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ABSTRACT

The aim of this tutorial is to present the area of coalgebra
to people interested in the kinds of semantic modeling that
is prominent at TARK. Coalgebra is a general study of a
great many kinds of models, and these include type spaces
and Kripke models, and many others. But the theory is not
overly general, it is not a theory of absolutely everything.
The tutorial is designed to be a short introduction to a sub-
stantial technical field, bearing in mind that this is nearly
impossible. It is also intended to bring together literatures
from theoretical computer science and game theory.

Categories and Subject Descriptors

F.3.2 [Semantics of Programming Languages]: Alge-

braic Approaches to Semantics; F.4.1 [Mathematical Logic]:

Modal Logic

General Terms

Theory of computation, category theory, Harsanyi type space,
modal logic, probabilistic logic

Keywords

coalgebra, type space, modal logic

1. INTRODUCTION

This paper is a tutorial introduction to topics in coalge-
bra that I think could be of interest to participants in the
TARK 2011 meeting, and to the larger community of peo-
ple interested in a set of very basic semantic issues related
to probabilistic systems in the theoretical parts of computer
science and economics. It is partly a “survey” and partly a
“tutorial” as such, but I intend my lecture to have more of
a conversational flavor and thus be more of a tutorial.

Here is one way to the issues in this paper. In the litera-
ture on game theory and economics, there exists a long dis-
cussion of universal type spaces, starting with Harsanyi [H].
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They are mathematical structures used in modeling im-
perfect information. The idea is that agents are described
by their types, and these types give us “beliefs about the
world”, “beliefs about each other’s beliefs about the world”,
“beliefs about each other’s beliefs about each other’s beliefs
about the world”, etc. That is, the formal concept of a type
is intended to capture in one object an unfolding infinite
hierarchy related to interactive, higher-order belief. Since
types could be defined in terms of beliefs about types of the
other agents, it seems that there is something circular about
this very concept. Finally, there is a question about what
the ultimate, most abstract type space could possibly be.

Harsanyi did not really formalize type spaces in his orig-
inal paper; this was left to later researchers starting with
Boge and Eisele’s paper [BE]. To make matters concrete, I
want to quote a precise definition, taken from Heifetz and
Samet [HS].

Type spaces Fix a measurable space S the elements of
which are called states of nature.
Definition 3.1. A type space on S is a pair

((Ti)iero, (mi)ier),
or (T,m) for short, where
1. To = S, and T; , for i € I, is a measurable space.

2. For each i € I, m; is a measurable function m; : T; —

A(T).

3. For each i € I and t; € T;, the marginal of m;(¢;) on
T; is t;.

Type morphisms Let (T,m) and (T',m’) be type spaces
onS. ...

Definition 3.2. Let (¢i)icr, be an Io-tuple, of measurable
functions ¢.i : T; — T}. The induced function ¢ : T — T is
called a type morphism if,

1. ¢o is the identity on S;

émi.

The morphism is a type isomorphism if ¢ is an isomorphism

(or equivalently, if ¢; is an isomorphism for each i € Ip).
Definition 3.3. A type space T on S is universal if for

every type space T on S there is a unique type morphism
from T to T™.

2. for each i € I, mj¢;

Again, we have quoted Heifetz and Samet [HS], omitting
some comments between the definitions. We should explain
the notation a bit. Here [ is a fixed set of players, Io =



I U {0}, with 0 standing for “nature.” For a measurable
space M, A(M) is the set of probability measures on M,
itself made into a measurable space using the smallest o-
algebra containing the sets

BY(E) = {p: u(E) > p},

where FE is measurable in M. The function (;AS in Definition
3.2 is of particular importance in our discussion, and for our
purposes it would be better written as

A¢: AT — AT,

Here a general definition of this A. Let (M,Y) and (N,%)
be measurable spaces. If f : M — N is a measurable
function, then for p € A(M) and A € ¥/, (Af)(n)(4) =
u(F1(A)). That is, (Af)(s) = po /.

The main point of [HS] and several other papers on this
topic (such as [BE, BD, MZ, Me, Va], to name just a few)
is to construct and study the universal type space. By now
there is a modest literature on the topic, and certainly this
paper is a contribution to that literature. But are not only
interested in the construction of the universal space, we also
have in mind a different set of questions.

1. Is there an underlying mathematical construction that
all of the work in the area exploits? Or are all of
the different papers in it completely disjoint pieces of
work?

