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Abstract

Brandenburger, Friedenberg, and Keisler
provide an epistemic characterization of it-
erated admissibility (i.e., iterated deletion
of weakly dominated strategies) where un-
certainty is represented using LPSs (lexico-
graphic probability sequences). Their char-
acterization holds in a rich structure called a
completestructure, where all types are pos-
sible. Here, a logical characterization of iter-
ated admissibility is given that involves only
standard probability and holds in all struc-
tures, not just complete structures. Roughly
speaking, our characterization shows that
iterated admissibility captures the intuition
that “all the agent knows” is that agents sat-
isfy the appropriate rationality assumptions.

1 Introduction

Admissibilityis an old criterion in decision making. A
strategy for playeri is admissible if it is a best response
to some belief of playeri that puts positive probability
on all the strategy profiles for the other players. Part of
the interest in admissibility comes from the observa-
tion (due to Pearce [1984]) that a strategyσ for player
i is admissible iff it is not weakly dominated; that is,
there is no strategyσ′ for playeri that givesi at least
as high a payoff asσ no matter what strategy the other
players are using, and sometimes givesi a higher pay-
off.

It seems natural to ignore strategies that are not ad-
missible. But there is a conceptual problem when it
comes to dealing withiterated admissibility (i.e., it-
erated deletion of weakly dominated strategies). As

Mas-Colell, Whinston, and Green [1995, p. 240] put
it:

[T]he argument for deletion of a weakly
dominated strategy for playeri is that he
contemplates the possibility that every strat-
egy combination of his rivals occurs with
positive probability. However, this hypoth-
esis clashes with the logic of iterated dele-
tion, which assumes, precisely, that elimi-
nated strategies are not expected to occur.

Brandenburger, Friedenberg, and Keisler [2008] (BFK
from now on) resolve this paradox in the context
of iterated deletion of weakly dominated strategies
by assuming that strategies are not really eliminated.
Rather, they assumed that strategies that are weakly
dominated occur with infinitesimal (but nonzero) prob-
ability. (Formally, this is captured by using an LPS—
lexicographically ordered probability sequence.) They
define a notion of belief (which they callassumption)
appropriate for their setting, and show that strategies
that survivek rounds of iterated deletion are ones that
are played in states where there there iskth-order mu-
tual belief in rationality; that is, everyone assumes that
everyone assumes . . . (k− 1 times) that everyone is
rational. However, they prove only that their charac-
terization of iterated admissibility holds in particularly
rich structures calledcompletestructures (defined for-
mally in Section 5), where all types are possible.

Here, we provide an alternate logical characteriza-
tion of iterated admissibility. The characterization has
the advantage that it holds in all structures, not just
complete structures, and assumes that agents represent
their uncertainty using standard probability measures,
rather than LPSs or nonstandard probability measures

146Copyright is held by the author/owner(s).  
TARK ’09, July 6-8, 2009, California 
ISBN: 978-1-60558-560-4...$10.00 



(as is done in a characterization of Rajan [1998]).
Moreover, while complete structures must be uncount-
able, we show that our formula characterizing iterated
admissibility is satisfiable in a structure with finitely
many states.

Roughly speaking, instead of assuming only that
agents know (or assume) that all other agents satisfy
appropriate levels of rationality, we assume that “all
the agents know” is that the other agents satisfy the
appropriate rationality assumptions. We are using the
phrase “all agenti knows” here in essentially the same
sense that it is used by Levesque [1990] and Halpern
and Lakemeyer [2001]. We formalize this notion by
requiring that the agent ascribes positive probability
to all formulas of some languageL that are consis-
tent with his rationality assumptions. (This admittedly
fuzzy description is made precise in Section 4.) As
we show, when the languageL is sufficiently rich,
our logical formula characterizes iterated admissibil-
ity. Slightly more precisely, letRAT i be true iff
playeri is playing a best response to his belief. Define
RAT k+1

i to be true iffRAT i holds, playeri is play-
ing a strategy constant withRAT ki , and for allj 6= i,
i knows thatRAT k

j holds, and that is “all that agenti

knows” about playersj 6= i. That is,RAT k+1
i holds

(i.e., playeri is k+1-level rational) iff playeri is play-
ing a best response to his beliefs, using a strategy con-
sistent withk-level rationality, and the only thing it
knows about the other players is that they arek-level
rational. As we show, for natural choices of languages
L a strategyσ for playeri survivesk levels of iterated
deletion of weakly dominated strategies iff there is a
structure and a state whereσ is played by playeri and
the formulaRAT k

i holds.

For this result to hold,L must be reasonably expres-
sive; in particular, it must be possible to express inL
a player’s beliefs about the strategies that other play-
ers are playing. Interestingly, for less expressive lan-
guagesL, RAT k

i instead characterizes iterated dele-
tion of stronglydominated strategies. For instance, if
L is empty, then “all agenti knows isϕ” is equivalent
to “agenti knowsϕ”; it then easily follows (given stan-
dard assumptions about knowledge) thatRAT k+1

i is
equivalent to the statement that playeri is rational and
knows that everyone is rational and knows that every-
one knows that everyone knows . . . (k− 1 times) that
everyone is rational. Put another way, playeri is k+ 1
level rational iff playeri is playing a best response to
his beliefs, and he knows that all other players arek-

level rational.1 Thus, essentially the same logical for-
mula characterizes both iterated removal of strongly
and weakly dominated strategies; in a sense, the only
difference between these notions is the expressiveness
of the language used by the players to reason about
each other.

