto solve problems concerning inconsistent knowledge
and logical omniscience. We investigate a class of relatedaiogics. These logics replace the usual
closure under full conjunction for thel operator with progressively weaker versions, and comise
hierarchy with the traditional modal logi& at the top, and an infinite humber of logics ordered by in-
clusion under it, all strictly stronger tha¥, the weakest monotonic modal logic. Previous results have
usedN to represent local-reasoning structures. Our result shiostghere are stronger logics applica-
ble to such structures, suggesting that stronger formsfefénce can be used to represent imperfect
knowledge-based agents and protocols. Further, it is shbatthe satisfiability question for each of
these logics is PSPACE-complete, strictly harder thamXforThis also answers a conjecture of Vardi:
the border between NP- and PSPACE-hardness in modal-lagitisfiability problems is associated with
conjunctive closure, however weak.

1 Introduction

Fagin, Halpern, Moses, and Vardi [5] have proposed the idea oél'f@asoning,” both as a possible solu-
tion to the logical omniscience problem in epistemic logic, and as a model forledgerbased agents and
protocols dealing with inconsistent beliefs or information. We examine a cfassdal logics that provide
stronger systems of inference for local-reasoning structures tham phegously considered. Furthermore,
we prove that satisfiability for these logics is PSPACE-complete, establisiniegy éheoretical result estab-
lishing the boundary between the complexity classes NP and PSPACE for imgidal depending upon the
presence ofonjunctive closur@rinciples.

In the typical Kripke semantics for epistemic logics, agenin states knows proposition3 (written
0, B) if and only if B holds at every state accessible frons via binary relationR;(z,y). Since “states”
in this semantics are maximal and consistent sets of propositions, the coritefisskmowledge can only
be inconsistent if relatiol®; is empty, and:; holdsall possible beliefssince the knowledge-condition is
vacuously satisfied. Only then can, for example, both of the formuldeandd;,—B hold fora; at s.

In local-reasoning semantics, on the other hand, each agkas “multiple frames of mind”: a function
C; over states, wher€;(s) = {11, ..., T, }, and eacl{} is a distinct set of states. In effect, each such set
functions as its own accessibility relation, one for each possible state of ritine agent;;. The semantics
for the knowledge operatar; is adjusted to reflect this chandg; B is true at point if and only if B holds
at everys’ € T}, for someT; € C;(s). Although each point’ must still be internally consistent, bofh B
andd;—B may hold ats, since each oB3, =B can hold in distinct frames of mind;, 7> € C;(s) for a;,
even though there is no poigtat which(B A —B) holds.

Local-reasoning semantics thus does away withjunctive closureno longer ddJ; B and(J; B’ imply
0;(B A B'). The corresponding sound and complete axiomatization is given by the meitt-egtensions
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of the modal logic commonly known &§ (described below). Satisfiability for these logics is NP-complete.
On the other hand, satisfiability for the stronger logie—sound and complete for the class of all Kripke
frames, and with full conjunctive closure—is PSPACE-complete [12, ArdM21] conjectures that the
absence of strong conjunctive closure accounts for this differdrygmthesizing that any logic below
lacking that principle falls into NP rather than PSPACE.

We show that the conjecture in fact fails for an infinite hierarchy of logiés(p € Z*), each weaker
than K. We show a 1-to-1 correspondence between Kripke models fo¥@ngnd local-reasoning struc-
tures for exactly distinct frames of mind. It follows thak™® is sound and complete with respect to such
structures. We also show th&?-SAT is PSPACE-complete, despite the fact that for eyery 1, K? lacks
strong conjunctive closure far.

K? logics are interesting for three reasons. First, they are strongefthand are useful for reasoning
about agents with multiple frames of mind. Second, they are related to paistem logics useful for
reasoning in the presence of inconsistent input. Third, the PSPACElemness ofKP-SAT answers
Vardi's conjecture: strong conjunctive closure is not necessarthiojump from NP to PSPACE; rather,
any degreef closure does the trick.

2 The K? Hierarchy

The modal systenV is given by all tautologies of propositional logi@ (), and three elementary axiom
schemata, for a total of four basic rules:

[RPL]: Epp A = F A, )
(MP]: FA& FA—B =FB. @)
[RM]: FA— B =FO0OA— OB. (3)
[RN]: FA =FOA. @)

Vardi [21] proves that the satisfiability probleM-SAT is in NP. The logicK comprises the same rules as
N, with an additionatonjunctive closurexiom:

[K]: FOAANOB — O(AAB). (5)

In epistemic logic, this axiom specifies that agents know the conjunction dharings already known. It

is well-established thak is sound and complete for the class of all Kripke frames [3, for exampégnéer

[12] showed that satisfiability foK is PSPACE-complete; Halpern and Moses [7] extend this result to the
multi-agent logicsk’,,, with multiple distinct knowledge-operators, . . ., J,,.} After considering various
combinations of the rules and axioms (1)—(5), among others, Vardi [@ijectures that the dividing line
between those logick for which L-SAT € PSPACE and those for whid-SAT € NP is the closure axiom
[K]. For any logicL C S5 without [K], he hypothesized,-SAT € NP. We establish that in fact weaker
principles thar] K] suffice to place a logic in PSPACE.

2.1 Extending Kripke Semantics

In the standard Kripke semantics for modal logic, a model consists of & geirts U, relation R between
point-pairs(u, v), and propositional valuatiol” over U. Schotch and Jennings [16, 9] extend this idea,
allowing R to hold between points andtuplesof points.