2. Is there a way to understand the role of topology in
constructions of universal type spaces?

3. Suppose one is not happy with type spaces in the first
place and then proposes a different sort of mathemat-
ical definition for use in connection with game theory.
Would there be an “easy” way to get the theory going?
That is, would we expect an easy way to formulate the
basic notions of equivalence of models and ask about
universal structures? Or would we expect an extended
literature?

Question (i) is the kind of question that category theory
can help with, since it includes studies of very general con-
structions that have arisen in different areas of mathematics.

Here is an explanation of question (ii): The construc-
tions of universal type spaces in that paper and most of the
succeeding literature worked on categories which combined
measure-theoretic and topological structure. The topologi-
cal work is to some extent unfortunate, since it does not ap-
pear to be close to the original motivations for type spaces.
Heifetz and Samet’s paper [HS] was the first to avoid the
topological setting, and it seems to have been written ex-
plicitly for the purpose of getting away from the extra topo-
logical assumptions that had been common in the area. An-
other paper which has the same goal is Pintér [Pi]. We shall
have more to say about both papers later.

The final question in our list is one that should interest
people in the area, but I have not seen any discussion of
it. The semantic models used in game theory and applied
logic are always controversial, and much of the discussion
on the foundational side concerns the adequacy of various
mathematical models and the appropriateness of various as-
sumptions that we have about them. At some point people
may propose different models. Certainly the computer sci-
ence literature that this paper also addresses is rife with
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different kinds of model, more so than the economics/game
theory literature. The work that I am reporting on is of po-
tential application to new models. One cannot be sure that
a completely new kind of model will fall under the purview
of coalgebra, of course. But I feel confident in saying that a
mathematical model addressing the same kind of issues (un-
certainty in multi-agent settings, higher-order belief, actions
which might change the model in addition to the players’ be-
liefs) is likely to be a coalgebra of some functor or other, or to
be an example of something related. I say this based on the
experience and usefullness of coalgebras in many settings.

2. BACKGROUND: CATEGORY THEORY

When we first mentioned type spaces in Section 2.1, we
noted that they came with a notion of morphism, and also
that the definition involved applying the probability measure
operation A not only to a space M but to a function ¢. The
notion of a category provides the setting where one can do
all of this. A category (say A) comes with objects (A, B, X,
...) and morphisms (f, g, ¢, ...); these are undefined terms
and so can be instantiated in a number of ways. The mor-
phisms are required to have specific objects as their domain
and codomain; we indicate these by writing f : A — B. A
category is required to have identity morphisms on its ob-
jects, and it also must have a partially-defined operation of
composition which must be associative respect the identity
morphisms in the obvious sense. (We are being terse here
for lack of space, and the reader who is not familiar with any
of this will no doubt have to consult other sources.) Given
categories A and B, a functor I’ : A — B is a mapping of ob-
jects of B to objects of A, and similarly for morphisms, and
this mapping must preserve the identities and compositions.

We are going to be interested in several categories A and
endofunctors F' : A — A. Chief among the categories are
the category Set of all sets, with morphisms the functions,
and for our purposes we also need the category Meas of all
measurable sets M and measurable functions. As examples
of F' : Set — Set, we mention the power set functor P :
Set — Set defined by: P(X) is the set of all subsets of X,
and for f: X — Y, Pf : PX — PY is defined by taking
forward images: A C X — {f(x) : « € A}. We have also
seen the endofunctor A : Meas — Meas.

An algebra for F is a pair (A4,a) with A an object of A
and a : FA — A. Dually, a coalgebra for F is a pair (A, a)
with A an object of A and a : A — FA.

Given two algebras, (A,a) and (B,b), a morphism from
the first to the second is a morphism f : A — B so that fa =
bF f. An initial algebra is an algebra with the additional
property that for every algebra, there is a unique morphism
from the first to the second:

FA—2> A

Ffl lf

FBT>B

initial algebra

We obtain the dual concepts of a coalgebra morphism and



final coalgebra by turning the arrows around.

A—25TFA

e

B——FB final coalgebra

We are interested in coalgebra in this paper because type
spaces (see Section 2.1) are coalgebras, and formulating things
this way gets the notion of a morphism correct “automati-
cally.” Moreover, we have some other examples of interest.

Examples of coalgebras of functors on Set.

A coalgebra for P is a set X together with a function
from X to its power set. This is a “repackaged” form of an
undirected graph: think of the function as specifying, for
each point z € X, the successors of = in the graph.

A Kripke model would be a coalgebra for FX = PX x A,
where A is the power set of some underlying set of atomic
propositions. The good news is that the notion of a p-
morphism from modal logic falls out as a special case of
a morphism of coalgebras.