While we can take the structure where our characteri-
zations hold to be countable, perhaps the most natural
structure to consider is thecanonicalstructure, which
has a state corresponding to every satisfiable collec-
tion of formulas. The canonical structure is uncount-
able. We can show that the canonical structure is com-
plete in the sense of BFK. Moreover, under a techni-
cal assumption, every complete structure is essentially
canonical (i.e., it has a state corresponding to every sat-
isfiable collection of formulas). This sequence of re-
sults allows us to connect iterated admissibility, com-
plete structures, canonical structures, and the notion of
“all I know”.

The rest of the paper is organized as follows. In Sec-
tion 2 we introduce the formal model (which is es-
sentially the standard Kripke model for probability,
adapted to the game-theoretic setting), and provide
some initial characterizations of rationalizability and
iterated deletion of strongly dominated strategies. Sec-
tion 3 and 4 contain our main characterization of iter-
ated admissibility using “all I know”. In Section 3 we
define “all I know” using a simple language; Section
4 considers the effect of using more expressive lan-
guages. Finally, in Section 5 we compare our results
to those of BFK, and conclude with a discussion in
Section 6.

2 Probability Structures,
Rationalizability, and Admissibility

We consider normal-form games withn players.
Given a (normal-form)n-player gameΓ, letΣi(Γ) de-
note the strategies of playeri in Γ. We omit the par-
entheticalΓ when it is clear from context or irrelevant.
Let ~Σ = Σ1 × · · · × Σn.

Let L1 be the language where we start withtrue and
the special primitive propositionRAT i and close off
under modal operatorsBi and〈Bi〉, for i = 1, . . . , n,
conjunction, and negation. We think ofBiϕ as saying

1It follows from results of Tan and Werlang [Tan and
Werlang 1988] that this formula characterizes rationalizabil-
ity, and hence, by results of Pearce [1984], that it also char-
acterizes iterated deletion of strongly dominated strategies.
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thatϕ holds with probability 1, and〈Bi〉ϕ as saying
thatϕ holds with positive probability. As we shall see,
〈Bi〉 is definable as¬Bi¬ if we make the appropriate
measurability assumptions.

To reason about the gameΓ, we consider a class of
probability structures corresponding toΓ. A prob-
ability structure M appropriate for Γ is a tuple
(Ω, s,F ,PR1, . . . ,PRn), whereΩ is a set of states;s
associates with each stateω ∈ Ω a pure strategy profile
s(ω) in the gameΓ; F is aσ-algebra overΩ; and, for
each playeri,PRi associates with each stateω a prob-
ability distribution PRi(ω) on (Ω,F). Intuitively,
s(ω) is the strategy profile used at stateω andPRi(ω)
is playeri’s probability distribution at stateω. As is
standard, we require that each player knows his strat-
egy and his beliefs. Formally, we require that (1) for
each strategyσi for playeri, [[σi]]M = {ω : si(ω) =
σi} ∈ F , wheresi(ω) denotes playeri’s strategy in
the strategy profiles(ω); (2)PRi(ω)([[si(ω)]]M ) = 1;
(3) for each probability measureπ on (Ω,F), and
playeri, [[π, i]]M = {ω : Πi(ω) = π} ∈ F ; and (4)
PRi(ω)([[PRi(ω), i]]M ) = 1.

The semantics is given as follows:

• (M,ω) |= true (sotrue is vacuously true).

• (M,ω) |= RAT i if si(ω) is a best response,
given playeri’s beliefs on the strategies of other
players induced byPRi(ω). (Because we restrict
to appropriate structures, a players expected util-
ity at a stateω is well defined, so we can talk
about best responses.)

• (M,ω) |= ¬ϕ if (M,ω) 6|= ϕ.

• (M,ω) |= ϕ ∧ ϕ′ iff (M,ω) |= ϕ and(M,ω) |=
ϕ′

• (M,ω) |= Biϕ if there exists a setF ∈ Fi such
that F ⊆ [[ϕ]]M andPRi(ω)(F ) = 1, where
[[ϕ]]M = {ω : (M,ω) |= ϕ}.

• (M,ω) |= 〈Bi〉ϕ if there exists a setF ∈ Fi such
thatF ⊆ [[ϕ]]M andPRi(ω)(F ) > 0.

Given a language (set of formulas)L, M is L-
measurableif M is appropriate (for some gameΓ) and
[[ϕ]]M ∈ F for all formulasϕ ∈ L. It is easy to check
that in anL1-measurable structure,〈Bi〉ϕ is equivalent
to¬Bi¬ϕ.

To put our results on iterated admissibility into context,
we first consider rationalizability [?; Pearce 1984]. We

repeat the definition here, using the notation of Os-
borne and Rubinstein [1994].

Definition 2.1: A strategyσ for playeri in gameΓ is
rationalizableif, for each playerj, there exists a se-
quenceX0

j , X
1
j , X

2
j , . . . of sets of strategies for player

j such thatX0
j = Σj and, for each strategyσ′ ∈ Xk

j ,
k ≥ 1, a probability measureµσ′,k whose support is a
subset of~Xk−1

−j such that σ ∈ ∩∞j=0Xi and, for each
playerj, each strategyσ′ ∈ Xk

j is a best response to
the beliefsµσ′,k.

