The Shield that Never Was: Societies with Single-Peaked Preferences are More
Open to Manipulation and Control

Piotr Faliszewski Edith Hemaspaandra Lane A. Hemaspaandra
Dept. of Computer Science Dept. of Computer Science Dept. of Computer Science

AGH Univ. of Sci. & Techn. Rochester Inst. of Technology University of Rochester
30-059 Krakobw, Poland

Jorg Rothe
Institut fur Informatik
Universitat Dusseldorf
Rochester, NY 14623, USA Rochester, NY 14627, USA 40225 Dusseldorf, Germany

Abstract

Much work has been devoted, during the past
twenty years, to using complexity to protect elec-
tions from manipulation and control. Many re-
sults have been obtained showing NP-hardness
shields, and recently there has been much fo-
cus on whether such worst-case hardness pro-
tections can be bypassed by frequently correct
heuristics or by approximations. This paper takes
a very different approach: We argue that when
electorates follow the canonical political science
model of societal preferences the complexity
shield never existed in the first place. In partic-
ular, we show that for electorates having single-
peaked preferences, many existing NP-hardness
results on manipulation and control evaporate.

win [Bartholdi et al, 1989; Bartholdi and Orlin, 1991
(or not win [Conitzeret al, 2007) by some coalition

of voters who strategically change their votes. There
is a large literature, started by the insightful contribu-
tions of Bartholdi, Orlin, Tovey, and TrickBartholdi and
Orlin, 1991; Bartholdiet al, 1989; 1992, on choosing
election systems that make control and manipulation NP-
hard, and by doing so seek to make control and manip-
ulation computationally prohibitive (see the survéal-
iszewskiet al, 2009). Recently, there has been a flurry
of work seeking to bypass worst-case manipulation hard-
ness results by frequently correct heuristics or approxima-
tion algorithms (as a few pointers into that literature, see,
e.g.,[Friedgutet al, 2008; Conitzer and Sandholm, 2006;
Procaccia and Rosenschein, 2007; Brelskirdl.,, 2009).

The present paper takes a radically different approach. We
study elections where the vote set must be “single-peaked.”

We'll discuss single-peakedness in more detail after stating
our main contributions. But, briefly put, single-peakedness
means that there is some linear ordering of the candidates
ative to which (in the model in which votes are linear or-
rs) each voter’s preferences always increase, always de-

le. electi h b d hanism f ‘rease, or first increase and then decrease, or (in the model
pie, elections have been proposed as a mechanism 1ot cQg , bicp, yotes are approval vectors) each voter’s approved
laborative decision-making in such multiagent system con-

text d ¢ Jcollaborative filtel candidates are contiguous within the linear order. Single-
ex i ats rleczoorggen derlsys € rg; Cr? a;_ ora(ljnll?e ! m? peaked preferences, introduced by BldtR4d (see also
nocket ai, and pianning=phratl and Rosenschein, [Black, 1958), model societies that are heavily focused on
1991; 199T. The importance of elections explains why

. o . .2 one issue (taxes, war, etc.), and the single-peaked frame-
elections are studied intensely over a wide range of field ( ) gie-p

includi litical Sci th i 2l choi Swork is so central to political science that it has been de-
|tr;c u Imq[ p"c.)l cal science, ma emg ICS, so:;la choice, aIr,]'scribed asthecanonical setting for models of political in-
meial Intefigence, economics, and operations Tesearchyy, iions»[Gailmardet al, to apped; and indeed is typi-
Formally, an election system takes as input a set of canx

. X cally the model of societal voting first covered in an intro-
didates (or alternatives) and a set _Of votes (usgally each ctory course on positive (i.e., theoretical) political sci-
0-1 approval vector over the candidates or a linear O.rdeénce. This paper’s main contributions are the following:
over the candidates) and outputs a subset of the candidates
as the winner(s).

1 Introduction

. . rel
Elections are a broadly used preference aggregation modgi
in both human societies and multiagent systems. For exa

e We introduce the study of single-peakedness for
approval voting. We as Theorem 2.1 provide a
polynomial-time linear programming algorithm to test
single-peakedness of a collection of approval vec-
tors and to find a linear order witnessing the single-
peakedness.

Control refers to attempts to make a given candidate
win [Bartholdi et al, 1994 (or not win [Hemaspaandra
et al, 2007d) an election by such participation-change
actions as adding or deleting voters or candidates. Ma-
nipulation refers to attempts to make a given candidate
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e In Section 3 we show that for both voting by approval or more voters appears just once in the list and is accompa-
vectors and for voting by linear orders, many electionnied by a binary number stating how many voters have that
control problems known to be NP-hard in the generalpreference.
case have polynomial-time algorithms in the single-

peaked case The election systems of most interest to us in this pa-

per are the following ones. lapproval voting voters
e In Section 4 we show that many election manipula-VOte by approval vectors, and whichever candidate(s) get

tion problems known to be NP-hard in the general casdN® Most approvals are the winner(s). séoring proto-

have polynomial-time algorithms in the single-peakedC°| election, which is always defined for a specific num-
case. berm of candidates, is specified bysaoring vectoya =

) _ o (a1, do,...,am), satisfyingas > ap > --- > am. Votes are
However—and in this we are inspired by the path-jinear orders. Each vote contributespoints to that vote’s
setting work of WalsH2007, who showed that Sin- 1,05t preferred candidatey, points to that vote’s sec-
gle Transferable Voting (for at least 3 candidates antyng most preferred candidate, and so on. And whichever
weighted votes) remains NP-hard to manipulate everandidate(s) get the most total points are the winner(s).