Similarly, various types of automata are (suitably repack-
aged as) coalgebras of other functors on Set (see Rutten [R]
for many examples).

Let N be a set of players and let Si, ..., Sy be non-
empty strategy sets for the players. A game frame over N
is a function of the form

C—{((S1,....Sn), f): f: [[Sv = C}.

It associates to each state ¢ € C' a strategic game with strat-
egy sets S1, ... Sy and outcome function f.
Second, a conditional frame is a map of the form

C—{f:P(C)—P(C)]| fis a function}.

Every state yields a selection function that assigns properties
(subsets of the frame) to conditions (subsets of the frame
again).

All of these are coalgebras of different endofunctors on the
category Set. The theory would then study notions of equiv-
alence of models, generalizations of modal logic, principles
of (co-)recursion, and the like.

Types spaces as coalgebras of functors on Meas and
Meas’.

Harsanyi type spaces are close to coalgebras on the cate-
gory Meas of the endofunctor A(M x Id) for a fixed space M.
(Another way to write this functor is FX = A(M x X).) But
type spaces are about several “players” or agents, so they re-
ally are coalgebras of a related functor on a category Meas’
for a fixed set I. And then one imposes some conditions on
the functor related to the intuitions of self-knowledge by the
players.

We’ll make all of this precise in a moment, but the reader
not interested in these details may omit this passage. For
most purposes related to the construction, it is easier to
think of functors such as FX = AX x S or FX = A(X x
S) than to work with the category Meas’ which we now
introduce. This discussion is from [MV1].

Fix a finite set I of players. We assume that 0 ¢ I and as
above we let Iy = TU{0}. The objects of Meas’ are families
X = (X,)ier of measurable spaces, and the morphisms are
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also families of measurable maps. Fix a measurable space

M to represent the “states of nature”, and write Xo for M.

Each player should have beliefs about nature and about the

beliefs of the other players. Moreover, players should know

their own types. After some work, both conceptual and

measure-theoretic, we arrive at the following formulation.
Let C : Meas' — Meas be the functor given by

cX H X;

i€l

At first glance, it might look like what we want is to consider
for each x; € X;, a probability measure on CX. However,
this is mot what we want because it misses an important
intuition concerning type spaces. This is that . In other
words, each player 7 should only have beliefs about the (joint
distribution on) other players’ beliefs; ¢’s own beliefs should
not even enter in.
Define functors U; : Meas’ — Meas given by

Ui(X) I{X; [j € Io,j # i}

U; acts the obvious way on morphisms. Note that U; de-
pends on the space X of states of nature, even though our
notation does not mention this.

Let F : Meas! — Meas! be defined by

FOX) = (AU(X))er

As before A is the probability measure space functor, and
once again, our notation elides the underlying space X of
states of nature.

This way, instead of having a family of functions in Meas,
each one of them with a condition on one of its marginals,
any morphism in Meas? works as a coalgebra structure. The
particular functor we use automatically takes care of the
condition on marginals.

With these preliminaries done, we can now mention a re-
formulation of the notion of a type space, due to Viglizzo [Vi]:

A Harsanyi type space (over M) is a coalgebra for the
functor F in the category Meas’. A universal type space is a
final coalgebra for F' in Meas’.

This paper has several aims, and one of them is to discuss
the matter of finding a final coalgebra if one exists. Before
we start in on this topic, we should explain why we are
interested in it.

LeEMMA 2.1  (LAMBEK [L]). Let A be any category, let
F: A — A be any endofunctor, and let (A,a) be an initial
algebra of F'. Then a has an inverse b. (That is, ba = idrpa,
and ab=ida.)

The same goes for final coalgebras.

By Lambek’s Lemma, if one wants, for example, an object
X isomorphic to F'.X, one might as well try to find an initial
algebra or final coalgebra of F. Even more, if one wants a
solution to X =2 F'X which is as “big as possible,” then one
should try for a final coalgebra: not only will X = FX (by
Lambek’s Lemma), but every Y satisfying Y = F'Y will (be
a coalgebra and hence) automatically map uniquely into X.

One last point before we turn to a construction method,
summarizing what we have done so far: the definition in
Section 2.1 of a type space is essentially that of a coalgebra
of a certain functor on Meas, and with this definition, the
notion of a type space morphism comes automatically, as
does the definition of a a universal type space.



2.1 Final colagebras obtained by taking limits

We turn to the general matter of constructing final coal-
gebras. There are many constructions; all have special con-
ditions so the matter is rather technical. The most common
methods are generalizations of the following well-known re-
sult.