Intuitively, X1
j consists of strategies that are best re-

sponses to some belief of playerj, andXh+1
j consists

of strategies inXh
j that are best responses to some be-

lief of player j with supportXh
−j ; that is, beliefs that

assume that everyone else is best responding to some
beliefs assuming that everyone else is responding to
some beliefs assuming . . . (h times).

We now state the epistemic characterization of ratio-
nalizability due to Tan and Werlang [1988] in our lan-
guage; it just says that a strategy is rationalizable iff it
can be played in a state where rationality is common
knowledge.

Let RAT be an abbreviation forRAT 1∧ . . .∧RATn;
let Eϕ be an abbreviation ofB1ϕ ∧ . . . ∧ Bnϕ; and
defineEkϕ for all k inductively by takingE0ϕ to be
ϕ andEk+1ϕ to beE(Ekϕ). Common knowledge of
ϕ holds iffEkϕ holds for allk ≥ 0.

Theorem 2.2:The following are equivalent:

(a) σ is a rationalizable strategy fori in gameΓ;

(b) there exists a measurable structureM that is ap-
propriate forΓ and a stateω such thatsi(ω) = σ
and(M,ω) |= BiE

kRAT for all k ≥ 0;

(c) there exists a structureM that is appropriate
for Γ and a stateω such thatsi(ω) = σ and
(M,ω) |= BiE

kRAT for all k ≥ 0.

Since the proof is similar in spirit to that of Tan and
Werlang [1988], we omit it here.

We now consider iterated deletion of strongly domi-
nated (resp., weakly dominated) strategies.

Definition 2.3: Strategyσ for player isi strongly dom-
inated byσ′ with respect toΣ′−i ⊆ Σ−i if ui(σ, τ−i) >
ui(σ, τ−i) for all τ−i ∈ Σ′−i. Strategyσ for player isi
weakly dominated byσ′ with respect toΣ′−i ⊆ Σ−i
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if ui(σ, τ−i) ≥ ui(σ, τ−i) for all τ−i ∈ Σ′−i and
ui(σ, τ ′−i) > ui(σ, τ ′−i) for someτ ′−i ∈ Σ′−i.
Strategyσ for player i survivesk rounds of iterated
deletion of strongly dominated (resp., weakly domi-
nated) strategies if, for each playerj, there exists a se-
quenceX0

j , X
1
j , X

2
j , . . . , X

k
j of sets of strategies for

player j such thatX0
j = Σj and, if h < k, then

Xh+1
j consists of the strategies inXh

j not strongly
(resp., weakly) dominated by any strategy with respect
toXh

−j , andσ ∈ Xk
i . Strategyσ survives iterated dele-

tion of strongly dominated (resp., weakly dominated)
strategies if it survivesk rounds of iterated deletion for
all k.

The following well-known result connects strong and
weak dominance to best responses.

Proposition 2.4: [Pearce 1984]

• A strategyσ for playeri is not strongly dominated
by any strategy with respect toΣ′−i iff there is a
beliefµσ of playeri whose support is a subset of
Σ′−i such thatσ is a best response with respect to
µσ.

• A strategyσ for playeri is not weakly dominated
by any strategy with respect toΣ′−i iff there is a
beliefµσ of playeri whose support is all ofΣ′−i
such thatσ is a best response with respect toµσ.

It immediately follows from Proposition 2.4 (and is
well known) that a strategy is rationalizable iff it sur-
vives iterated deletion of strongly dominated strate-
gies. Thus, the characterization of rationalizability in
Theorem 2.2 is also a characterization of strategies that
survive iterated deletion of strongly dominated strate-
gies. We now give a slightly different characterization
that allows us to relate iterated deletion of strongly and
weakly dominated strategies. For each playeri, define
the formulasCki inductively by takingC0

i to betrue
andCk+1

i to be an abbreviation of

RAT i ∧Bi(∧jCkj ).

That is,Ck+1
i holds (i.e., playeri is k + 1-level ratio-

nal) iff playeri is playing a best response to his beliefs,
and he knows that all players arek-level rational.

Because players know their own strategies and beliefs,
it easily follows thatRAT i ⇒ BiRAT i is valid (i.e.,
true in all states in all appropriate models). Two for-
mulasϕ andψ are logically equivalentif ϕ ⇔ ψ is
valid.

Lemma 2.5 : The following formulas are logically
equivalent for allk ≥ 0.

(a) Ck+1
i ;

(b) BiCk+1;

(c) RAT i ∧Bi(∧j 6=iCkj );

(d) RAT i∧BiEk−1RAT (takingE−1ϕ to betrue).

Moreover,Ck+1
i ⇒ Cki is valid for all k ≥ 0.

Proof: A straightforward induction onk.

The following alternative characterization of iterated
deletion of strongly dominated strategies follow in the
same way as Theorem 2.2.

Theorem 2.6:The following are equivalent:

(a) the strategyσ for player i survivesk rounds of
iterated deletion of strongly dominated strategies
in gameΓ;

(b) there is a measurable structureMk appropriate
for Γ and a stateωk in Mk such thatsi(ωk) = σ
and(Mk, ωk) |= Cki ;

(c) there is a structureMk appropriate forΓ and
a stateωk in Mk such thatsi(ωk) = σ and
(Mk, ωk) |= Cki .

The following corollary now follows from Theorem
2.6, Lemma 2.5, and the fact that the deletion proce-
dure converges after a finite number of steps.

