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ABSTRACT

We analyze the learning power of iterated belief revision
methods, and in particular their universality: whether or
not they can learn everything that can be learnt. We look
in particular at three popular methods: conditioning, lexi-
cographic revision and minimal revision. Our main result is
that conditioning and lexicographic revision are universal on
arbitrary epistemic states, provided that the observational
setting is sound and complete (only true data are observed,
and all true data are eventually observed) and provided that
a non-standard (non-well-founded) prior plausibility relation
is allowed. We show that a standard (well-founded) belief-
revision setting is in general too narrow for this. We also
show that minimal revision is not universal. Finally, we
consider situations in which observational errors (false ob-
servations) may occur. Given a fairness condition (saying
that only finitely many errors occur, and that every error is
eventually corrected), we show that lexicographic revision is
still universal in this setting, while the other two methods
are not.

Categories and Subject Descriptors

1.2.6 [Computing Methodologies|: Artificial Intelligence—
Learning; 1.2.4 [Computing Methodologies]: Artificial

Intelligence— Knowledge Representation Formalisms and Meth-

ods; 1.2.3 [Computing Methodologies|: Deduction and
Theorem Proving —Nonmonotonic reasoning and belief re-
vis10M

*For a full journal version of this work, which includes the
relevant definitions, proofs and further explanations of all
our results, see [4].
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1. INTRODUCTION

At the basis of intelligent decision making lies the idea
that agents adopt an effective method to integrate new infor-
mation into a set of prior beliefs and knowledge. Intelligent
agents (in Game Theory, Al, Epistemic Logic and Belief Re-
vision theory) are assumed to be endowed with some belief-
changing method, allowing them to revise their beliefs on
the basis of their new observations. But how good are these
methods, in the long run? What is their learning power:
how effective and how reliable are they for eventually find-
ing the truth? Are they universal: can they learn everything
that is learnable?

The standard setting for revising beliefs in Logic and Al is
the classical AGM framework [1], as extended to iterated be-
lief revision and given a firm semantic basis by the adoption
of Grove’s “sphere” models [20], and its equivalent relational
presentations in [8, 11, 21, 34, etc.]. These frameworks are
based on the popular “possible world” semantics, coupled
with a plausibility relation between possible worlds. Belief
is defined as truth in all “plausible enough” worlds. In the
most commonly used such setting (which we refer to as the
“standard” one), the plausibility relation is assumed to be
well-founded, in which case belief can be easier defined as
truth in all the “most plausible” worlds. In this paper, we do
not restrict ourselves to standard (well-founded) relations,
since we want to give the agent as many chances for learning
as possible. Indeed, non-well-foundedness will turn out to
be essential for universality.

The philosophy underlying the AGM postulates is a “con-
servative” one: keep as much as possible of the old beliefs,
and of the old belief structures, while incorporating the new
information. A large number of belief-revision methods sat-
isfying these postulates have been proposed (see, e.g., [33]).
The most well-known are the three that we study in this pa-
per: conditioning (the natural qualitative analogue of prob-
abilistic conditioning), lezicographic revision and minimal
revision. The “most conservative” choice is Boutilier’s “mini-
mal revision”, which seems to ideally capture the AGM ethos
of minimal change.



The goal of investigating the learning power of iterated be-
lief revision has appeared before within at least two lines of
research. On the one hand, in the research line of [31, 32] the
connection between Learning Theory and Belief Revision has
been rooted in the more syntactic framework of the classical
AGM approach [1], and embodied into a first-order frame-
work. While lying within the same learning paradigm as our
work (the so-called “set learning” paradigm), this framework
is actually very far from our semantical, modal framework.
On the other hand, the work of Kelly, Schulte and Hen-
dricks [24, 25, 26, 27, 28] belongs to the “function learn-
ing” paradigm: learning (the future of) an infinite stream
of incoming data, based on its past (the data already ob-
served). Like us, these authors adopt a semantic, relational
framework, based on “possible worlds” and preference rela-
tions, and study identifiability in the limit by various belief-
revision methods. But their “possible worlds” are identified
with the sequence of all future data, and the order (in which
the data are observed) matters. Their learning problem is
one of prediction: using belief revision to predict the pattern
of all future observations. In contrast, we focus on another
type of learning problem altogether, belonging to the “set
learning paradigm”. This is the problem of learning the set
of all data that are true in the “real world”, based on the fi-
nite sequence of data that were already observed. Here, it is
assumed that the data are observed in more or less random
manner, so predicting the future sequence is not feasible,
or even relevant. The two problems (function learning ver-
sus set learning) are very different from each other. Learning
paradigm which requires prediction of the future sequence of
events (function learning) makes the corresponding univer-
sality results weaker (and easier to prove) than ours. This
explains the positive results in [24] according to which all
AGM methods are in a sense good (in contrast to our re-
sults). However, the setting based on function learning can
be recovered as a special case of ours (that of “tree-like”
epistemic states).