THEOREM 2.2 (KLEENE). Let A be a complete partial
order with a least element L. Then every continuous end-
ofunction F : A — A has a least fized point uF' given con-
cretely by

uF = sup F™(L1).
new

The reason we are interested in this result is that posets
are catgories (the objects are the points of the poset, and the
morphisms f : p — ¢ are just the statements that p < gq).
Then an endofunctor on this category is the same as a mon-
tone (or order-preserving function on the poset. Kleene’s
Theorem not only gives a least fixed point, it also gives an
initial algebra of the functor. Indeed, we are not really in-
terested in Kleene’s Theorem but in generalizations of it,
and in dualizations of those generalizations, etc. Figure 1
shows the “categorification” of the order-theoretic concepts
in Kleene’s Theorem. In each line, the order-theoretic con-
cept on the left is a special case of the category-theoretic
concept to its right. Of special interest is the generalization
of the completeness condition on the poset and the continu-
ity condition on the function. We assume that every w-chain,
that is, a functor from w to A has a colimit, and in partic-
ular we consider the initial w-chain shown in (1). On needs
this in Kleene’s Theorem: for example, the natural numbers
(N, <) with fn = n + 1 is monotone and yet has no fixed
points.

DEFINITION 2.3. An initial object in a category is an ob-
ject 0 with the property that for every object A, there is ex-
actly one morphism from 0 to A, denoted 14 : 0 — A.

By the initial w-chain of an endofunctor ' : A — A is
meant the w-chain

2
0 ! FO F! FQO = (1)

For an example of an initial object, in Set it is the empty
set. In the category of groups and group homomorphisms,
it is the trivial one-element group; this group is also final:
there is exactly one homomorphism into it from every group.
Returning to Set, the final objects there are exactly the sin-
gleton (one-element) sets.

Our main result in this section is Theorem 2.5, the cate-
gorification of Kleene’s Theorem, due to Jiti Addmek. We
need a few definitions.

A cocone over the initial w-chain is an object A of A to-
gether with a family of morphisms a,, : F"0 — A such that
an = an+1 F™! for all n < w. A colimit of the initial w-chain
is a cocone (C,c, : F"0 — C) over it with the universal
property that if (A, an : F*1 — A) is any cocone over the
initial w-chain, then there is a unique factorizing morphism
f : C — A such that for all n < w, an = fcn.

CONSTRUCTION 2.4. Every F-algebra (A, «) induces a fam-

ily of maps o, : F"0 — A owver the initial w-chain as follows:
ao: 0 — A is unique (since 0 is initial) and

ant1 = a- Fa,: F(F"0) — A. (2)

order category
preorder (A, <)
r<yandy <z

least element 0
monotone F : A — A
pre-fixed point: Fax < x
w-chain functor from (w, <) to A
F' is continuous F' preserves w-colimits
least pre-fixed point: Fa < z | initial F-algebra

category A

A and B are isomorphic
initial object 0

functor F': A — A
F-algebra: f: FA— A

Figure 1: Generalizing Kleene’s Theorem to cate-
gories

This is a cocone, and we call it the cocone (A, ) the cocone
induced by A.

Let ¢n: F"0 — pF be the colimit of the initial w-chain.
Applying F' to each object and morphism in (1) yields an-
other w-chain
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which obviously has the same colimit as (1).
This leads to the following result:

THEOREM 2.5. [A7/] Let A be a category with initial ob-
ject 0 and with colimits of w-chains. If F': A — A preserves
w-colimits, then it has an initial algebra.

We are going to give the proof in full so that the reader
familiar with Kleene’s Theorem can see the ways in which
various steps are generalized.

PRrROOF. Since F' preserves colimits, F'¢, is a colimit co-
cone of (3). We have another cocone of (3), namely (cn41).
Hence there is a unique morphism ¢: F(uF) — pF be
uniqueley defined by the condition that that

¢ Fcn = cpg1: F(F™0) — uF.

for all n. We claim that the F-algebra (uF, ¢) is initial. To
check this, let (A, o) be any F-algebra. Consider the cocone
an @ F"0 — A from Construction 2.4. It is easy to check
that (Fa,) is a cocone from (3) to F(uF). Let h: uFF — A
be the unique morphism with h - ¢, = «, for all n. To
see that h - ¢ = a - Fh, we check that both are mediating
morphisms for the cocone (ay41) of (3). That is, we check
that for all n,

(h¢)FCn = QAn+41
(aFh)Fen, = oy

For the first assertion, h(¢Fcn) = hcny1 = @nt1. For the
second, consider the diagram below:

Fn+10 ﬂ) A

Fep, Xal Ta
| >

The upper triangle commutes by (2), and the lower by def-
inition of h. So the square commutes, showing our that
(aFh)Fcn = anygi. This verifies that h is an algebra mor-
phism.