Corollary 2.7: The following are equivalent:

(a) The strategyσ for playeri survives iterated dele-
tion of strongly dominated strategies in gameΓ;

(b) there exists a measurable structureM that is ap-
propriate forΓ and a stateω such thatsi(ω) = σ
and(M,ω) |= Cki for all k ≥ 0;

(c) there exists a structureM that is appropriate
for Γ and a stateω such thatsi(ω) = σ and
(M,ω) |= Cki for all k ≥ 0;

We next turn to characterizing iterated deletion of
weakly dominated strategies.
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3 Characterizing Iterated Admissibility

In the standard treatment (which is essentially the one
considered in Section 2), playeri is taken to be(k+1)-
level rational iff playeri is rational (i.e., playing a best
response to his beliefs), and knows that all other player
arek-level rational.2 But what else do players know?

We want to consider a situation where, intuitively,all
an agent knows about the other agents is that they sat-
isfy the appropriate rationality assumptions. More pre-
cisely, we modify the formulaCk+1

i to require that
not only does playeri know that the players arek-
level rational, but this is theonly thing that he knows
about the other players. That is, we say that agent
i is (k + 1)-level rational if playeri is rational, he
knows that the players arek-level rational, and this is
all player i knows about the other players. We here
use the phrase “all agenti knows” in essentially the
same sense that it is used by Levesque [1990] and
Halpern and Lakemeyer [2001], but formalize it a bit
differently. Roughly speaking, we interpret “all agent
i knows isϕ” as meaning that agenti believesϕ, and
considers possible everyformulaabout the other play-
ers that is consistent withϕ. Thus, what “all I know”
means is very sensitive to the choice of the language.

To formalize this, consider the modal operator♦ de-
fined as follows:

• (M,ω) |= ♦ϕ iff there is some structureM ′ ap-
propriate forΓ and stateω′ such that(M ′, ω′) |=
ϕ.

Intuitively, ♦ϕ is true if there is some state and struc-
ture whereϕ is true; that is, ifϕi is satisfiable. Note
that if ♦ϕ is true at some state, then it is true at all
states in all structures. DefineOLi ϕ (read “all agenti
knows with respect to the languageL”) to be an abbre-
viation for

Biϕ ∧ (∧ψ∈L(♦(ϕ ∧ ψ) ⇒ 〈Bi〉ψ)).

SinceO∅i (where ∅ denotes the empty language) is
equivalent toBi (under the standard identification of
the empty conjunction with the formulatrue), it fol-
lows thatCk+1

i is justRAT i ∧ O∅i (∧jCkj ). We next
consider a slightly richer language, whose formulas

2We should perhaps say “believes” here rather than
“knows”, since a player can be mistaken. We are deliber-
ately blurring the subtle distinctions between “knowledge”
and “belief” here.

can talk about strategies (but not beliefs) of the play-
ers. (In Section 4, we consider languages in which
we can talk about both the strategies and beliefs of the
players.) Define the primitive propositionplay i(σ) as
follows:

• (M,ω) |= play i(σ) iff ω ∈ [[σ]]M .

Let play(~σ) be an abbreviation for∧nj=1 playj(σj),
and let play−i(σ−i) be an abbreviation for
∧j 6=iplayj(σj). Intuitively, (M,ω) |= play(~σ)
iff s(ω) = σ, and(M,ω) |= play−i(σ−i) if, at ω, the
players other thani are playing strategy profileσ−i.

Let L0(Γ) be the language whose only formulas
are (Boolean combinations of) formulas of the form
play i(σ), i = 1, . . . , n, σ ∈ Σi. Let L0

i (Γ) con-
sist of just the formulas of the formplay i(σ), and let
L0
−i(Γ) = ∪j 6=iL0

j (Γ). Again, we omit the parentheti-
calΓ when it is clear from context or irrelevant.

We would now like to defineDk+1
i by replacingBi by

O
L0
−i

i in the definition ofCk+1
i . However, the result-

ing formulas are in general inconsistent! For example,
D3
i would then implyD2

i , which would require thati
consider possible (i.e., assign positive probability to)
all strategies for the other players consistent with 1-
rationality, whileD3

i would also require that playeri
believe that the other players are 2-rational (and thus
playeri should ascribe probability 0 to all strategies for
the other players that are 1-rational but not 2-rational).
The first step in getting an appropriate analogue toCki
is to remove the conjunctDk

i from the scope ofOLi .
As Lemma 2.5(c) shows, this change would have no
impact on the definition ofCk+1

i . With this change,
it is no longer the case thatDk+1

i impliesDk
i (which

is a good thing, since the two formulas are still incon-
sistent). However, since we wantDk+1

i to be true at a
state if the strategy used by playeri at that state sur-
vives k rounds of iterated deletion of weakly domi-
nated strategies, we need to add a conjunct toDk+1

i

that guarantees that the strategy used isk′-rational for
k′ < k+1. Thus, for each playeri, define the formulas
Dk
i inductively by takingD0

i to betrue andDk+1
i to

be an abbreviation of

RAT i ∧D′k
i ∧OL

0
−i

i (∧j 6=iDk
j ).

whereD′k
i (read “playeri plays a strategy consis-

tent with k-level rationality) is an abbreviation of
(play i(σ) ⇒ ♦(play i(σ)∧Dk

i )). That is,Dk+1
i holds

(i.e., playeri is (k + 1)-level rational) iff playeri is
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rational, plays a strategy that is consistent withk-level
rationality, knows that other players arek-level ratio-
nal, and that is all playeri knows about thestrategies
of the other players.3

By expanding the modal operatorO, it easily follows
thatDk+1

i impliesRAT i ∧ Bi(∧j 6=iDk
j ); an easy in-

duction onk then shows thatDk+1
i implies Ck+1

i .
But Dk+1

i requires more; it requires that playeri as-
signs positive probability to each strategy profile for
the other players that is compatible withDk

−i (i.e., with
level-k rationality). As we now show, the formulaDk

i

characterizes strategies that survive iterated deletion of
weakly dominated strategies.