in the single-peaked case—we in Section 4 also Shovhmong the most important scoring protocols farcandi-
that many manipulation problems remain NP-hard m-1

even when restricted to the single-peaked case. dates are plurality, withr — (17’—'07”?0), j-veto (j < m),
S . m-j j

e We show, contrary to intuition and the tacit assump-

tions of some papers, that even for natural system@ith @ = (1,...,1,0,...,0), and Borda, witha = (m—
there are cases where increasing the number of cark M= 2;---,0). Formcandﬂate:s;—approval andm-— j)-
didates decreases the complexity. In particular, we a¥eto are the same system. We'll also speak of the veto sys-
Theorem 4.2 show that in 3-Veto elections (i.e., oneleM for an unbounded number of candidates, by which we
votes against three candidates and for all others) mah€an that on inputs witi candidates, each voter gives 1
nipulation is in P for up to four candidates, is NP-hard POINt t0 all candidates other than her least favorite candi-
for five candidates. and is in P for six or more candi-date and 0 points to her least favorite candidate. We'll sim-
dates. ilarly also speak of plurality for an unbounded number of
candidates, by which we mean that on inputs witbandi-
. . . h i i Il i her th
We mostly defer discussion of related work until after ourﬂates’ cac "OteT gives 0 pomt; oa cand|dgtes ot grt an

. er favorite candidate and 1 point to her favorite candidate.
results, as the related work will then have more context an%\ o

nd the general case of approval voting is always for an

definitions to draw on. unbounded number of candidates.

2 Preliminaries Single-Peaked PreferencesA collection V of votes,
each votev; being a linear ordePR, overC, is said to be
Elections and Preferences An electionconsists of a set single-peake@xactly if there exists a linear order ow@r
C of candidates and a collectiahof votes. We will con-  call it L, such that for each triple of candidaigsl, ande,
sider two different models for votes. One is that each vote idt holds that:
a vector (arapproval vectoy from {0, 1}I€l, denoting ap- _
proval (1) or disapproval (0) for each candidate. The other (cLdLeveldLg — (Vi)[cRd—> dRe].
is that each vote is a linear order (by which we mean a-
strict, linear order—a complete, transitive, antisymmetric
relation) over the candidates, e.g., BslAlice > David >
Carol. Anelection systens a mapping that takes as input
a candidate sef and a seV of votes over that candidate
set, and outputs an element &f, 2.e., outputs which can-
didates arewinnersof the election. (We, like Bartholdi,

hat is just a formal way of saying that with respectLto
each voter’s degree of preference rises to a peak and then
falls (or just rises or just falls). The loose intuition behind
this is captured in Figure 1. If we imagine an electorate
completely focused on one issue (say taxes), with each per-
son having a single-peaked (in the natural analogous sense

. . . of that notion applied to curves) utility curve (but poten-
Tovey, and Tric{ 1993, do not expressly forbid elections tially different utility curves for different voters), one gets

with no winners, although all of the many natural election . . . . . : .

. LS recisely this notion (give or take the issue of ties). In Fig-

systems discussed in this paper have the property that thePe ;

) . : ure 1's example, the preferencesvwgfwould bec; > ¢, >

is always at least one winner when there is at least one can-
) - . C3 > C4 > Cs, of v, would becz > ¢4 > ¢, > ¢ > ¢5, and

didate.) Except where we explicitly state otherwigas a of V2 WOUId BECs > Ca > Cr > C1 > G

list of votes (ballots), so if three votes are the same, they 3 A

will appear three times in the list. We will useiccinctin-  The seminal study of single-peaked preferences was done

put[Faliszewskiet al., 2004 to describe the quite different by Black[194d, and that work and many subsequent stud-

input model in which each preference that is held by ondes (e.g.,[Niemi and Wright, 1987; Davi®t al., 1970;
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V1
V2
. \Y;
Utility 3
*—©O @ @ @
candidatee;  candidates, candidatesz candidatec, candidatess
low taxes high taxes

Position on Taxes

Figure 1: Single-Peaked Preference Motivation: Utility @ag for Three Voters.

Poole and Rosenthal, 1997; Krehbiel, 1998; Black, 1958 above, involving single-peaked voting with respect to pref-
argued that single-peaked preferences (in the unidimererence orders. In many cases it is natural to assume that
sional spatial model) are a broadly useful model of electorathere is some unidimensional issue steering society and that
preferences that captures many important setftng®f each person’s range of comfort on that issue is some con-
course, issues that are multidimensional—as many issudggjuous segment along that issue’s dimension. In such a
are—are typically not captured by single-peaked prefercase, each person’s set of approved candidates will form a
ences (by which we always mean the unidimensional casetontiguous block among the candidates when they are or-
And even in a society that is completely focused on one isdered by their positions on that issue. To the best of our
sue, some maverick individuals may focus on other issueknowledge, this is the first paper to study single-peaked ap-
so one should keep in mind that the single-peaked case is@oval vectors—although the literature is so vast that we
widely studied but extreme model. would not be at all surprised if this notion had been previ-

Looking again at Figure 1, let us imagine that each voterOUSIy defined.