For the uniqueness, suppose that k: uF — A is also an
F-algebra morphism: k- ¢ = a - Fk. We show by induction
on n that k - ¢, = ay; then the uniqueness of h shows that
k = h. For n = 0, k¢, and a,, are both morphisms with
domain 0, so they are the same. Assuming that kc, = an,
we see that

kcny1 = koFen, by definition of ¢
= aF(kcn) kis an F-algebra morphism
= «a- Fa, by induction hypothesis
= Qn+1 by (2)

a

This concludes the induction, and hence the overall proof.

To obtain an initial algebra of an endofunctor FA — A, it
is not really necessary that A have colimits of all w-chains or
that F' preserve all w-colimits. It is sufficient to assume that
the colimit of the initial w-chain exists and that F' preserve
this colimit. That is, these are the only facts about A and
F' that are used in the proof of Theorem 2.5. In many cases,
it is just as easy to verify the stronger requirements that
we stated in Theorem 2.5 than it is to verify the special
cases used in the proof. But this is not always the case, and
in topological and measure-theoretic settings (such as those
needed in work on type spaces) the sufficient conditions hold
but the stronger ones do not.

The details in the proof of Theorem 2.5 are based on the
exposition in Addmek et al. [AMM].

Here is an example of an initial algebra. Consider the
category Set of sets, and the functor D : Set — Set taking a
set X to the set of discrete probability measures on X. This
is a function 7 : X — [0,1] which is 0 on all but finitely
many points, and with the property that > . 7o = 1. The
action of D on functions is by summing inverse images, as in
its cousin A. Let A be a set of observations, and let F'X =
DX+ A. Then a coalgebra for F' is basically a Markov chain:
it would be pair (S, f) where S a set of states, and each state
s € S is either an end-state (when f(s) is an observation in
the set A), or else f(s) € D(S), and we have a probability
distribution on the same set of states, giving a probabilistic
“next-state” function. The initial algebra of F' may be found
using Theorem 2.5. However, it would take some work to
calculate the colimit of the initial w-chain. To make a long
story short, we can repackage the initial algebra as the set T’
of finite “probability trees”. These would be trees with the
property that their leaves are labeled in the observation set
A, each non-leaf has children with edges labeled by numbers
that sum to 1, and with the extra property that the tree
is “reduced” in an appropriate sense. Coalgebra overall has
the general language needed to say what “reduced” means,
and to give the parallel to similar notions (for example in
automata theory). We invite you to try to formulate the
appropriate definition in this case to see what is involved on
the specific level related to this functor. In addition, it would
be good to ferret out the initial algebra structure F1T' — T

2.2 Dualization

One of the features of category theory is that concepts and
results dualize by turning the arrows around on morphisms.
We have already seen this with the concepts of algebra and
coalgebra. Recall from Section 2.1 that a coalgebra for an
endofunctor F' is an object A together with a morphism
a: A — FA. One dualizes initial objects 0 to final objects
1, w-chains to w°P-chains (that is, functors from w°? to A),
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colimits to limits, and the initial w-chain of Definition 2.3 to
the final w°?-chain given by

! F! F2!

1 F1

F21 (4)

With this in mind, the dualization of Theorem 2.5 is straight-
forward.

THEOREM 2.6 (BARR [BA]). Let A be a category with
a final object 1 and with limits of w°?-chains. If F: A — A
preserves limits of w°?-chains, then it has a final coalgebra
vF obtained by taking a limit:
vF = lim F"1.

newor

NoTATION 2.7. We denote by
Cn: lim F'1— F™

1EWO
the projections of the limit of the final w°?-chain of F. If F
has a final coalgebra, we denote it by

vF or vX.F(X).

Every coalgebra a : A — FA induces a canonical cone
over the final w®’-chain of F' by induction: ag : A — 1 is
uniquely determined and ap41 = Fana: A — Jalana W

2.3 Applications

Theorem 2.6 accounts for most of the final coalgebra re-
sults in the literature. For example, it applies to every func-
tor on Set which is built from constant sets, products, co-
products (disjoint unions), and functions from fixed sets.
As an example, and to point out some of the directions that
coalgebra pursues, I will mention the final coalgebra of func-
tors such as FX = Ax X, where A is a fixed set. This is the
set A of streams over A; concretely, if can be taken to be
functions from the natural numbers into A. The important
data is the final coalgebra structure A® — A x A°°. In the
concrete case that I mentioned, this is f — (f(0,g), where
g(n) = f(n+1). However, once one has A* and its struc-
ture, one can for many purposes forget the details of the
construction and instead simply use the fact that we have a
final coalgebra.