Theorem 3.1:The following are equivalent:

(a) the strategyσ for player i survivesk rounds of
iterated deletion of weakly dominated strategies;

(b) there is a measurable structureMk appropriate
for Γ and a stateωk in Mk such thatsi(ωk) = σ
and(Mk, ωk) |= Dk

i ;

(c) there is a structureMk appropriate forΓ and
a stateωk in Mk such thatsi(ωk) = σ and
(Mk, ωk) |= Dk

i .

In addition, there is a finite structureM
k

=
(Ωk, s,F ,PR1, . . . ,PRn) such that Ωk =
{(k′, i, ~σ) : k′ ≤ k, 1 ≤ i ≤ n, ~σ ∈ Xk′

1 ×· · ·×Xk′

n },
s(k′, i, ~σ) = ~σ, F = 2Ωk

, whereXk′

j consists of all
strategies for playerj that survivek′ rounds of iter-
ated deletion of weakly dominated strategies and, for

all states(k′, i, ~σ) ∈ Ωk, (M
k
, (k′, i, ~σ)) |= ∧j 6=iDk′

j .

Proof: We proceed by induction onk, proving both
the equivalence of (a), (b), and (c) and the existence of

a structureM
k

with the required properties.

The result clearly holds ifk = 0. Suppose that
the result holds fork; we show that it holds for
k + 1. We first show that (c) implies (a). Sup-
pose that(Mk+1, ωk+1) |= Dk+1

i and si(ωk+1) =
σi. It follows that σi is a best response to the
belief µσi

on the strategies of other players in-
duced by PRk+1

i (ω). Since (Mk+1, ωk+1) |=
Bi(∧j 6=iDk

j ), it follows from the induction hypoth-
esis that the support ofµσi is contained inXk

−i.

3Dk
i is essentially the formulaRATk

i from the introduc-
tion. However, since we consider a number of variants of
RATk

i , we find it useful to distinguish them.

Since(Mk+1, ωk+1) |= ∧σ−i∈Σ−i(♦(play−i(σ−i) ∧
(∧j 6=iDk

j )) ⇒ 〈Bj〉(play−i(σ−i))), it follows from
the induction hypothesis that the support ofµσi

is all
of Xk

−i. Since(Mk+1, ωk+1) |= D′k
i , it follows from

the induction hypothesis thatσi ∈ Xk
i . Thus, since

(Mk+1, ωk+1) |= RAT i, it follows by Proposition 2.4
thatσi ∈ Xk+1

i .

We next construct the structureM
k+1

=
(Ωk+1, s,F ,PR1, . . . ,PRn). As required, we
defineΩk+1 = {(k′, i, ~σ) : k′ ≤ k + 1, 1 ≤ i ≤
n, ~σ ∈ Xk′

1 ×· · ·×Xk′

n }, s(k′, i, ~σ) = ~σ,F = 2Ωk+1
.

For a stateω of the form (k′, i, ~σ), sinceσj ∈ Xk′

j ,
by Proposition 2.4, there exists a distributionµk′,σj

whose support is all ofXk−1
−j such thatσj is a best

response toµσj
. Extend µk′,σj

to a distribution
µ′k′,i,σj

onΩk+1 as follows:

• for i 6= j, let µ′k′,i,σj
(k′′, i′, ~τ) = µk′,σj

(~τ−j) if
i′ = j, k′′ = k′−1, andτj = σj , and 0 otherwise;

• µ′k′,j,σj
(k′′, i′, ~τ) = µk′,σj

(~τ−j) if i′ = j, k′′ =
k′, andτj = σj , and 0 otherwise.

LetPRj(k′, i, ~σ) = σ′k′,i,σj
. We leave it to the reader

to check that this structure is appropriate. An easy

induction onk′ now shows that(M
k+1

, (k′, i, ~σ)) |=
∧j 6=iDk′

j for i = 1, . . . , n.

To see that (a) implies (b), suppose thatσj ∈ Xk+1
j .

Choose a stateω in M
k+1

of the form (k + 1, i, ~σ),
wherei 6= j. As we just showed,(M

k+1
, (k′, i, ~σ)) |=

Dk′

j , andsj(k′, i, ~σ) = σj . Moreover,M
k+1

is mea-
surable (sinceF consists of all subsets ofΩk+1).

Clearly (b) implies (c).

Note that there is no analogue of Corollary 2.7 here.
This is because there is no state whereDk

i holds for
all k ≥ 0; it cannot be the case thati places posi-
tive probability on all strategies (as required byDk

1 )
and thati places positive probability only on strate-
gies that survive one round of iterated deletion (as re-
quired byDk

2 ), unless all strategies survive one round
on iterated deletion. We can say something slightly
weaker though. There is somek∗ such that the process
of iterated deletion converges afterk∗ steps; that is,
Xk∗

j = Xk∗+1
j for all j (and henceXk∗

j = Xk′

j for
all k′ ≥ k∗). That means that there is a state where
Dk′

i holds for allk′ > k∗. Thus, we can show that
a strategyσ for player i survives iterated deletion of
weakly dominated strategies iff there exists ak∗ and
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a stateω such thatsi(ω) = σ and(M,ω) |= Dk′

i for
all k′ > k∗. SinceCk+1

i impliesCki , an analogous
result holds for iterated deletion of strongly dominated
strategies, withDk′

i replaced byCk
′

i .