As in [16, 17, 18], in this paper we link the set learning
paradigm with the epistemic and doxastic logics of belief
revision [3, 5, 6, 7, 8, 9, 15]. More concretely, we consider
sequences of specific learning events, i.e., situations in which
finite sets of data (some observable properties) are observed
sequentially. In this setting we are concerned with the prob-
lem of belief convergence to “full truth” in finitely many
steps. This is the doxastic counterpart of one of the cen-
tral notions in Learning Theory, namely identifiability in
the limit [19]. Hence, we focus on achieving a stable true
(justified) belief (rather than S5 “knowledge”, in the strong,
absolute sense of partition-based epistemic models). This
is an advantage, since this absolute sense of “irrevocable
knowledge” given by partition models is generally criticized
in epistemology as representing a unrealistic concept, not fit
to represent the knowledge we possess in day-to-day life or
in natural sciences. Indeed, at least one philosophical school
[35] considers something like our “stable, true justified be-
lief” to be a philosophically more appropriate definition of
knowledge. We relax our notion of knowledge in order to be
generous to the learning agent, not requiring him to achieve
an unrealistic standard of certainty: it is enough if his beliefs
reliably (and justifiably) converge to full truth. *

! Achieving absolute, irrevocable knowledge can been linked
to a more restrictive kind of learning—finite identification
[see 13, 14].
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In this setting we show that the most conservative method,
Boutilier’s minimal revision [12], is actually the least favor-
able one for learning. In contrast, we show that condition-
alization and lexicographic revision are “universal” learning
methods: i.e. they can reliably learn the real world, when-
ever the initial epistemic state is such that the real world is
reliably “learnable” (via any learning method). We show this
in a much more general context than the one of Kelly et alia,
that of arbitrary epistemic states (corresponding to what
in Learning Theory is called “learning from positive data”).
This means that we don’t assume closure of observable data
under negation: the fact that an observable property does
not hold is not necessarily observable.? There is a price
to pay for this: our proofs are harder. Not all prior beliefs
(prior plausibility relations) lead to convergence to the truth
by conditioning. The choice of prior is important, and very
specific to the initial epistemic state. Most of our work in
the proof goes into constructing an appropriate prior. More-
over, we show that sometimes only a non-well-founded prior
allows our revision methods (conditioning and lexicographic
revision) to realize their full learning potential. So our con-
clusion is that a non-standard (non-well-founded) setting for
Belief Revision is absolutely necessary for its universality.

While first restricting ourselves (as it is standard in Learn-
ing Theory) to truthful observations (sound and complete
data streams), later on we extend the setting to allow for er-
rors in observations. Provided that errors occur only finitely
often and are always eventually corrected, we show there still
exist belief-revision methods that are universal (as success-
ful as it is possible) in such fallible observational settings.
But now only one of the three investigated methods can do
this: lexicographic revision.

2. CONVERGENCE TO TRUTH

An epistemic space (S, ®) consists of a set S of epistemic
possibilities (“possible worlds”), together with a family of
relevant observable properties ® C P(S). An infinite stream
€ = (€1,€2...) € ®* of successive observations is sound
and complete with respect to a given world s € S iff the
set {€n : n € N} of all properties that are observed in
the (infinite history of the) stream coincides with the set
{P € & : s € P} of all observable properties that are
true in the given world. A learning method is a map L
that associates to any epistemic space (S, ®) and any fi-
nite sequence of observations o = (0o, ...,0,) (of any finite
length n), some hypothesis, i.e. a subset L(S,®;0) C S
of the possible worlds. A world s € S is learnable by a
method L if, for every observational stream e that is sound
and complete for s, there exists a finite stage N such that
L(S,®;€0,...,e,) = {s} for all n > N. The epistemic space
(S, @) is itself said to be learnable by L if all its worlds are
learnable by L.