As a special case, consider the case when A is the set R
of real numbers. In this case, we have an especially nice
representation of the final coalgebra: it is the set An of real
analytic functions, see [PE]. Here one considers f : R — R
such that for every n there is an open interval around 0 such
that f’(x) is defined at each point in the interval, and f
agrees with its Taylor series there. The coalgebra structure
a: An — R x An is given by

¢(z) = (6(0), ¢'(x))
Here is an example of a coalgebra: ({a,b,c,d}, f), where
fla) =(0,b) f(b)=(L,c) f(c)=(0,d) f(d)=(-1,a)

By “corecursion”, that is, by finality, there is a unique coal-
gebra morphism

¢: ({a,b,c,d}, f) — (An, ).
It is easy to check that
¢(a) =sinz  @(b) = cosz ¢(c)

That is, the assignment ¢ satisfies the condition of a coalge-
bra morphism, and by finality it is the unique such.

sinz  ¢(c) = —cosz.



2.4 Measurable spaces

Let Meas be the category of measurable spaces and mea-
surable functions. We consider this category and also the
subcategory SB of standard Borel spaces. These are the mea-
surable spaces (M,X) such that for some Polish topology
(i.e., a topology generated by a complete separable metric)
T on M, ¥ is the family of Borel sets generated by T. (For
background here, see Kechris [Ke].

A related functor is the subprobability measure functor S :
Meas — Meas. A subprobability measure on a space M is a o-
additive function p from the Borel subsets of M to [0, 1]. We
do not require that p(M) = 1. The subprobability measures
on a space themselves form a measurable space with the o-
algebra defined as for A. It is known that there is a metric
on S(M) making S(M) into a standard Borel space; see e.g.,
Doberkat [Dob],

The category SB is closed under countable coproducts and
countable limits in Meas (see [Sch]). Moreover, it is closed
under the functors S and A.

PROPOSITION 2.8. S preserves the surjectivity of morphisms

in SB. (See Kechris [Ke], Proposition 1.101.)

THEOREM 2.9  (VicLizzo [VI]). A : Meas — Meas does
not preserve limits of w°?-chains.

THEOREM 2.10. The functor A : SB — SB preserves the
limit of its final w°?-chain.

This result follows from the celebrated Kolmogorov Ex-
tension Theorem, stated below:

THEOREM 2.11  (KOLMOGOROV). Let

f f
X0<;0X1(71X2

be an w?-chain in SB, and assume in addition that each f,
is surjective. Let X = lim X,, and let m, : X — X, be
the projection. Let pu, € AX, be Borel measures such that
Afn(tins1) = pn for all n. Then there is a unique p € AX
so that for all n, Amy,(p) = pin.

In the form we have stated it, Theorem 2.10 was used in
Schubert [Sch] to prove that a large collection of functors
on SB have final coalgebras. These include the constant
functors, A and S, and functors built from these by com-
position, product and coproduct. At the heart of things are
the general category theoretic result (Theorem 2.6, the dual
of Theorem 2.5) and some specific results on standard Borel
spaces, such as Kolmogorov’s Theorem (and a few other spe-
cial facts).

Heifetz [He| carries out a parallel development, this time
for regular measures on a Hausdorff space.

Similarly, den Hartog and de Vink [HV] study complete
ultrametric spaces and non-expanding maps. They show
that the functor Meas is locally non-expanding. where the
functor takes a space to its compactly-supported Borel prob-
ability measures, using the following metric:

d(p,v) = inf{e : (Va)u(B(z,e) = v(B(z,¢))}

The functor works on morphisms in the obvious way.
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Situations where Theorem 2.6 does not apply.

Having pointed out the uses of Theorem 2.6, we must men-
tion that there are important settings in which it does not
apply. Most notable of these is the case of the finite power
set functor P; on Set (cf. [AK79, W]) and the case of func-
tors such as A on measurable spaces. Concerning the latter
example, the relevant result is that all functors on Meas built
from constants, A, products, and coproducts have final coal-
gebras. The first proof of this is in [MV 2], building on work
in Heifetz and Samet [HS]. Both of these used a variant of
coalgebraic modal logic as we shall see it just below. A dif-
ferent approach to the problem of universal Harsanyi spaces
may be found in Pintér [Pi]. Here the work goes via a new
extension result along the lines of Kolmogorov’s Theorem,
but more applicable to the purely measure-theoretic setting.
It is not yet known whether Pintér’s Theorem shows that all
functors on Meas built from constants, A, products, and co-
products have final coalgebras.