In our results here, we consider only single-agent epistemic logics, wihuo-indexed knowledge-operafar This is for
convenience alone; the multi-agent extensiodéfis straightforward, and all results given extend directly to any such logic.
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Figure 1: A simple model with 8-ary accessibility relation. Some formulae true at each point are identified.

Definition 1. Let U be a non-empty set, anil C UP*l. Theng = (U, R) is a(p + 1)-ary frame If
Fisa(p+ 1)-ary frame and/ is a valuation function from propositional variables to subset§ ofhen
M = (F,V)is a(p + 1)-ary relationalmodel Truth at points in a mode(, ) is defined as usual for
Boolean operators, and far formulae:

(M,x) EOA ifft: (V(y1,....9p) R(z,y1,...,y) = () (M, y;) E A (6)

That is,0A holds at point just in caseA holds at some member of evemtuple related tac. Figure 1
shows a simple example of a model witt8ary accessibility relation; at point, for instance,Jt and
O—t are both true, since each band—t is true at some point in each related pair; their conjunction is not
satisfied, however, since there is no related point at whtieh—t) holds. The formuld](r A s) is satisfied,
on the other hand, since bottands hold at at least one point in each related pair. Lastly, note-thats
holds atz, since—s fails at both members of pafy;, y2).

As p grows, the class dfp + 1)-ary relational frames corresponds to a modal logic with a progressively
weaker conjunctive closure condition. To be precise, the l6gi¢s formed by combining the axioms of
[(1)—(4)] with:

[K?]:F (DA AOAp A+ AOAp) — O \/ A4
ijelp+1) (7)
(i#£7)

Note that axiom{K'!] is simply [K] (eq. (5)), and logick! = K. Forp > 1, weaker conjunctive closure
holds, e.g.:

[KQ] : F (DAl AOAs A DALg) — D((Al VAN Ag) V (Al AN Ag) V (AQ VAN Ag))

[K3]: E (OA; ADAy AOA3 ADAL) — O((AL A Ag) V (AL A A3) V (AL A Ay)
V (A2 A A3) V (A A Ag) V (A3 A Ag)).
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It has been shown that for any valpec Z*, K? is sound and complete fgp + 1)-ary frames [2, 13].
Further, it is easily seen that these logics form a hierarchy of inclusiom that for anyp, KP*! < KP
(i.e., the theorems ok P! form a proper subset of the theoremsFof). Finally, it has been proven that
system) is the intersection of the denumerable sequendgf$ystems [9]. In a sense, then, this hierarchy
comprises all of the “degrees of conjunctive closure” betwEeproper andV; while K has full closure
under conjunction for th&l operator (given by eq. (5)), andl has no such closure at all, t€” hierarchy
constitutes all the various degrees to whitimeclosure is allowed.

2.2 KP Logics and “Frames of Mind”

We begin by applying the logics in thEP-hierarchy to the “local reasoning” proposal of Fagin, Halpern,
Moses, and Vardi [5, 20, 21]. We strengthen a related soundndssoampleteness result, by showing that
each logic in thek? hierarchy is sound and complete for a specific class of local-reasdnirgses.

Local-reasoning structures have been put forward as a possibt®adtuthe logical omniscience prob-
lem in epistemic logic, and as a model for knowledge-based agents andgisadealing with inconsistent
beliefs or information. In the typical Kripke-style semantics for epistemic lgdies knowledge operator
is simply the traditional necessity operatdl, Agenta; in states knows propositionB (written [J; B) if
and only if B holds at every state’ accessible frons via the binary relatiom?;(z, y). Intuitively, we can
understand?; as holding of a pair of statgs, s’) if and only if agenta; considers state’ possible when
in states. Since “states” in this semantics are maximal and consistent sets of propaditiercontents of
a;'s knowledge in any state can only be inconsistent if relatioR; is empty ats, anda; holdsall possi-
ble beliefs since the knowledge-condition is vacuously satisfied. Only then caextomple, both of the
formulaeld; B andd;—B hold forq; at s.

In local-reasoning semantics, on the other hand, each agkas “multiple frames of mind”: a function
C; over states, wher€;(s) = {11, ..., T,}, and eaclT; C S is a distinct set of states. In effect, each such
set functions as its own accessibility relation, a separate set of statédezedspossible relative tg one
for each ofa;’s possible states of mind. The semantics for the knowledge opénatsradjusted to reflect
this changef; B is true at points if and only if B holds at every stat€ contained irsomeframe of mind
T; € Ci(s). Thus, although each such statenust still be internally consistent, boffy B and(J;—B may
hold ats, since each o3, =B can hold in distinct frames of mir#l;, 7> € C;(s) for a;, even though there
is no points’ at which the explicitly contradictory conjunctid® A —B) holds.

In other words, the local-reasoning semantics—like that for the logics ikthaierarchy belowK
proper—eliminatesonjunctive closureno longer doe§l; B andJ; B’ imply O;(B A B'), for any propo-
sitions, B, B’. It is known that logicN, weaker than any of the logick™, is sound and complete for
the class of all local-reasoning structures in which agents may have naddly many frames of mind [5,
§9.6]. Other authors have considered connections betweeR theodal logics angbaraconsistent logics
applicable to the problem of reasoning and knowledge in the presencdefally-consistent but mutually
conflicting data-streams [8, 10, 15]. Here, we extend the us&’ologics in epistemic contexts, show-
ing how each corresponds to the local-reasoning logic of agents with pfréanes of mind. Here, and
throughout the paper, we consider the case of a single agent, forikinefseonvenience alone; multi-agent
extensions add no real complications.