A plausibility space (S, ®, <) is an epistemic space (5, P)
together with a total preorder < on S, called plausibility or-
der. A belief-revision method is a function R that associates

2This generality is important for applications: there are ex-
perimental studies suggesting that, in many situations, such
as in language acquisition, negative examples are irrelevant,
and the agent learns almost only from observing positive
examples of language use.



to any plausibility space (S, ®, <) and any observational se-
quence o = (og,...,0n), some new plausibility space

R(57 P, §5U) = (Sav(ba; <%),

with S C S and ®° = {PNS? : P € ®}. A belief-
revision method R, together with a prior-plausibility assign-
ment (S, P) —<g, generate in a canonical way a learning
method L, and given by: L(S,®,0) := Min R(S,®,<s,0),
where Min(S’,<’) is the set of all the least elements of S’
with respect to <’ (if such least elements exist) or = () (oth-
erwise). An epistemic space (S, ®) is learnable by a belief-
revision method R if there exists some prior plausibility as-
sigment (S, ®) —<g such that (S,®) is learnable by the
associated learning method L(S, ®, <gs).

Learning methods differ in their learning power. We are
interested in the most powerful among them, those that are
universal: they can learn any epistemic state that is learn-
able (by any other method). We are particularly interested
in finding whether any AGM-like belief revision methods are
universal. Our main result in this sense is:

THEOREM 1. There exist universal AGM-like iterated be-
lief revision methods. Namely, conditioning and lexicographic
revision are universal.

The main technical difficulty of the proof is the construc-
tion of an appropriate prior plausibility order. For this,
we use some classical learning-theoretic concepts and results
(locking sequences introduced in [10], finite tell-tale sets pro-
posed in [2], as well the simple non-computable version of
Angluin’s theorem [2]). But in order to construct a suit-
able prior plausibility we need to refine these concepts and
improve on the above-mentioned results.

On the other hand, we show that Boutilier’s minimal re-
vision [12] is the least favorable method for learning:

PROPOSITION 1. Minimal revision is not universal.

For the above universality results, our non-standard setting
(involving non-well-founded plausibility orders) is essential:
no AGM-like belief revision method is universal with respect
to well-founded prior plausibility orders.

PROPOSITION 2. No AGM:-like belief-revision method is
standardly universal.

While first restricting ourselves to truthful observations, we
can extend the setting to allow for observational errors. For
this, we now give up the soundness of data streams, and re-
place it by a “fairness” assumption: errors occur only finitely
often and are always eventually corrected. Unsurprisingly,
conditioning (which assumes that absolute veracity of the
new observations) is no longer a good strategy. If erroneous
observations are possible, then eliminating worlds that don’t
fit these observations is risky and irrational.

ProOPOSITION 3. Conditioning and minimal revision are
not universal for fair streams.

Only one of our three belief-revision methods can success-
fully cope with errors.

PROPOSITION 4. Lexicographic revision is standardly uni-
versal for fair streams.

3. CONCLUSIONS

In this paper, we consider iterated belief-revision policies
of conditioning, lexicographic and minimal revision. In the
full paper, we identify certain features of those methods
relevant in the context of iterated revision: data-retention,
conservatism, and history-independence. We define learning
methods based on those revision policies and we have shown
how the aforementioned properties influence the learning
process. Throughout this paper we are mainly interested
in convergence to the actual world on the basis of infinite
data streams. We show that conditioning and lexicographic
revision generate universal learning methods for sound and
complete data streams. Minimal revision fails to be uni-
versal, and the crucial property that makes it weaker is
its strong conservatism. Moreover, we show that the full
power of learning cannot be achieved when the underlying
prior plausibility assignment is assumed to be well-founded.
Finally, in the setting of fair streams (containing a finite
number of errors that all get corrected later in the stream)
lexicographic revision again turns out to be universal, while
conditioning and minimal revision fail to be so. The conclu-
sion is that the choice of a specific belief revision method,
as well as the choice of prior (conditional) beliefs (i.e. prior
plausibility relation), is not an indifferent matter, from a
Learning theoretic perspective: various belief-revision poli-
cies differ with respect to their reliability.?

The epistemic state resulting from a successful belief-revision
process need not be as strong as irrevocable knowledge, i.e.,
the S5 type of knowledge known in Logic or Aumann Knowl-
edge in Game Theory and Economics. It rather matches the
defeasible type of “knowledge” proposed by Lehrer [29, 30]
and others, formalized by Stalnaker in [35] and rediscovered
by modal logicians under the name of “safe belief”. The
strength of safety is in the guarantee it gives: a safe belief
is not endangered by the new truthful observations. Hence,
if we restrict our considerations to truthful information, or
at least assume that mistakes happen rarely, safety can be
reformulated in terms of stability. In other words, defeasible
“knowledge” emerges when stability is reached. The need for
such a notion appeared in many different frameworks: from
reaching an agreement in a conversational situation [see, e.g.,
29, 30] to the considerations in the domain of philosophy of
science [see, e.g., 22]. In this paper we account for the emer-
gence of such stable true belief: we explicitly formulate the
conditions under which certain belief states may give rise to
this kind of deafeasible “knowledge”.
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