It is also worth stressing that, unlike the BFK con-
struction, in a state whereDk holds, an agent does
not consider all strategies possible, but only the ones
consistent with the appropriate level of rationality. We
could require the agent to consider all strategies pos-
sible by using LPSs or nonstandard probability. The
only change that this would make to our characteriza-
tion is that, if we are using nonstandard probability, we
would interpretBiϕ to mean thatϕ holds with prob-
ability infinitesimally close to 1, while〈Bi〉ϕ would
mean thatϕ holds with probability whose standard part
is positive (i.e., non-infinitesimal probability). We do
not pursue this point further.

4 Richer Languages

The formulaDk+1
i was defined with respect to the lan-

guageLO−i, and thus required that playeri assign pos-
itive probability to all and only strategies consistent
with Dk

−i. But why focus just on strategies? We now
consider richer languages that can talk about players’
beliefs; this requires players to ascribe positive proba-
bility to all beliefs that the other agents could have as
well as all the strategies they could be using (which are
consistent with appropriate levels of rationality).

First, letL2(Γ) be the extension ofL1 that includes
a primitive propositionplay i(σ) for each playeri and
strategyσ ∈ Σi.

To relate our results to those of BFK, even the lan-
guageL2 is too weak, since it does not allow an
agent to express probabilistic beliefs. LetL3(Γ) be
the language that extendsL2(Γ) by allowing formu-
las of the formpr i(ϕ) ≥ α andpr i(ϕ) > α, where
α is a rational number in[0, 1]; pr i(ϕ) ≥ α can be
read as “the probability ofϕ according toi is at least
α”, and similarly for pr i(ϕ) > α. We allow nest-
ing here, so that we can have a formula of the form
pr j(play i(σ)∧ prk(play i(σ′)) > 1/3) ≥ 1/4. As we
would expect,

• (M,ω) |= pr i(ϕ) iff PRi(ω)([[ϕ]]M ) ≥ α.

The restriction toα being rational allows the language
to be countable. However, as we now show, it is not
too serious a restriction.

Let L4(Γ) be the language that extendsL2(Γ) by
closing off under countable conjunctions, so that if
ϕ1, ϕ2, . . . are formulas, then so is∧∞m=1ϕm, and for-
mulas of the formpr i(ϕ) > α, whereα is a real num-
ber in[0, 1]. (We can expresspr i(ϕ) ≥ α as the count-
able conjunction∧β<α,β∈Q∩[0,1]pr i(ϕ) > β, where
Q is the set of rational numbers, so there is no need
to include formulas of the formpr i(ϕ) ≥ α explicitly
in L4(Γ).) We omit the parentheticalΓ in L3(Γ) and
L4(Γ) when the gameΓ is clear from context. A subset
Φ of L3 is L3-realizableif there exists an appropriate
structureM for Γ and stateω in M such that, for all
formulasϕ ∈ L3, (M,ω) |= ϕ iff ϕ ∈ Φ.4 We can
similarly define what it means for a subset ofL4 to be
L4-realizable.

The following lemma is proved in the full paper.

Lemma 4.1: EveryL3-realizable set can be uniquely
extended to anL4-realizable set.

With this background, letL3
i consist of all formulas in

L3 of the formpr i(ϕ) ≥ α andpr i(ϕ) > α (ϕ can
mentionpr j , j 6= i; it is only the outermost modal
operator that must bei). Intuitively,L3

i consists of the
formulas describingi’s beliefs. LetL3

i+ consist ofL3
i

together with formulas of the formtrue, RAT i, and
play i(σ), for σ ∈ Σi. Let L3

(−i)+ be an abbreviation

for ∪j 6=iL3
j+. We can similarly defineL4

i andL4
i+.

Note that ifϕ ∈ L3
(−i)+, thenO

L3
(−i)+

i ϕ is an abbrevi-
ation for the formula

Biϕ ∧ (∧ψ∈L3
(−i)+

♦(ϕ ∧ ψ) ⇒ 〈Bj〉ψ).

Thus,O
L3

(−i)+
i ϕ holds if agenti believesϕ but does

not know anything beyond that; he ascribes positive
probability to all formulas inL3

(−i)+ consistent with
ϕ. This is very much in the spirit of the Halpern-
Lakemeyer [2001] definition in the context of epis-
temic logic. Of course, we could go further and define
a notion of “all i knows” for the languageL4. Doing
this would give a definition that is even closer to that of
Halpern and Lakemeyer. Unfortunately, we cannot re-
quire than agenti ascribe positive probability to all the
formulas inL4

(−i)+ consistent withϕ; in general, there
will be an uncountable number of distinct and mutu-
ally exclusive formulas consistent withϕ, so they can-
not all be assigned positive probability. This problem