Definition 2. A local-reasoning structure fop frames of minds a triple£? = (S, V, C?), where:
1. Sis a set of states.

2. V : Prop — 2% is a propositional valuation, returning the set of states at which eaclogitiomal
variable is satisfied.
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3. C?: S — (2%)Pis a function from states te-tuples(71, . . ., T,) of “frames of mind,” each of which
is a set of state$; C S.

Note that we do not require that the various frames of mifyds C?(s), be distinct. That is, an agent may
not havep different frames of mind, but rather any numbe(1l < n < p) such frames (by duplication
where necessary), and in fact the valuerafan vary from point to point. Further, if we were to extend this
to the multi-agent context, it would be possible to have distinct agents with distimebers of frames of
mind at one point. These structures thus give us a flexible way of repiiegénteractions between agents
whose knowledge may be more or less imperfect in various states of thewmment. Such imperfections
could arise, for instance, from innate flaws in the agent, or from sudr ctuses as mutually-conflicting
input streams or noisy sensors.

We now prove thaKk’® is sound and complete for the class of all local-reasoning structuredfames
of mind. The proof rests on first proving two preliminary propositions. & that a formula isC?-
satisfiableif and only if it is satisfied at some point in a local-reasoning structure fotames of mind; a
formula is KP-satisfiableif and only if it is satisfied at some point ingaary relational model.

Proposition 1. For any formulaA, if A is £P-satisfiable, theml is KP-satisfiable.

Proof: Suppose some formuldis £P-satisfiable. By definition, there exists some local-reasoning structure
for p frames of mind,£7 = (S, V, CP), and some points € S, such that(£?,s) F A. Given such a
structureg?, we construct a correspondirig + 1)-ary relational modedi?.

Let P = (S, V, RPH1), with S andV just as ing?, and relationkP*! defined as follows:

p
(Vs € S)(Y(tr, ... tp) € SPYRP (s, t1,... 1) & N\ ti € T € CP(s). (8)

=1

It is then easy to show that any formulais satisfied at any point € S € 9 if A is satisfied at that same
point in £, by induction on the possible structure of the formula. The chase p, for any propositional
variablep, follows directly from the fact that’” € 9? = V' € £P. The inductive cases for truth-functional
connectives are as expected, since the relevant semantic clausessamthin both frameworks.

For the cased = OB, for any formulaB, since(£?, s) E OB, by definition of £P-satisfaction there
exists some frame of mind; € C?(s) such that(vt € T;)(£P,t) F B. LetT; be such a frame of
mind. If T; = 0, then the definition in biconditional (8) yields an empty relatiti! at s in 9, and
(P, s) E OB vacuously. IfT; # (, then consider an arbitrapytuple of pointst = (t1,...,t,) € SP
such thatRP*1(s, ). Again by the definition in biconditional (8}, € t is such that; € T}, and so by
assumptior(£?,t;) F B. Thus, by the hypothesis of inductiof?, ¢;) = B, and since was an arbitrary
relatedp-tuple, we conclude thdtn?, s) = OB. O

Proving the converse of Proposition 1 is somewhat more complicated. To & iproof, we first
establish a useful lemma, and then prove a slightly stronger version of tiverse, having to do with
satisfiablesets X, rather than individual formulaed.

Definition 3. For any set of formula&, the square-set of%, [¥], is defined as the set of all formulae
taking the(d operator inX. Thatis:[X]g = {A|0A € £}.

Lemma 1. For any set of formula&Z, any KP-model 9P = (U, V, RP*1), and any pointu € U, if
(MP,u) E ¥ then eitheX] is divisible intop subsets, each of which is itseifP-satisfiable; orP*! is
empty atu.
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Proof: Supposg?,u) = X, for some set of formula&, KP-model9n? = (U, V, RP*!), and point
u € U, further, supposé?’™! is not empty at.. That is, there exists sonfe, ..., v,) € UP such that
RPHY(u, vq,...,v,). Now, either[$]g = (), or not. On the one hand, [E]g = (), then since) is trivially
KP-satisfiable[X] is divisible intop subsets((, 0, ..., ), each of which igK?-satisfiable.

——

On the other hand, i&2]g # (), then by the semantizz:s fde?,
(VA € [E]0)(Fvs € (v1,...,vp)) (MMP,0;) E A. 9)
Thus, there exists sely, . .., I', such that:
1 (Vi1 <i<p)T,; C Yo,
2. T1ulaU---UTy) = [E]o.
3. (Vi.1 <i < p) (9P, v;) E Ty
That is, each such; is KP-satisfiable, and sfX] is divisible intop subsets that ar&?-satisfiable. [
We can now establish the following stronger version of the converse poBitmn 1.
Proposition 2. For any set of formula&, if > is K?-satisfiable, theX is £P-satisfiable.
The argument is based on the maximum depth of modal nestiigdiefined as follows:
Definition 4 (Modal depth). For any formula4, thedepth of A4, dpt(A) is defined inductively:
1. For any propositional variabje dpt(p) = 0.
2. For negationgipt(—A) = dpt(A).
3. For conjunctionsipt(A A B) = max(dpt(A), dpt(B))
4. For modal formulaedpt(0A) = (1 + dpt(A)).
5. For sets of formulaapt(¥X) = max ¢y dpt(A).