has a utility threshold at which she starts approving of canin our control and manipulation problems, we’ll for the
didates. Then in the approval-vector-as-method-of-votingingle-peaked case follow WalgB007 and take as part
we’'ll have that for some linear orddr, each voter ei- of the input a particular linear order of the candidates rela-
ther disapproves of everyone or approves of precisely a séitve to which the votes are single-peaked. This is arguably
of candidates that are contiguous with respedt.toFor-  natural—as we may view candidates’ positions on the is-
mally, we say a collectiol, made up of approval vectors sue that defines the entire election as being openly known.
V1,Vz,...,V|c| over the candidate s€t with Approvesbe-  However, one may wonder how hard it is to, given a set
ing the set of candidates thatapproves, isingle-peaked of voters, tell whether it is single-peaked. For the case
exactly if there is a linear order ov€, call it L, such that  of votes being linear orders, Bartholdi and TriEkogd
for each triple of candidates d, ande, it holds that: (see alsqEscoffieret al,, 200d; a somewhat related paper

_ is [Trick, 1989) show by a path-based graph algorithm that
cLdLe— (Vi)[{c,e} C Approves—>d € Approves|.  the problemis in P, and Escoffier, Lang, dbztiirk[2008
show how to produce in polynomial time a linear order wit-

The reasons that single-peaked approval voting is Comnessin the single-peakedness when such an ordering ex-
pellingly natural to study (and the reasons why one should 9 gie-p . 9
not go overboard and claim that it is a universally appro_|sts. For the case of votes being approval vectors, by a very

. . . differentapproach—linear programming—we have the fol-
priate notion) are essentially the same as those, touched ?n . . .
owing result, which provides the analogue of both of the
lwe mention in passing that since with single-peaked preferresults just mentioned.
ences there is always a Condorcet winner when the number of
voters is odd, every Condorcet-consistent voting rule has an ef-

ficient winner-determination algorithm for odd numbers of vot- Thaorem 2.1 Given a collection V of approval vectors
ers. Of course, many interesting voting rules are not Condorcet- C i ' | ial ti d i d
consistent. (Also, see Peleg and Sudho[t99d for discus- ~ OVEr &, IN polynomial ime we can produce a linear oraer

sion on the relationship between single-peakedness and strategly-witnessing V's single-peakedness or can determine that
proofness for certain voting contexts.) V is not single-peaked.
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We give a very brief, telegraphic sketch of the easy, linearder contains at most two elements). However, a collection
programming-based proof of Theorem 2.1. of single-peaked approval vectors might contain more than
two candidates that are not approved by some voter. Thus,
Proof Sketch for Theorem 2.1. Recall that in this the- a trivial completion of approval vectors to form linear or-
orem we are in the approval-vector model of voting (theders would not necessarily work.
following statement actually can be seen not to hold in the
vote-by-linear-order model). It is not hard to see tat
single-peaked if and only if the candidatesdrtan be as-  Control and Manipulation Problems Due to space we
signed, one each in some potentially permuted order, to théescribe these very briefly. For an election systénthe
points 1, 2, .., ||C|| on the real line and each votgrcan be ~ Constructive Control by Adding Candidateoblem is the
assigned to an integer point or an “integer-pg-point  set of all (C,V, p,k,C'), whereV consists of votes over
and given a thresholgl such that; approves of those can- CUC’, pe C, andCNC’ =0, such thatthereisa %t C C’
didates whose distance (absolute value) figmpoint is  with ||C”|| < k for which candidatep is the unique winner
less than or equal . (As to the “only if” direction, given  under election systenf when the voters iV vote over
any single-peaked ordering, put the candidates in that ordé¢UC” (i.e., we restrict each voter down to her induced pref-
at real-line positions 1, 2, ., ||C|| and put each voter who erences ove€ UC"). The Destructive Control by Adding
approves of, say, exactly the candidates located from posicandidateproblem is the same except now the question is
tion j to positionk, j <k, at the pointﬂ‘, and put voters  Whether there is such@'’ ensuring thap is nota unique
who disapprove of all the candidates at, say, location 0 ofwvinner.

_the real Ime._) We mentioned this mostly to give some Intu'The Constructive/Destructive Control by Deleting Candi-
ition about single-peaked approval. Relatedly, and more t%ates problems are analogous, with inputs of the form

the point for this proof, note that cleaNyis single-peaked (C,V,p,k), wherek is a limit on how many candidates
if and only if there exists some geometric embedding of thig. ;' & can be deleted. and it is forbidden to delgte

Soft (in Wh.'Ch weno 'Oj.‘ger require :['hat.the candidate/ VO®he Constructive/Destructive Control by Adding/Deleting
points be integer and “integer-pla&” points). Voters problems are analogous, with inputs respectively
Now let us in light of the geometric embedding observa-(C,V, p,k,V’) and (C,V, p,k), whereV’, V' NV =0, is a
tion of the second of the above “if and only if” statements pool of “unregistered” voters, arkddenotes the bound on
see how to, given the votes, find whether there is a singlehow many voters frorv’ we can add (Adding case) or how
peaked societal ordering and, if so, how to produce onemany voters fronV we can delete (Deleting case).
We build a linear program constraint satisfaction problemC
that will for eachv; and each paifc,d) wherev; approves
of ¢ and disapproves afl have a constraint of the form
(where the Loc’ are location-on-the-real-line variables)
|Loc, —Loc| < |Log, —Locy| —0.01. The “Q01”is a trick
to speak of " in effect; using a standard linear program- Most of these problems were introduced in the seminal con-
ming trick our set of equations can be transformed in poly-rol paper of Bartholdi, Tovey, and Tricdk997, and the
nomial time to a linear programming optimization problem remaining ones were introduced i[Hemaspaandrat al,,
without absolute-value operations; and with some discus2007a; Faliszewsket al, 2007. These problems model
sion one can see that if the linear program assigns multisuch real-world problems as introducing a candidate to run
ple candidates to the same location we can arbitrarily breafo split off another candidate’s support; urging an inde-
that tie in stating our order. This linear program will give pendent candidate to withdraw for the good of the coun-
locations for the candidates that in effect give us a singletry; spreading rumors that people with outstanding war-
peaked ordering when one exists. O rants who try to vote will be arrested; and sending vans to
retirement homes to drive car-less members of one’s party
to the voting place.