3. COALGEBRAIC GENERALIZATION OF
MODAL LOGICS

Up until now in this paper, the focus has been on the
construction of final coalgebras as a way to understand the
literature on universal Harsanyi type spaces. At this point,
I want to shift the focus to a different matter, that of coalge-
braic generalizations of the Kripke semantics of modal logic.
There are several reasons for doing this, including another
connection to universal type spaces. Before this, let me men-
tion two reconstructions of modal logic.

Let (A, @) be a coalgebra for F. We have maps o, : A —
F"1 as follows: ag is by finality, and ap4+1 = Fana. This
gives a cone over the final sequence: an easy induction shows
the required fact that for all n, a,, = F"lan+1. We have a
unique o' A — L such that for all n, Gy = lhal. We call
the family a,, the cone over the final sequence determined
by (A,a), and af is the connecting morphism.

LEMMA 3.1 (Moss [Moz]). af is the unique coalgebra-
to-algebra morphism, the unique morphism such that the di-
agram below commutes:

We shall use an easy consequence of Lemma 3.1.

LEMMA 3.2. Let (A, «) and (B, 3) be coalgebras for F and
letx : A — B be a coalgebra morphism. Let o' and 87 be the
connecting morphisms for the cones over the final sequence
from these coalgebras. Then BTy = af.

Let L™ be the subset of L consisting of the functions g € L
such that for some coalgebra (A, ) and some a € A, g =
af(a). In words, we take the union of all images of all of
the connecting maps from coalgebras to the limit L. Then
we have an inclusion ¢ : L* — L. Also, the connecting map
al : A — L factors as ij4 for some (unique) ja : A — L*.
That is, each point in the image of ja does belong to L*.
Our main result in this section, Theorem 3.5, shows that L*
is the carrier of a final coalgebra structure. The main point



is to define the structure map on L*, and this is where the
injectivity of m is critical. The details are in Lemma 3.3.

LEMMA 3.3. Assume that m : 'L — L is injective.

1. For each g € L*, there is a unique x € FL" such that
(mFi)x =1i(g).

2. There is a function " : L™ — FL”™ so that the square
on the right below commutes:

af
A ja I i I (5)
FA Fin FL* o FL

3. Finally, for any coalgebra (A, ) the square on the left
commutes, as does the top (by definition,).

PRrOOF. Let g € L*. Let (B,3) and b € B be such that
i(g) = BY(b). Let jp : B — L* be such that ijp = 87. Let
x = (FjpB)b. Then

(mFi)x =

(mFiFjpB)b by definition of x
(mFBTE)b since 87 = ijp
BT (b) by Lemma 3.1
i(g) by definition of b

For the uniqueness of , note that we may assume that L* is
non-empty. (For if L™ were empty, then there would be no
coalgebras for F' whatsoever, except for the one with empty
carrier. Then F' would be the constant functor with value
(). But then there would be just one coalgebra for F', and
this would be the final coalgebra.) And now, recall that
every functor on Set preserves injectivity of maps with non-
empty domain. So we see that F'¢ is injective. So is m,
by the assumption in this result. We thus see that mF% is
injective; hence z is unique.

The uniqueness defines [*. (That is, for each g € L™ we
used some coalgebra (B, 3) or other to define [*(g), but the
definition was independent of the coalgebra used.) The com-
mutativity of the right square follows. For the one on the
left, let a € A. We show that ["(ja(a)) = (Fjaa)a by
showing that the latter object satisfies the condition which
uniquely defines the former. The verification is:

(mFiFjaa)a = (mFa'a)a = af(a) = i(ja).
(We are using Lemma 3.1.) [
Once again, by Lemma 3.3 we have a map [* : L* —

FL*. Being a coalgebra structure for F, I gives rise to a
connecting map (I*)" : L* — L.

LEMMA 3.4. (I")T =14.

Proor. By Lemma 3.3, ¢ is a coalgebra-to-algebra mor-
phism: mFil* = i. Hence we have (I*)" = ¢ by the unique-
ness part of Lemma 3.1. []

The previous lemma is the key property of I*. For readers
interested in modal logic, it calls to mind the parallel lemma
for the theory map from canonical model into itself. The
surjectivity is tantamount to the completeness theorem for
the logic.
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THEOREM 3.5. (L*,1*) is a final coalgebra for F: for all
coalgebras A, ja : A — L™ is the unique coalgebra mor-
phism.