Proof of Proposition 2: For any set of formula&, our proof is by induction om = dpt(X).
Basis(n = 0): In this case}: is simply a set of purely propositional formulae. Since #f¥#&semantics and
L£P-semantics agree over all propositional formulaég; i6 KP-satisfiable, it must b&?-satisfiable.

For the inductive step, we assume that the hypothesis holds for all valdek, for somek € N. We now
show that it holds fodpt(>X) = k. In this case, sinc& is KP-satisfiable, we have that there exists some
KP-modeld? = (U, V, RP*!) and some point. € U such that 9P, «) £ . Thus, by Lemma 1, either
RP1is empty atu, or else[X] is divisible intop subsets, each of which i§P-satisfiable. We take the two
cases in turn.

11 (RP+L is empty at): In this case, define a local-reasoning struct@ite= ({u}, V', C?), where:
(a) For any propositional variable V'(p) = {u} < u € V(p), forV € MmP.
(b) CP(u) = (9,0,....0).
———

p
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It is then easy to show that for any formulawhatsoever,
(MP u) EA & (£Pu) F A (10)

The proof is by a second induction on the structurelofhe base case for propositional variapl®llows
directly from (a). The argument for propositional connectives is similstrigightforward, and for formulae
of the form A = OB, we simply note that each such is vacuously satisfiadiatboth 9 and £?, due to
the emptiness of relatioRP*! and functionC?, respectively. The conditional claim for the set of formulae
3} then followsa fortiori.

12 ([¥]p is divisible intop KP-satisfiable subsets): In this case, there existsIsets ., I', such that:
1. (Vi1 <i<pT; C[X]o.
2. T1ulpU---UTLYy) = [E]o.
3. (Vi.l <i <p)T;is KP-satisfiable.

Now, for eachl’;, since eactA € T; is such thatJA € ¥, dpt(T';) < dpt(X) = k. Therefore, by the
hypothesis of the induction, each suchis £P-satisfiable; that is:

(3L7 = (S1, Vi, C1))(3st € S1) (L1, 87) ETy

A (3212) = (SQ, Vs, C§))(35§ S SQ) (Ep,sg) ETy 1)
11

A (3L = (Sp, Vp, CF))(3sy, € Sp) (£, 57) F Ty

Without loss of generality, we can assume that for Bpyl'; (i # j), (I'; N T';) = 0 (i.e., each set of points
is distinct), and furthermore that for dll;, the pointu € U € 9" is such that: ¢ T';. We can then define a
local-reasoning structur®’, = (S, Vi, C%) as follows:

@) S+:(51USQU'--USPU{U}).

(b) For any propositional variabje

Vg = VIR0 U UV U} e V() forV e o,
T\ Vi) UTam) U U T (p) else.

(c) For any points € S,

Cﬁ()z{ci@ . ) ffsisiugism;
({Sl}a {82}’ ] {Sp}) if S =Uu.

It then follows that for any formulal € %, if (9P, u) F A then(£8,u) = A. We first show that for
any value ofi (1 < i < p), and for any formulaB whatsoever,

(Vs € S;) (£F,s)F B & (£8,s) F B. (12)

This proof is by a secondary induction on the structuré3pind follows immediately in every case from
clauses (b) and (c) above. This proof is then followed by a third inductiotihe structure ofi € . The
basis case, for propositional variablefollows immediately from the definition df_. in (b); the inductive
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case for propositional connectives is also as expected. For modallfod = OJC', we note that' € [X],
and so there exists sorie C [X] such thatC' € T';. Therefore, we have that:

(L, s))EC Vv (£5,s5)EC V.-V (€5, s5) EC. (13)

So supposéﬂ?, s7) F C. Then, by the previous step in this cabe s7) F C, and so by the construction
in (c),
(315 € C8 (w)(¥s € Ty) (&4 5) F C, (14)

which means thate! , «) F OC = A, as required. O
With these facts in hand, the following new theorems hold:

Theorem 1 (Equivalence of Validity). Any formula A is KP-valid if and only if A is £P-valid.

Proof: We prove the contrapositive of each direction of the biconditional. For tiv¢olgight direction,
assume thatl is not £P-valid. That is,(3£P = (S,, V, CP))(3s € S) (£P, s) ¥ A. Thus, by the definition
of the semantics for local-reasoning structure®’, s) £ - A, and so—-A is £P-satisfiable. Therefore, by
Proposition 1,-4 is KP-satisfiable; that is to say3or = (U, V', RPT1))(Ju € U) (MP,u) F —A. So,
by the semantics foK?, (0, u) & A, and therefored is not KP-valid.

For the right-to-left direction, we assume théis not KP-valid. The argument thad is therefore not
£LP-valid uses Proposition 2, and is essentially identical in form to the one jusihgso long as we note
the obvious fact that a formuld is £P-satisfiable P-satisfiable) if and only if the singleton séfi} is
LP-satisfiable (P-satisfiable). O

Theorem 2 (Characterization). (Vp € N) K? is sound and complete with respect to the class of all local-
reasoning structures fprframes of mind.