4For readers familiar with standard completeness proofs
in modal logic, if we had axiomatized the logic we are im-
plicitly using here, theL3-realizable sets would just be the
maximal consistent sets in the logic.
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does not arise withL3, since it is a countable language.
Halpern and Lakemeyer could allow an agent to con-
sider an uncountable set of worlds possible, since they
were not dealing with probabilistic systems. In the se-
quel, we thus focus on the languageL3 and letOi de-

noteO
L3

(−i)+
i .5

Define the formulasF ki inductively by takingF 0
i to be

the formulatrue, andF k+1
i to an abbreviation of

RAT i ∧ F ′ki ∧Oi(∧j 6=iF kj ),

where F ′ki is an abbreviation of(play i(σ) ⇒
♦(play i(σ) ∧ F ki )). Thus,F k+1

i says thati is ratio-
nal, plays ak-level rational strategy, knows that all the
other players satisfy level-krationality (i.e.,F kj ), and

that is all thati knows. It is easy to see thatF k+1
j

impliesDk+1
j . The difference is that instead of requir-

ing just thatj assign positive probability to all strategy
profiles compatible withF k−j , it requires thatj assign
positive probability to all formulas inL3

(−i)+ compat-

ible withF k−j .

The next result shows thatF ki characterizes iterated
admissibility, just asDk

i does.

Theorem 4.2:The following are equivalent:

(a) the strategyσ for player i survivesk rounds of
iterated deletion of weakly dominated strategies;

(b) there is a measurable structureMk appropriate
for Γ and a stateωk in Mk such thatsi(ωk) = σ
and(Mk, ωk) |= F ki ;

(c) there is a structureMk appropriate forΓ and
a stateωk in Mk such thatsi(ωk) = σ and
(Mk, ωk) |= F ki ;

The proof of Theorem 4.2 is similar in spirit to the
proof of Theorem 3.1, but is more complicated. Due
to lack of space, we defer it to the full version.

5 Complete and Canonical Structures

5.1 Canonical Structures

The intuition behind “alli knows isϕ” goes back to
Levesque [1990]. The idea is that alli knows isϕ if

5Note that the modal operator♦ is not in the language
L3 or L4. None of our results would be affected if we had
considered a language that also included♦; for ease of ex-
position, we have decided not to include♦ here.

(1) i knowsϕ (so thatϕ is true in all the worlds that
i considers possible) and (2)i considers possible all
worlds consistent withϕ (so thatϕ is false in all worlds
that i does not consider possible). In the single-agent
case (which is what Levesque considered) it is rela-
tively easy to make precise the set of worlds thati does
not consider possible, since a world can be identified
with a truth assignment. This is much more compli-
cated in the multi-agent setting considered by Halpern
and Lakemeyer [2001]. They made it precise by work-
ing in the canonical structure. The advantage of the
canonical structure is that, in a sense it has all possi-
ble worlds, so it is clear what worlds an agent does
not consider possible. Although our definition of “all
i knows” is more language-dependent, our intuitions
for the notion are still grounded in the canonical struc-
ture. Thus, in this section, we consider our definitions
in the context of canonical structures. The reason we
say “structures” here rather than “structure” is that the
notion of canonical structure is also language depen-
dent.

Define the canonical structure M c =
(Ωc, sc,Fc,PRc

1, . . . ,PR
c
n) for L4 as follows:

• Ωc = {ωΦ : Φ is a realizable subset ofL4(Γ};

• sc(ωΦ) = ~σ iff play(σ) ∈ Φ;

• Fc = {Fϕ : ϕ ∈ L4}, whereFϕ = {ωΦ : ϕ ∈
Φ};

• Prci (ωΦ)(Fϕ) = inf{α : pr i(ϕ) > α ∈ Φ}.

Lemma 5.1:M c is an appropriate measurable struc-
ture forΓ.

The following result is the analogue of the standard
“truth lemma” in completeness proofs in modal logic.

Proposition 5.2: For ψ ∈ L4, (M c, ωΦ) |= ψ iff ψ ∈
Φ.

We have constructed a canonical structure forL4. It
follows easily from Lemma 4.1 that the canonical
structure forL3 (where the states are realizableL3

sets) is isomorphic toM c. (In this case, the setFc of
measurable sets would be the smallestσ-algebra con-
taining [[ϕ]]M for ϕ ∈ L3.) Thus, the choice ofL3

vs.L4 does not play an important role when construct-
ing a canonical structure.

A strategyσi for playeri survives iterated deletion of
weakly dominated strategies iff the formula

undominatedk(σi) = play i(σi) ∧ ∃k(∧∞k=k∗F ki )
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is satisfied at some state in the canonical structure. But
there are other structures in whichundominated(σi)
is satisfied. One way to get such a structure is by essen-
tially “duplicating” states in the canonical structure.
The canonical structure can beembeddedin a struc-
tureM if, for all L3-realizable setsΦ, there is a state
ωΦ in M such that(M,ωΦ) |= ϕ iff ϕ ∈ Φ. Clearly
undominated(σi) is satisfied in any structure in which
the canonical structure can be embedded.

A structure in which the canonical structure can be em-
bedded is in a sense larger than the canonical struc-
ture. Butundominated(σi) can be satisfied in struc-
tures smaller than the canonical structure. There
are two reasons for this. The first is that to satisfy
undominated(σi), there is no need to consider a struc-
ture with states where all the players are irrational. It
suffices to restrict to states where at least one player
is using a strategy that survives at least one round of
iterated deletion. This is because players know their
strategy; thus, in a state where a strategyσi for player
i is admissible, playeri must ascribe positive proba-
bility to all other strategies; however, in those states,
playeri still playsσi.