onstructive/Destructive Control by Unlimited Adding
Candidatess the same as Constructive/Destructive Con-
trol by Adding Candidates except there is rid;“‘one may
add any or all of the members 6f.

Note that Theorem 2.1 does not seem to naturally foldn each case, the inputs we specified are for the “general”
low from the analogous results for linear orders, as ap€ase. For the single-peaked case there will be an additional
proval vectors contain much less information. More toinput, a linear ordet over the candidates such that rela-
the point, a collection of non-single-peaked linear ordergive to L the election is single-peaked (with respect to all
may, in some sense, correspond to a collection of singlevoters and candidates—even thos€irand inV’ in prob-
peaked approval vectors. To see this, we point the readéems having those extra sets). {fis not such a linear

to Lemma 1 of[Escoffieret al., 2004, which says that in  order, the input is immediately rejectedd’s goodness can

a set of single-peaked linear preferences at most two carbe easily tested in polynomial time, simply by looking at
didates are ranked last (that is, the set of candidates thatach vote.) In assuming thatis given, we are following
appear on the last position of some voter’s preference owWalsh's[2007 natural model— is the broadly known po-
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sitioning of the candidatés. vulnerable and if it is NP-hard we call iresistant. A
manipulation problem (such as the constructive coalition
weighted manipulation problem defined above) is said to
gbe vulnerableif it is in P and resistantif it is NP-hard.

o ) . : : " In each control/manipulation case in this paper where we
building on the seminal manipulation papEsrtholdi and assert vulnerability (or membership in P), not only is the

Orlin, 1991; Bartholdiet al,, 1989) and takes as input a o . . L

. . ) . . decision problem in P but also in polynomial time we

list of candidate€, a list of nonmanipulative voters each . : L
o ; can produce a successful control/manipulation action if

specified by preferences (as a linear order or as an approva

. : one exists (i.e., the problem is wHatemaspaandret al.,,
vector, depending on our election system) o@esind an . .
. . X . . 20074 callscertifiably vulnerable). Most of these notions
integer weight, a list of the weights of the voters in our ma-

. . . . . are in detail from or in the general spirit of the work of
nipulating coalition, and the candidgpethat our coalition Bartholdi, Orlin, Tovey, and TrickBartholdiet al, 1992;

seeks.to make awinner. The set of all such inputs forw_hlcqgsg; Bartholdi and Orlin, 1991as in some cases natu-
there is some assignment of preferences to the manipula:

tors that makep a winner is theConstructive Coalition rally modified or extended iHemaspaandret al, 2007b;

Weighted Manipulatioproblem for that election system. 20074,

The (constructive coalition weighted) manipulation prob-
lem was introduced by Conitzer, Sandholm, and Lan
([Conitzer et al, 2007 and its conference precursors

We follow the convention froniBartholdi et al, 1989; 3 Control
Bartholdi and Orlin, 1991; Bartholddt al., 1993 of fo-

cusing on the unique-winner case for control and the wins .
9 q We now turn to our results on control of elections. The

ner case (i.e., asking whether the candidate can be madetheme of this paper is that electorates limited to being

winner or be Prevente_d from beirgvinner; foIonvmg th_e single-peaked often are simpler to control and manipulate.
literature, we’'ll sometimes refer to that as the “nonunique- ... : : L
) , : . Intuitively speaking, we will show that the more limited
winner model/case”) for manipulation. In many cases ; lecti I d by sinal ked
we've shown a given result in both models and will some- & 9¢ © vote collections allowed by single-peaked vot-
times mention thatin passing. All of the results of Conitzer Ing (as opposed to general voting) is so restrictive that
Sandholm. and Lan %f rele\g/]énce 1o us hold in both model’the reductions showing NP-hardness fall apart—that those
(see Footn,ote 7 c[(:gnitzeret al, 2007) Teductions centrally need complex collections of votes to
’ ’ work. Of course, for all we know, perhaps P = NP, and
For the single-peaked case, a linear older given as part so attempting to show that no reduction at all can exist
of the input and the manipulating coalition’s votes must allfrom SAT to our single-peaked control problems would be
be single-peaked with respectitgas must all other voters) a fool's errand (or a Turing Award-scale quest). Rather,
for the input to be accepted. we’ll show our single-peaked control problems easy the
old-fashioned way: We'll prove that they are in P.