Proof: The claim follows directly from the soundness and completeness of E&chith respect to its
associated class of models. For soundness with respect to localirepstractures fop frames of mind,

we note that if formulad is a KP-theorem, then by the existing soundness resiillis K?-valid. From
Theorem 1, it follows thatd is £P-valid. For completeness with respect to local-reasoning structures for
p frames of mind, we note that i is £P-valid, then by Theorem 14 is KP-valid. Thus, by the existing
completeness result, is a KP-theorem. O

The logic N is known to be sound and complete for local-reasoning structures withaaillgitmany
frames of mind [5, §.6]. Theorem 2 entails that this claim is in fact equivalent to the known resait\th
is the intersection of all the logics in th€? hierarchy [9]. This shows an interesting connection between
the KP hierarchy and work on logical omniscience and inconsistent belief. ellogécs model productive
reasoning for agents with beliefs of some fixed level of possible inconsis{eesulting, e.g. , from a fixed
set of internally consistent, but conflicting input-streams). Stronger Mathey can represent epistemic
agents with more powerful reasoning strategies than previously coedider

3 Complexity Results

Ladner [12] shows that the satisfiability question for any uni-modal Isgguch thatk’ < § < S4is
PSPACE-complete. Halpern and Moses [7] extend this result to systengssitiple knowledge-operators
for multiple agents. We follow their lead, extending the result to the efiténierarchy and showing that
(Vp € Z) KP-SAT is PSPACE-complete.
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3.1 Lower Bounds

To prove PSPACE-hardness, we also reduce from the problem oitydtid Quantified Boolean Formulae
(QBF-VALID), which is PSPACE-complete [17]. For any QBF,= Q1p1Q2p2 . . . Qmpm A’ (Where each
Qi € {Vv, 3} and A’ is quantifier-free, containing only propositional letters ..., p,,), and any logic
KP? (p > 1), we derive a modal formul&x» that isKP-satisfiable if and only ifd is QBF-valid. Intuitively,
for QBF A with m quantifiers Bk is such that modal structures satisfying it mimic a tree of heightith
leaves comprising the set of propositional truth-assignments that demenssaalidity. We proceed by
defining several important subformulae.

First, adepthformula, giving the propositionsg; satisfied at each depth in the tree:

m+1

N (di = disy). (15)

=1

[dpt

Next, abranchingformula, which forces the appropriate branch-structure onto the modeiphSput,
whenever quantifief); ., in A is V¥, nodes at depthin the tree will have two successors at the next depth
(7 + 1), one of which makep, 1 true, and the other of which makes it false(Jf,; = 3, nodes at depth
will have a single successor, wherg ; gets the value appropriate to satisfy the overall QBF. For readability,
we use the dual modal operatpr= —[1—, reading® B as “there exists some successor at wicholds”.

[brg] = /\ ((di A =dig1) = [O(dig1 A =diga Apig1) A O(dip1 A =dia A —piy1)])
{11 Qit1=V}
A (16)

/\ ((di A =dig1) — O(diy1 A —diy2)).
{11 Qip1=3}

So far, this is just as in the existing proofs. For any lofi¢(p > 1), however, we must contend with
complications arising from the lack of conjunctive closureforRecall that ink 2, for example, the fact
that two formulaé1B and(] B’ are both true at some pointdoes not mean that the conjunctigB A B') is
true at anysinglerelated pointy in the model; since models fdt? employ a3-ary relation between points
x and pairs of point$y;, y2), all that is necessary is that each®f B’ be true abney; in each such pair,
not that there be somg wherebothare true. For the rest of the proof to carry through, however, we will
need to find some way to ensure that this is indeed the case.

To solve this problem, we definepath-forcingformula, [path,], inductively for valuep > 1:

[path] = 0O-f;

pathy] = O(=fi A fo) AO(=fL A f2)

path] = OGfAAL)ADEHLA-fAf)ADLAfa A f3) a7
[patf]g] = OFfinfo)ANOEfLA—fa AN f) A

ANOEfAAAfa AN ANafpo AN fp1) AOEfIAf2 A A=fpa A=fpo1)

Itis easy to see thgpath,] allows us to ensure that a pair of formulae are both satisfied at some dice/par
point in any relateg-tuple, as desired. For ary and B, and any logick® (p > 1), if the formula

O(BA fi) NOB' A f1) A [path)] (18)
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is satisfied at a point in some model fox?, then any relateg-tuple (y1, . .., y,) must contain at least
oney; satisfying(B A B’), since the remaining pointg in any such tuple must all satisfyf;.

To complete our reduction, we definelaterminingformula, [dtd*], which ensures that for any point
at some depthin our tree, whatever valug gets atz is “passed down” to all points on branches below

m

[dtd*] = /\(dz — [(pi = O((di = pi) A f1)) A (=i = O((ds — =pi) A f1))])- (19)

=1

We also introduce a notational convention: for any formBleformuIaDg}lB is defined inductively ori:

0)B = B

D}lB = O(BAf)

0B = OOBAAH)A M) (20)
wWB = DO3'BAS)

Finally, for any logick® (p > 1), and for any QBFA = Q1p1Q2p2 . . . QmpmA’, defineBg»:
do A —diA \ O% ([dpt A [brg] A [dtd*] A (di, — A') A [pathy]). (21)
=0

As an example, consider QBE = Vp; Ip2(A’), and logick 2, with a 3-ary accessibility relation. Here, the
corresponding formul@ - is:

do A —dy A [dpf A [brg) A [dtd*] A (de — AY) AO-f
ADO(([dpf A [org A [dtd*] A (do — A') AO=f1) A f1) (22)
AD(O(([dp A forg A [dtd] A (do — A) AO=f1) A f1) A f1)

and we have the following component formulae:

[dptl = (di — do) A (d2 — di) A (d3 — do) (23)
lorg = ((do A —di) — [O(dy A —da Ap1) AO(dy A —da A=p1)]) (24)
/\((dl A\ _‘d2) — Q(dg A ﬂdg))
[dtd] = (di — [(p1 = O((d1 = p1) A f1)) A (=p1 = O((dy — =p1) A f1))]) (25)
A(dz = [(p2 — D((d2 = p2) A f1)) A (mp2 — O((da — —p2) A f1))])

In general, the number of conjuncts Bk», and in all its subformulae, is directly proportionalng the
number of quantifiers in the QBR. The size ofpath,] is proportional tg. Thus, for a giverk the overall
size of Bg» will be polynomial in|A| = n, for sufficiently largen.
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3.1.1 Proof of Equivalence under Reduction
We are now in position to prove the following proposition:
Proposition 3. (Vp > 1)(VA) A is QBF-VALID if and only if Bi» € KP-SAT.

Proof: We give only one direction of the proof. For the proof of the right-ta-tifection, we rely upon a
natural induction on the number of quantifiersin A to show the required result. The full details can be
found in [1]. We prove the left-to-right direction in full. For arbitrary valp > 1 and arbitrary formula
A, assumed € QBF-VALID. We then use the technique of Ladner [12] to construsf’famodel, MY, =

(Ua, Va, Rﬁ“), such tha{3u € U,) (MY, u) F Bk». The construction and proof proceed as follows:
l. Let U4 be a finite subset of the numerical strings 1, ..., (2p — 1)}*, defined inductively by:

1. The empty string\ € Uy4.

2. Foranyu, if u € Us & |u] =i < m, then:

(@) The2p distinct stringsu0, ul, ..., u(2p — 1) are allinUpg, if Q; 41 = V.
(b) Thep distinct stringsu0, ul, ..., u(p — 1) are all inUg, if Q;11 = 3.

3. No other strings are it 4.

II. Define the accessibility relaticﬂ%i’;rl (hereafter, simphyR 4) such that
(Vu € Ua)(V(v1,...,vp) € (Ua)?) Ralx, v1,...,0p)
if and only if both of the following hold:
1. (v1 = u0) or (v1 = up).
2. (Vu;, 1 <i<p)(v;=un) < (viy1 =uln+1)).

That is, our model will consist of a tree, with nodes consisting of strings/ofbols. Each string at depth
i of the tree will have length equal o and will have twop-tuples of children if quantifie€;; = V and
onep-tuple of children ifQ;; = 3. For any string:, and any tuplév,, va, ..., v,) of its children,u will

be a prefix of each child-string;, and each tuple will consist gf consecutive strings occurring in order,
beginning either with.0 or up.

lll. To simplify notation, we employ the following convention from now on, extendialgiation function
V4 : Prop — 2Y to the functionV, : (Prop x U) — {TRUE, FALSE} defined as follows:

TRUE  ifu € Vy(u);
Valp,w) = {FALSE else. " (26)
We now want to define valuation functidfy so that the following holds for any € U 4:
(C1) If |u| = i, thenV4(d;, u) = TRUE.
(C2) If |u| = |u'| = 4, and some is such that bottiR 4 (v, u1, u, ..., up) & Ra(v,uj,uj, ..., uy,) and

alsou € (u1,uz, ..., up) &u' € (uj,uy, ..., uy,), then the following all hold:

(@) (Vuj, ur) Vais1,uj) = Va(Diz1, ur).
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(b) (VU9> Uﬁc) VA(I%H,U}) = VA(pz’H,UZ)-
(©) (Yuj, u}) Va(pit1,uj) # Va(pisi, u,).

(C3) If [u] =i > j,thenVa(p;,u) = Va(pj,v'), whereu' is a prefix ofu (i.e.u = v'z), and|v/| = (i—1).

(C4) If u = vz, with 0 < = < (2p — 1), then for anyf;, Va(fj,u) = TRUE if and only if suffix
r=(j—1)orz=p+(j—1).

(C5) If |u| = i, then it must be true that
Qit1Pit1 - - - QubmA'[Va(p1,u), ..., Va(pi,u)] € QBF-VALID,

where A'[V4(p1,u), ..., Va(pi,u)] is simply the formulad’, with every occurrence of any variable
p; replaced by the corresponding valig(p;, v) € {TRUE, FALSE.

IV. We show that we can create the appropridieas follows, inductively ori = |u|. For any valugj, set
Va(dj,u) = TRUE if j < i = |u|, and FALSE otherwise. Further, for any valbieset:

FALSE  ifk >i=|ul.

) . : (27)
Valpg, ') if(k<i=u|)& (u=1dz)& (Ju|=1-1).

VA(pk,U) = {

(Note that we have not yet skl (p, u) for the casé: = i.) Lastly, for anyf;, setVa(f;,u) = TRUE (i.e.,
u € Vu(f;))ifand only ifu = «'z, for some string,’ and somer, and either: = (j —1) orz = p+(j—1).

Now, if i« = |u| = 0, then it is easily seen that desired properties (C1)—(C4) describeg @bbl all
hold by the definition ol/4 just given. Furthermore, for (C5), the formula

Qit1Pit1 - - - Qubm A’ [Va(p1,u), ..., Va(pi,u)]

is simply the original QBFA = Q1p; ... QmpmA’, and so is in QBF-VALID by hypothesis.