PROOF. Let (A, @) be a coalgebra, and let o' : A — L be
its connecting map. Let j4 : A — L™ be as above, so that
ija = of. By Lemma 3.3, ja : A — L* is a morphism of
coalgebras.

It remains to prove the uniqueness of ja. Let kK : A — L*
be a coalgebra morphism. By Lemma 3.2, af = (1*)7k, and
by the last lemma, this is ik. Hence ik = of =ij4. Since i
is injective, k = ja. [

There are proof systems for this logical system, and cur-
rently much is known about it.

Why the logic is a generalization of standard modal
logic.

the connection of maximal consistent sets in K to the
elements of P“1. This connection is made in the rest of this
section.

Let L be the set of modal sentences. There are maps
cn : PE1 — L given by co(x) = T (some tautology), and for
S € P:(PF1),

cn+1(9)

/\ Oep(z) A O \/ cn(z)

z€S zeS

(All conjunctions shown are finite, of course. Empty con-
junctions count as T and empty disjunctions as L.) Inci-
dentally, ¢,+1(S) is usually written V(S) in the literature
on coalgebraic modal logic.

Let C), be the image of ¢,,. This set is sometimes called
the set of canonical sentences of height n, or the set of Fine
normal forms of height n.

LeEMMA 3.6 (FINE [F]). For every pointed graph (G, g),
there is exactly one canonical sentence ¢ of height n such
that g = ¢ in G. Moreover, if 1 is any modal sentence of
height < n, then either = ¢ — ¢ ort ¢ — —p in K.

This lemma gives a representation of canonical cones from
graphs to the the final sequence of Ps. Given (A, —), the
map a, : A — P"1 takes a to the unique canonical sentence
of height n satisfied by a in A.

Applying this to the canonical graph (C,—) itself, and
using the Truth Lemma, we see that the canonical map v, :
C — P"1 is given by

the unique canonical sentence of height n in w.

(6)

THEOREM 3.7. The cone 7y, : C — P"1 is a limit cone.

Yn(w)

PrOOF. Let ¢, be a sequence of modal formulas with the
property that for all n, P™!(¢n+1) = ¢n. We need to show
that there is a unique modal theory w containing all ¢,,.
For the existence, we need only check that {¢, : n € w} is
consistent. (Once this is established, then by Zorn’s Lemma,
this set will have a maximal consistent superset.) An easy
induction on n shows that

F o — PTI(e)

for all b € P11 (see [Mo1]). It follows from this general
observation and the finiteness of proofs that {¢, : n € w} is
consistent.



For the uniqueness, suppose that v and v contain ¢, for
all n. Then we claim that v = v. To see this, let 1 be any
modal formula. Let n be the modal height of ¢. Then by
Lemma 3.6, either - ¢, — 9 or F ¢,, — —. Without loss
of generality, assume that the first alternative holds. Then
since u and v are closed under deduction (this follows from
maximal consistency), they both contain . In this way,
u=wv. [

COROLLARY 3.8. P“1 may be described as the set C of
mazximal consistent modal theories, with maps v,C — P"1
as in (6).

Conclusion.

The upshot of this discussion is that P (1) is isomorphic
to the canonical model and vP; to the submodel consisting
of theories of pointed finitely branching models.

For more on the normal forms, including the proof of
Lemma 3.6 and applications to modal completeness for stan-
dard modal logics, see Fine [F] and also Moss [Mo1].

3.1 Addendum: generalizing modal logic via
predicate liftings

In Section 3, we saw one way to generalize the Kripke
semantics of modal logic to functors on Set. The generaliza-
tion was not a perfect one in the sense that one obtains a
fragment of standard modal logic and not the whole thing.
From the standpoint of using the logic, there is much to be
desired. So for this reason, it is interesting to study dif-
ferent generalizations of modal logic. This is the topic of
coalgebraic modal logic. One has a generalization of many
modal logics, including standard modal logic K, conditional
logic, probabilistic modal logic, and various combinations of
these. Moreover, one has complexity results for the satisfi-
ability problem which are generic (that is, independent of
the particular logic). This area is quite developed, and in
fact has given new results on existing logics, many of which
could be of interest to the TARK community. Some refer-
ences here include C. Cirstea et al [CKPSV], Schréder and
Pattinson [SP], and Kurz [K].

4. FOR FURTHER READING

Introductory material on coalgebra may be found in pa-
pers such as Gumm [GU], Jacobs and Rutten [JR], Pattin-
son [P3], and Rutten [R]. An extensive treatment of final
coalgebra results, including those relevant to type spaces, is
promised in Addmek et al [AMM].
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