Complexity Notions for Control and Manipulation  The techniques we use to prove them in P vary from easy
Problems If by a given type of constructive control ac- ghservations to smart greedy schemes to dynamic program-
tion we can never changefrom not unique winning (N0t ming. For reasons of space, in this extended abstract we (in
winning) to unique winning (winning) we say the prob- aqdition to the proof sketch of Theorem 2.1) present only
lem isimmuneto that control type, and otherwise we call the proof of one result (Theorem 4.2); complete proofs of
it susceptibleto that control type. The destructive case || our results will be made available in the full version.
is analogous. If a susceptible problem is in P we call it ) o o
The control complexity of approval voting is studied in de-

2Both for linear-order votes[Escoffier et al, 2004, see tail by Hemaspaandra, Hemaspaandra, and R@0@74,
also[Bartholdi and Trick, 1989 and for approval-vector votes and see regarding limited adding of candidatEsdélyi
(Theorem 2.1) it holds that even lif is not given one can find et al, 2009 (see also the survejBaumeisteret al, to
a QC}Od!- in por']ynomi?: time ;Ij O”GfeXiitS- TT)iS fact may be appeal). Among all the adding/deleting control cases de-
comaing 0 ose o o s Do b gven B4 L (1 e (en . precisly o ar s
And for some problems, which valid one uses may affect the t@nt, and the other eight (all five destructive cases and the
problem and its complexity. Indeed, not havibgs part of the  three constructive candidate cases) are immune or vulner-
input might even open the door to time-sequence issues, e.gable. The two resistant cases are Constructive Control by

in deletion of candidates/voters, should we ask instead whethesqding Voters and Constructive Control by Deleting Vot-
single-peakedness should only have to hold after the deletion’)rs

(We'd say, ideally, “no.”) These issues are reasonable for furthe
control/manipulation-related study (and the issue of whelther  The following theorem shows that both of these complex-

knowna priori is much studied in the political economy literature . . - N _ :
already, see, e.g/Austen-Smith and Banks, 2004, Section]2.4 ity shields evaporate for societies with single-peaked pref

but we find thdWalsh, 2007 model to be most natural and com- €r€nces.
pelling. In many cases our proofs work fineLifs not part of the
input, and at times we’ll mention that. Theorem 3.1 For the single-peaked case, approval vot-
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ing is vulnerable to constructive control by adding vot- existing NP-hardness shields remain in place even if one
ers and to constructive control by deleting voters, in bothadds the restriction to a single-peaked society.

the umque-wmnermodgl and the nonumque-wmpermodeLThe previous paragraph raises the following natural ques-
for both the standard input model and the succinct Ir]pUttion' Given that restricting to single-peaked preferences
model® - g gle-p p

can sometimes remove complexity shields, e.g., Theo-
rem 3.1, and can sometimes leave them in place, e.g., The-

Briefly put, the challenge here is that the ¥ébf voters to - :
. oS i . . _orem 4.3, can restricting to single-peaked preferences ever
add may be filled with “incomparable” voter pairs—pairs ; : .
. - : . erect a complexity shield? It would be very tempting to
such that regarding their interval with respect to the linear . T .
astily state that such behavior is impossible. After all,

- . . ) h
order defining single-peakedness, neither is a subset of tr}ﬁe single-peaked case if anything thins out the flood of
ossible control-actions/manipulations. But we're talking

other—and so it is not immediately obvious what voters to
add. We splve this by a “smart greedy approach, _breakln bout complexity here, and fewer options doesn’t always
votes first into broad groups based on where their intervals :
mean a less complex problem. In particular, one of those
manipulation/control-action options that single-peakedness

right edges fall with respect to just a certain “dangerous”
subset of the candidates, and then re-sort those based Pkes offthe table might have been a single, sure-fire path to
victory under some election system. In fact, using precisely

their left edges, and we argue that if any strategy will reach
that approach, and a few other tricks, we have built an artifi-

the control goal then this one will.

We turn from approval voting to plurality voting. Plural- cial election system for which unweighted constructive ma-
ity voting’s constructive control complexity was studied nipulation by size-3 coalitionsis in P in the general case but
in detalil in the seminal control paper of Bartholdi, Tovey, is NP-complete for the single-peaked case. The system’s
and Trick[1994, and the destructive cases were addedvotes are approval vectors. The system is highly unnatu-
by [Hemaspaandrat al, 20074 (see[Faliszewskiet al,, ral* highly unsatisfying, and would never be considered
2007 for the limited adding of candidates cases). For plu-for real-world use. However, its goal is just to show that (in
rality, the situation is close to backwards from approval.a stomach-turningly contrived way) restricting to single-
Regarding all the adding/deleting control cases defined ipeakedness in concept can, perhaps surprisingly, raise com-
this paper, the four voter cases are vulnerable but all sixlexity. We conjecture that that strange behavior will never
candidate cases are resistant. However, our results hebe seen for any existing, natural election system. We sum-
again are in keeping with our paper’s theme: All six of marize this paragraph in the following (manipulation) the-
these cases become vulnerable for single-peaked societiezem.

Theorem 3.2 For the single-peaked case, plurality voting Theorem 3.3 There exists an election systefy whose

is vulnerable to constructive and destructive control byvotes are approval vectors, for which constructive size-3-
adding candidates, by adding unlimited candidates, andcoalition unweighted manipulation is iR for the general

by deleting candidates, and these results hold in both thease but isNP-complete in the single-peaked model.
unique-winner model and the nonunique-winner model.