For the inductive step of our proof, we assume that conditions (C1)-H@# for anyj < i = |u|, and
show how to seVy (py, u) for the remaining caske = i. If Q; =V, set:
TRUE ifthelastdigitinuisz, 0 <z < (p—1).
Va(pis ) = ) =1 (28)
FALSE else.

That is,p; holds atexactly oneof the relatec tuples of points. 11Q; = 3, then by the inductive hypothesis,
there must be somé € {TRUE, FALSE such that:

Q1p1Q2p2 - - - Qupm A’ [Va(p1,u), ..., Va(pi—1,u),V] € QBF-VALID, (29)

and so we seVy (p;, u) = V. It thus follows that conditions (C1)—(C5) hold far| = i > j, and thus for
anys.

Finally, it is straightforward, given the definitions above, ti@#?, \) = Bg», and so thatBg» €
KP-SAT. Therefore, since valyeand QBFA were arbitrary, we have proven one direction of Proposition 3,
namely(Vp > 1)(VA)(A € QBF-VALID = Bg» € KP-SAT). O
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Figure 2: Model for QBF¥p;3p2(p1 = p2), constructed for logid<2. At each point, the set of sentences

that are trueT) or false ) are identified.

3.1.2 A Sample Modebn?,

Figure 2 shows an example of the mo@®f, generated according to the definition given in the preceding
proof. The QBF in this case id = Vp;3p2(p1 = p2), and the logic isk2, in which we have a ternary

accessibility relatior??,. It is easy to check thgDt’}, \) E By, whereBy: is:

do A —~dy A [dpt A forg] A [dtd"] A (do — (p1 = p2)) AO=fi
O(([dpf A [org) A [dtd"] A (d2 — (p1 = p2)) AO=f1) A f1)
AD(O(([dpf A forg) A [dtd"] A (do — (p1 = p2)) AO=f1) A f1) A f1),

and we have the following component formulae:

[dpt = (di — do) A (de — di) A (ds — da);

((do A =dy) — [O(d1 A =da Ap1) A O(dy A —=da A =p1)]) A

((dy A =da) — O(da A —d3));

(di — [(p1 = O((dr — p1) A f1)) A (=p1 — O((dr — =p1) A f1))]) A
(d2 — [(p2 = O((da — p2) A f1)) A (=p2 — O((d2 — —p2) A f1))])-

g
2

=
I
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3.1.3 Proof of PSPACE-Hardness

Given the equivalence result of the preceding section, the followingehecestablishing the lower-bound
result we wanted, is immediate given the known hardness of QBF-VALID:

Theorem 3. For any(p > 1), KP-SAT is PSPACE-hard.

Here, we note that this result means that the conjecture of [21] is in faeteurEach logidk? (p > 1) is
strictly weaker tharf{ = K''; none of these logics, in particular, has the full conjunctive closurenakio,

and yet satisfiability for each is indeed a PSPACE-hard problem. Furtheyime a result of [9] that logic

N is the intersection of th&? logics: N = ﬂpeN KP, and so PSPACE-hardness does not extend below that
hierarchy. However, the conjecture is very nearly right; what is reeggdor the jump from NP (in the case

of N) to PSPACE (in the case of arfy?) is some degreef conjunctive closure, given by some version,
howsoever weak, of axioff?].

3.2 Upper Bounds

To establishiKP-SAT € PSPACE we emplognodal tableauxfirst introduced by Kripke [11] as an extension
of the familiar notion of a propositional tableau. In essence, a propoditiabieauA is a set of formu-
lae, closed under elementary propositional equivalence. Given thiaitida, we can then define modal
tableaux, based upon the propositional version. In both definitibisthe set of all formulae.

Definition 5 (Propositional tableau). The setA C & is apropositional tableauf and only if:
1. (VBe®)-—Be A= BeA.
2. VBe®)Be A=-B¢ Aand—Bec A= B ¢A.
3. (VB,B €®)BAB' ¢ A= Be AandB' € A.
4. (VB,B' € ®) =«(BAB)e A= -Bec Aor—-B € A.

Definition 6 (KP?-tableau). For anyK?, a KP-tableauis a structureg = (W, RP*!, L) such that: (1}V
is a set of points. (2RPT! C Wrtlis a(p + 1)-ary accessibility relation. (3) : W — 2% is alabelling
function identifying each point i with a subset ofp; for anyw € W:

1. L(w) is a propositional tableau.
2. If0B € L(w) and3(vy, ..., vp) R(w, v1, ..., vp), thendv; € (vq, ..., v,) such thatB € L(v;).
3. If -OB € L(w), then3(vy, ..., vp) R(w, v1, ..., vp,) andvu; € (v1, ..., v,) "B € L(v;).

For anyB € ® and anyKP-tableau = (W, RP*!, L), we say thaf is a tableau forB if and only if there
exists some poinb € W such thatd € L(w).

A KP-tableau is essentially @ + 1)-ary modal frame whose points are propositional tableaux. In fact,
we show that{P-tableaux can serve as propg€P-models, proving:

Theorem 4. (VB € ®)(Vp € Z*) B € KP-SAT if and only if someK”-tableau? is a tableau foi3.
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Proof (Sketch): The left-to-right direction is straightforward. For arbitrasgniula B and arbitrary value
p € ZT, suppose thaB € KP-SAT. Then there exists A”-model9 = (W, RPT1 V) such thatZw €
W) (9, w) E B. Itis then straightforward to construct a tableator A on the basis of the modéf.