A perhaps more interesting reason that we do not need
the canonical structure is our use of the languageL3.
The formulasF ki guarantee that playeri ascribes pos-
itive probability to all formulasϕ consistent with the
appropriate level of rationality. Since a finite conjunc-
tion of formulas inL3 is also a formula inL3, playeri
will ascribe positive probability to all finite conjunc-
tions of formulas consistent with rationality. But a
state is characterized by acountableconjunction of
formulas. SinceL3 is not closed under countable con-
junctions, a structure that satisfiesundominated(σi)
may not have states corresponding to allL3-realizable
sets of formulas. If we had usedL4 instead ofL3 in
the definition ofF ki (ignoring the issues raised earlier
with usingL4), then there would be a state correspond-
ing to everyL4-realizable (equivalently,L3-realizable)
set of formulas. Alternatively, if we consider appropri-
ate structures that are compact in a topology where all
sets definable by formulas (i.e., sets of the form[[ϕ]]M ,
for ϕ ∈ L3) are closed (in which case they are also
open, since[[¬ϕ]]M is the complement of[[ϕ]]M ), then
all states where at least one player is using a strategy
that survives at least one round of iterated deletion will
be in the structure.

Although, as this discussion makes clear, the formula
F ki that characterizes iterated admissibility can be sat-

isfied in structures quite different from the canoni-
cal structure, the canonical structure does seem to be
the most appropriate setting for reasoning about state-
ments involving “all agenti knows”. Moreover, as we
now show, canonical structures allow us to relate our
approach to that of BFK.

5.2 Complete Structures

BFK worked with complete structures. We now want
to show thatM c is complete, in the sense of BFK. To
make this precise, we need to recall some notions from
BFK (with some minor changes to be more consistent
with our notation).

BFK considered what they calledinteractive prob-
ability structures. These can be viewed as a spe-
cial case of probability structures. ABFK-like struc-
ture (for a gameΓ) is a probability structureM =
(Ω, s,F ,PR1, . . . ,PRn) such that there exist spaces
T1, . . . , Tn (whereTi can be thought of as thetype
spacefor playeri) such that

• Ω is isomorphic to~Σ× ~T via some isomorphism
h;

• if h(ω) = ~σ × ~t, then

– s(ω) = ~σ;

– takingTi(ω) = ti (i.e., the type of playeri in
h(ω) is ti); the support ofPRi(ω) is contained
in {ω′ : si(ω′) = σ′, Ti(ω′) = ti}, so that
PRi(ω) induces a probability onΣ−i × T−i;

– PRi(ω) depends only onTi(ω), in the sense
that if Ti(ω) = Ti(ω′), then PRi(ω) and
PRi(ω′) induce the same probability distrib-
ution onΣ−i × T−i.

A BFK-like structureM whose state space is isomor-
phic to~Σ × ~T is completeif, for every distributionµi
overΣ−i×T−i, (where the measurable set are the ones
induced by the isomorphismh and the measurable sets
F on Ω), there is a stateω in M such that the proba-
bility distribution onΣ−i × T−i induced byPRi(ω)
is µi.

Proposition 5.3:M c is a complete BFK-like structure.

We now would like to show that every measurable
complete BFK-like structure is the canonical model.
This is not quite true because states can be dupli-
cated in an interactive structure. This suggests that
we should try to show that the canonical structure can
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be embedded in every measurable complete structure.
We can essentially show this, except that we need
to restrict tostrongly measurablecomplete structures,
where a structure is strongly measurable if it is mea-
surable and the only measurable sets are those defined
byL4 formulas (or, equivalently, the set of measurable
sets is the smallest set that contains the sets defined by
L3 formulas). (We explain the need for strong mea-
surability in the full paper.)

Theorem 5.4: If M is a strongly measurable complete
BFK-like structure, then the canonical structure can
be embedded inM .

6 Discussion

We have provided a logical formula that captures the
intuition that “all a player knows” is that players sat-
isfy appropriate rationality assumptions. Our formal-
ization of “all playeri knows isϕ” is in terms of a
languageL: roughly speaking, we require thati as-
signs positive probability to all formulasψ ∈ L that
are consistent withϕ. We showed that whenL ex-
presses statements about the strategies played by the
other players, our logical formula characterizes strate-
gies that are iterated admissible (i.e., survive iterated
deletion of weakly dominated strategies). On the other
hand, whenL is less expressive (e.g., empty) the same
logical formula instead characterizes strategies surviv-
ing iterated deletion of strictly dominated strategies
(and thus also characterizes rationalizable strategies).
Thus, the expressiveness of the language used by the
players to describe their beliefs about other players can
be viewed as affecting how the game is played. We
plan to consider the effect of the players using other
langauges to describe their beliefs. For example, we
are interested in the solution concept that arises if the
language includesRAT i for each playeri but does not
include play i(σ), so that players can talk about the
rationality of other players without talking about the
strategies they use.

We would also like to consider other ways of incorpo-
rating restrictions on how players form beliefs about
other players. For example, we could restrict players’
beliefs to be consistent with a theoryT ; namely, we
might requirei to assign positive probability to all and
only formulasψ consistent with both rationality and
T (or, essentially equivalently, to all and only formu-
las that can be satisfied in some class of Kripke struc-
tures).

Such restrictions provide a straighforward way of cap-
turing players’ prior beliefs about other players. They
may also be used to capture the way “boundedly ra-
tional” players reason about each other. But what are
“natural” restrictions? And how do such restriction af-
fect how the game will be played? We leave an explo-
ration of these questions for future reseach.
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