_ . 4 Manipulation
Our proofs of the different parts of this theorem vary

greatly in approach. One approach that is particularly usep, his section we study constructive coalition weighted

fulis dynamic programming. manipulation. Recall that in the single-peaked case the ma-
For two very important voting systems—plurality hipulators must cast votes that are consistent with the lin-
and approval—we have seen that in every singleear ordering of the candidates (which is part of the input
adding/deleting case where they are known to haveén the single-peaked case) that defines the society’s single-
NP-hardness complexity shields, the complexity shieldoeakedness. However, all our “single-peaked case is in P”
evaporates for societies with single-peaked preferences. ligsults in this section also hold in a model in which the
the coming manipulation section we will also see a numbelinear order of the candidates is not part of the input.

of cases where NP-hardness shields melt away for singlerll\(-]qus paper's theme is that single-peakedness removes many

peaked societies, but we will also see some cases—a P-hardness shields, and for manipulation we show that

earlier such a case was found by Walg#007—where

- 4The election system first uses the P algorithm from Theo-

3This result holds in our settled model in which the linear or- rem 2.1 to see if there is a linear order making the votes single-
der specifying the society’s order on the candidates is part of th@eaked and if not the system has all candidates win. This fea-
input, and also holds in the model—which due to space we won'ture of the system allows a manipulating coalition to in the gen-
really cover here—in which the linear order is not part of the in- eral (single-peakedness not required) case cast votes precluding
put but rather the question is whether there exists any valid lineasingle-peakedness, an attack the single-peaked case does not al-
order relative to which there is a way of achieving our control low, and by other tricks we ensure that the single-peakedness case
goal. will be NP-hard.
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via the following theorems. (Note that in the general
case, the election systems of parts 1 and 3 of this theo-
rem and the K3 > 2 kg > 1" cases of part 2 of this the-

if and only if pis a winner in the election where every
manipulator rank first.

orem are known to be NP-complelidemaspaandra and M= 5. In this case, we are looking at the scoring proto-

Hemaspaandra, 2007; Procaccia and Rosenschein, 2007;
Conitzeret al, 2007, and the remaining part 2 cases are
well known and easily seen to be in P.)

Theorem 4.1 For the single-peaked case, the construc-
tive coalition weighted manipulation problem (in both the

nonunique-winner model and the unique-winner model) for
each of the following election systems i%in

1. The scoring protocolr = (2,1,0), i.e., 3-candidate
Borda elections.

k ko
2. Eachscoring protocat = (1,...,1,0,...,0), ky > ko.
(This includes a variety of-veto and/-approval pro-

tocols, e.g., the 3-veto cases forrb candidates in
Theorem 4.2.)

3. Veto.

We now come to an unusual case. For general votes (not
limited to single-peaked societies), 3-veto is in P for three
or four candidates, and 3-veto is NP-complete (and so resis-
tant) for five or more candidates (skgemaspaandra and
Hemaspaandra, 2007 (3-veto is not meaningfully defined

for two or fewer candidates.) However, for single-peaked
votes, 3-veto shows a remarkable behavior: Moving from
five to six candidatebowersthe complexity. In some pa-
pers, authors state that if one knows the number of candi-
dates (if any) at which a system switches from easy to hard,
it is easy by adding dummy candidates to see that for all
larger number of candidates the system remains hard. The
following theorem should stand as a caution to take that
view only if one has carefully built and checked a “dummy
candidates” construction for one’s specific case.

We present the proof of Theorem 4.2 and point out that
the same proof ideas can be used and generalized to prove
some of the other theorems of this paper.

Theorem 4.2 For the single-peaked case, the constructive
coalition weighted manipulation problem for m-candidate
3-veto elections is i for me {3,4,6,7,8,...} and is re-
sistant (indeedNP-complete) for m= 5.

Proof. Consider the following five cases.

m= 3. In this case, we are looking at the scoring protocolm -

(0,0,0). Itis immediate that in this scoring protocol
all candidates are always tied for winner, and)stan
always be made a winner.

m= 4. In this case, we are looking at the scoring protocol
(1,0,0,0). Itisimmediate thap can be made a winner
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col (1,1,0,0,0). It is immediate that the construc-
tive coalition weighted manipulation problem is in
NP (simply guess single-peaked votes for the ma-
nipulators and verify thap is a winner of the elec-
tion). To show NP-hardness, we reduce from the well-
known NP-complete problem PARTITION: Given a
set{ky,...,kn} of ndistinct positive integers that sum
to 2K, does there exist a subset that sumsKt®
This problem was also used to prove general (i.e., not
required to be single-peaked) constructive coalition
weighted manipulation problems NP-hard (see, e.g.,
[Conitzeret al,, 2007).

Given an instance of PARTITION, i.e., a setrotlis-
tinct positive integergky,...,ky} that sums to g,
construct the following instance of constructive coali-
tion weighted manipulation: The set of nonmanipula-
tors S consists of two voters, each of weigkt One

of the voters votes > a > p > b > d and the other
voter votesd > b > p > a > c¢. (Note that these two
voters fix society’s order.) We also have a 3ebf

n manipulators. The weights of the manipulators are
ki,ko,...,kn. We claim that there is a partition if and
only if the manipulators can cast single-peaked votes
that makep a winner.

First suppose that there exists a sub&t of
{k1,...,kn} that sums td. For everyi € {1,...,n},
we set the weighit; manipulatortgp>a>b>c>d
if ki in S and top > b > a> ¢ > d otherwise. In the
resulting electiong, b, andp each scoreR points and
¢ andd scoreK points. It follows thatp is a winner of
the election.