For the other direction of proof, assume that for arbitrary fornfgiland arbitrary value € Z™, there
exists somek?-tableaut = (W, RP™! L) such thatf is a tableau fo3. Let At C ® be the set of atomic
propositional formulae. Then define a mo@®&l= (W, RP*! V) with W and RP*! just as in%, and set/
as follows:

(Va € At)(Vw € W) V(a,w) =T &< p e L(w). (34)

We can now show that for any point € W such thatB € L(w) and anyB’, if B’ is a subformula of3,
we have both thatB’ € L(w) = (9, w) F B’), and also—B’ € L(w) = (M, w) ¥ B’). This suffices
for the necessary result. The proof is by inductiongithe number of connectives occurringin. O

3.2.1 Constructing and CheckingK?-Tableaux

The mere existence d@P-tableaux for every satisfiable formula is clearly not enough to establigbroaf.
We require a method for actually constructing such a tableau, given forBhatad logicK?, and checking
satisfiability on it, using only polynomial space. In aid of this, we provide aorélyn that takes formula
B and valuep as input and constructs a “pre-tableall,” This pre-tableau takes the form ofa+ 1)-ary
tree in which each nodeis labelled withL(t) = (3,4), whereX,; is a set of formulae, antl€ {0, 1}
indicates whether that set is satisfiable (1) or not (0). Although the ftalildeof our algorithm cannot be
presented here for reasons of space, the procedure worksdntiallg (1) building a propositional tableau
A using subformulae oB3, and (2) addingp + 1)-ary branches for every subformula of the forl B/
that we encounter. It is easy to prove that the algorithm given is guaaftiderminate, since the tréeit
produces is of height polynomial in the size of formiitaand show:

Theorem 5. (VB)(Vp € Z™) B € KP-SAT < the KP-tableau construction algorithm returns a tféevith
rootty and labelL(ty) = ({B}, 1).

Now, it is a known fact from traditional modal logic that some formulaecan only be satisfied in
structures of size exponential jB|. Indeed, the tree-structufé produced by our algorithm can be very
large—although its overall height is polynomially bounded, the branchictgrfaan make for a great num-
ber of nodes. Thus, we must show tiiatan be constructed and checked in a depth-first manner, one branch
at a time, re-using space as we go, so that we need only store data feintilatoranch at each pass.

Here, the challenge comes in the step for constructing and checking thel )-ary branches, since
we must check each element of every possjbfertition of J[3,;,] = {B’|0B’ € %;}. Figure 3 shows
an example forK?: since¥,; contains—[D, the tableau construction requires the generation of pairs of
successors, withhD true at each. These successors, in turn, comprise all ways of divighirige set of
sentences inJ[X;] = {A, B, C} into two parts, reflecting all the ways in which it is possible to satisfy the
semantic clause for tHe operator at point.

Since the size dfl[>};] is bounded only byB| = n, the set of alp-partitions can have size exponential
in n, and thus we cannot keep track of all corresponding branches ilyphs in existing proofs for other
logics. Instead, we adapt a combinatorial algorithm of Even [4], géngraartitions individually using
(4 - (JO[X]| + 1) - logp) bits, re-using space as necessary. Sing&;|| < n, generating partitions uses
no more than(4nlogp + 4) bits. An additional(5n + p) bits suffices to do all necessary record-keeping;
so, since the height of our tree is boundedtyve need no more tha < (5 + 4logp)n® + pn? bits to
computeK?-SAT, which isO(n?) = O(|B|?), for sufficiently large formulae3, establishing:

Theorem 6. For any valuey € Z* and formulaB, K?-SAT is solvable in space polynomial in siZg| = n.
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t@ %={ 0OA0B,0C0OD }

(NN N

{A, B,D}{C,D} {A C, DB, 1D} {B,C,1D}{A, 1D}

Figure 3: A simple tableau example, for logic’.

This result, then, combined with Theorem 3, establishes the main result, namely:

Theorem 7. (Vp € Z*) KP-SAT is PSPACE-complete.

4 Conclusions and Extensions

We have shown a hierarchy of weak modal logics betw€eand NV to be sound and complete for epistemic
models of agents with multiple “frames of mind.” These logics are strongerahguroviding potentially
interesting tools for modelling reasoning with inconsistent information. Ouoimiggresearch investigates
the use of such logics for reasoning about distributed systems andg@catocols, and the related model-
checking problem, as in [5, 18, 19].

Our complexity results extend existing work [12, 7] and provide an angweeconjecture of Vardi [21].
We have shown that the precise boundary between NP and PSPACE sypéttréo modal logics of knowl-
edge is marked by the presence of conjunctive closure principles—ghhmi, as originally hypothesized,
the strong closure axiofi]. This shows not only the difficulty of reasoning with inconsistent informa-
tion, but also isolates relations between computational complexity and an imipstriactural features of
common modal logics.

Our PSPACE-completeness result holds for all lodids and is shown for a single modality; it should
be straightforward, and may be interesting, to extend this result to multiplel&dgeroperators, for use in
reasoning about multiple epistemic agents. Further results, including quesfiomodel-checking fo#k™”
logics, and the NP-completenessioP-SAT when the depth of nesting for modal operators is bounded by
some fixed and finite amount (in the spirit of Halpern [6]) can be found4n 1]
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