For the converse, suppose the voter$ imote single-
peaked such that is a winner of the election. Far ~
a candidate, we will writescorer (€) for the number
of points ¢ gets from the voters if. Since for ev-
ery single-peaked vote, i gets a point them or b
gets a point, it follows thascore (p) < scorer(a) +
scorer (b). Sincep is a winner of the resulting elec-
tion, scorer (p) > K+ score (a) andscore (p) > K+
scorer (b). It follows that scorer (p) = 2K and that
scorer (a) = scorer (b) = K. But then the weights of
the voters inT that give a point ta sum toK and so
we have found a partition.

6. In this case, we are looking at the scoring protocol
(1,1,1,0,0,0). Consider society’s order. Without loss
of generality, suppose thatis right of the middle in
this order. LetA be the set of all candidates to the
right of p. Note that/|A|| < 2. For every set of single-
peaked votes consistent with society’s preference, and
for everya € A, it holds thatscord p) > scorega) in



every election. It follows thap can be made a winner cases where single-peakedness leaves an NP-completeness
if and only if p is a winner if every manipulator ranks shield intact. In particular, for both the constructive and
the candidates from right to left. the destructive cases, he shows that the coalition weighted
) ) ) manipulation problem for the single transferable vote elec-
m> 7. Consider society’s order. Letbe an arbitrary can- on yyle for three or more candidates remains NP-hard in
didate such that there are at Iea;st 3 candidatgs to thge single-peaked case. Although our Theorem 4.3 fol-
left of ¢ and at least three candidates to the right ofj\ys this path of seeing where shields remain intact for
c. Note that for every single-peaked vote, candidate gingle-peaked preferences, the central focus of our paper
scores a point. This implies thatcan be made awin- ig {hat single-peaked preferences often remove complex-
ner if and only ifpis doesn’tlose any points in the set i, shields on manipulation and control. Walsh’s paper for

of nonmanipulators. a different issue—looking at incomplete profiles and ask-
ing whether some/all the completions make a candidate a
This completes the proof of Theorem 4.2. O winner—proves both P results and NP-completeness re-

sults. We're greatly indebted to his paper for raising and
exploring the issue of manipulation for single-peaked elec-

Finally, we present some cases that are known[(dema-
torates.

spaandra and Hemaspaandra, D@7 be NP-hard in the
general case and that we can prove remain hard even in thies mentioned in the main text, Bartholdi and Tri086
single-peaked case. and Escoffier, Lang, an@ztiirk[2004 have provided effi-

cient algorithms for testing single-peakedness and produc-
Theorem 4.3 For the single-peaked case, the constructiveing a valid candidate linear ordering, for the case when
coalition weighted manipulation problem is resistant (in- votes are linear orders.

deed NP-complete) for the following scoring protocols: . .
plete) 9 gp Other work is more distant from our work but worth men-

tioning. Conitzefdto appealr has done an interesting, de-

1. a=(3,1,0). tailed study showing that (in the model where votes are lin-
2. a =(3,2,1,0), i.e., 4-candidate Borda elections. ear orders) preferences in single-peaked societies can be
quickly elicited via comparison queries (“Do you prefer

. . andidatel to candidatej?”). He studies the case when
In fact, we can extend the idea behind the proofs of part he linear order of society is known and the case when it is
of Theorem 4.1 and part 1 of Theorem 4.3 to obtain the ty

¢ ) . . not. We mention in passing that we have looked at the issue
ollowing dichotomy result for the 3-candidate case. Y -

of preference elicitation in single-peaked societies (where
the linear order is given) of approval vectors via approval
queries (“Do you approve of candidaf®). It is immedi-
_ately obvious that single-peakedness gives no improvement
for approval vectors and 1-approval vectors (approval vec-
'tors with exactly one 1; this is a vote type and should not be
confused with “1-approval” as it would be used in scoring
systems, where the actual vote is a linear order). Bujfor

Finally, we mention that despite the NP-hardness result of2ndidat&-approval vectors (approval vectors with exactly

part 2 of Theorem 4.3, for the single-peaked 4-candidat 1'S): k= 1, itis easy to see that the general-case elicita-

Borda case there is a polynomial-time manipulation algo-ion duery complexity is exactly 0 when=k and is exactly

rithm for the case when the candidate the coalition wantd — L Whenj >k, but for the single-peaked case, the elici-

to win is either the top or the bottom candidate in society’station guery complexity foik-candidaté-approval vectors

input linear order on the candidates. is at mosti — 1+ [log,k]. That is, we get a savings of a
multiplicative factor of abouk from single-peakedness.

Theorem 4.4 Consider a 3-candidate scoring protocol,
namely,a = (01,02,03), 1 > a2 > a3, 01 € N, ap € N

a3 € N. For the single-peaked case, the constructive coali
tion weighted manipulation problem is resistant (indeed
NP-complete) whem; — a3 > 2(az — a3) > 0and is inP
otherwise.

5 Related Work Single-peaked preferences of course have been studied ex-
tensively in political science. We in particular mention

The paper that inspired our work is Walsh’s “Uncertainty that Ballester and I-!aer_ing&OO_ﬂ provide a precise math-
ematical characterization of single-peakedness, that Lep-

in Preference Elicitation and AggregatiofWalsh, 2007. )
Among other things, in that paper he raises the issue of!l€y [199d shows that single-peakedness removes some

manipulation in single-peaked societies. Our paper fol_negative results about the reIat.ion.ship betwee_n scoring pro-
lows his model of assuming society’s linear ordering Oftocols and Condorcet-type criteria, and Gailmard, Patty,

the candidates is given and that manipulative voters muﬁnd Penrito apped discuss Arrow's Theorem on single-

be single-peaked with respect to that ordering Howeverpeaked domains. We refer the interested reader also to the
our theme and his differ. His manipulation results presenf©Verage of single-peaked preferences in the excellent text-
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book by Austen-Smith and Bank®004. A. Hemaspaandra. This work was done in part during vis-
its by the first three authors to Heinrich-Heine-Universitat
Dusseldorf and by the fourth author to the University of

6 Conclusions and Future Directions
Rochester.

The central point of this paper is that single-peaked pref-
erences remove many complexity-theoretic shields againdteferences

CO!’ltr0| and manipulation. That is, we showed that thos%Austen-Smith and Banks, 20pD. Austen-Smith and J. Banks.
Sh|e_|d3, already under frequency-of-hardness and approxi- positive Political Theory II: Strategy and Structure. University
mation attacks from other quarters, for single-peaked pref- of Michigan Press, 2004.
erences didn’t even exist in the first place. It follows that ) ]
when choosing election systems for electorates one sysBallester and Haeringer, 200M. Ballester and G. Haeringer.
. ? A characterization of the single-peaked domain, 2007.
pects will be single-peaked, one must not rely on results Manuscript.
for those systems that were proven in the standard, unre-
stricted preference model. [Bartholdi and Orlin, 19911 J. Bartholdi, Il and J. Orlin. Single
transferable vote resists strategic votin§ocial Choice and
This paper’s work suggests many directions for future ef- \Welfarg 8(4):341-354, 1991.
forts. For single-peaked manipulation of scoring protocols ) i ) )
we gave some NP-complete cases and some P cases. éﬁt’bﬁho'd' and Trick, 198p J. Bartholdi, Il and M. Trick. Sta-
le matching with preferences derived from a psychological

for manipulation of scoring protocols (in the general model  ,qdel. Operations Research Lette(4):165-169, 1986.
where society is not required to be single-peaked), Hema-

spaandra and Hemaspaan{2807 (see alsdProcaccia [Bartholdietal, 1989 J. Bartholdi, Ill, C. Tovey, and M. Trick.
and Rosenschein, 2007: Conitzsral., ZOOH) have pro- T_he computatlonal dn‘flculty. of manipulating an electio®o-
vided a dichotomy theorem clearly classifying each case cial Choice and Welfaret(3):227-241, 1989.

as NP-complete or in P. Can we obtain a dichotomy theofBartholdiet al, 1994 J. Bartholdi, IIl, C. Tovey, and M. Trick.
rem for manipulation of scoring protocols in single-peaked How hard is it to control an election¥athematical and Com-
societies? Theorem 4.4 achieves this for the case of three Puter Modeling 16(8/9):27-40, 1992.

candidates. [Baumeisteet al, to appedr D. Baumeister, G. Erdélyi,

Throughout this paper, single-peaked has meant the uni- E- Hemaspaandra, L. Hemaspaandra, and J. Rothe. Computa-
tional aspects of approval voting. In J. Laslier and R. Sanver,

dimensional case. Do the shield removals of this paper editors, Handbook of Approval VotingSpringer, to appear.

hold in, for example, an appropriate two-dimensionakior ~ Available as University of Rochester Computer Science
dimensional) analogue? (We mention in passing that every Department Technical Report TR-2009-944, May 20009.

profile of n voters voting by linear orders can be embedde
into R" in such a way that each voter and candidate is
point inR" and each voter prefecsto c¢; if her Euclidean

distance ta; is less than te;.) [Black, 1958 D. Black. The Theory of Committees and Elec-
tions. Cambridge University Press, 1958.

jBIack, 1948 D. Black. On the rationale of group decision-
making. Journal of Political Economy56(1):23-34, 1948.

Finally, in a human society with a large number of vot-
ers, even if one issue, e.g., the economy, is almost coniBrelsfordet al, 2004 E. Brelsford, P. Faliszewski, E. Hema-
letely polarizing the society, there are bound to be a few spaandra, H. Schnoor, and I. Schnoor. Approximability of ma-

\Fl)otersyvr\)/hose rgeferences ayre shaped bv quite different is- nipulating elections. IfProceedings of the 23rd AAAI Confer-
P ) ; p y q ence on Atrtificial Intelligencepages 44-49. AAAI Press, July

sues, e.g., a given candidate’s religion. So it would be nat- >qpg.

ural to ask whether the shield-evaporation results of this .

paper can be extended even to Soc|et|es that are “Vervonltzer and Sandholm, ZODG/ Conitzer and T. Sandholm.

. } . g Nonexistence of voting rules that are usually hard to manip-
nearly” single-peaked (sekEscoffier et al, 2008, Sec ulate. InProceedings of the 21st National Conference on Arti-

tion 6] and[Conitzer, to appear, Sectiof) Br discussion ficial Intelligence pages 627-634. AAAI Press, July 2006.

of nearness to single-peakedness in other contexts).

[Conitzeret al, 2007 V. Conitzer, T. Sandholm, and J. Lang.
When are elections with few candidates hard to manipulate?
Journal of the ACM54(3):1-33, 2007.
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