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A b s t r a c t  

It is a very natural requirement for belief change operations that 
formulas that are independent of a given update should be preserved. 
Such a proposal has already been made by G£rdenfors (1990). In 
this perspective we study the links between belief change and the 
notion of dependence, our aim being to give dependence axioms able 
to characterize the AGM postulates. 

Proceeding exactly in the same way as G~irdenfors (1988) did in 
the case of epistemic entrenchment, we show how a given dependence 
relation can be used to define a contraction operation, and the other 
way round we show how an independence relation can be obtained 
from a given contraction operation. The grande finale is a characteri- 
zation theorem. 

1 I N T R O D U C T I O N  

The central  question in the theory of belief revision is what  is meant  by 
a minimal  change of a state of belief. The well-known AGM rationali ty 
postulates for contraction (AlchourrSn et al. 1985, G£rdenfors 1988) partially 
answer tha t  question: 

( K - i )  K - A is a theory. 

(K-2)  K - A C K .  
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(K-3) I f A C K t h e n K C _ K - A .  

(K-4) I f A c K - A t h e n F A .  

(K-5) K _C (K - A) + A (where + is expansion). 1 

(K-6) I f A ~ B t h e n K - A = K - B .  

(K-7) I f C c K - A a n d C C K - B t h e n C C K - A A B .  

(K-8) I f A C K - A A B t h e n K - A A B C K - A .  

They do that by giving requirements for the interplay between the belief 
change operator - on the one hand and the classical connectives A, V, ~ and 
the notions of consistency and theoremhood on the other. 

As pointed out in G£rdenfors (1990), "the criteria of minimality that have 
been used [in the models for belief change] have been based on almost ex- 
clusively logical considerations. However, there are a number of non-logical 
factors that should be important when characterizing a process of belief revi- 
sion." G£rdenfors focusses the notion of dependence (he uses the synonymous 
term 'relevance') and proposes the following preservation criterion: 

I f  a belief state is revised by a sentence A, 
then all sentences in K that are independent of the validity of A 

should be retained in the revised state of belief. 

This seems to be a very natural requirement for belief revision operations. 
But as G£rdenfors notes, % criterion of this kind cannot be given a technical 
formulation in a model based on belief sets built up from sentences in a simple 
propositional language because the notion of relevance is not available in such 
a language." 

Our aim is to give a formal account of the notion of dependence, and 
to employ it in belief change. More precisely, our question is whether the 
AGM-postulates have a natural counterpart in terms of dependence (just as 
they have one in terms of epistemic entrenchment). 

In this spirit, we have already investigated the notion of dependence in 
possibility theory (Farifias and Herzig 1994a, Dubois et al. 1994)), which is 

1 Expansion is defined by K + A = {C : K U {A} ~ C}. 
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an uncertainty theory that is very close to epistemic entrenchment (Dubois 
and Prade 1991, 1992). 

Dependence can be based as well on the notion of theme, supposing that 
to each formula there is associated a set of themes (Farifias and Lugardon 
1991, Lugardon 1996). The themes of a formula are what the formula is 
about. Then one defines two formulas to be dependent if they have some 
theme in common. (Such a dependence is called conversational in (Cohen 
1994)). 

In the same way as in this paper, a dependence-based preservation crite- 
rion has been used in the fields of nonmonotonic reasoning (Delgrande and 
Pelletier 1994, Benferhat et al. 1994), knowledge base updates (Farifias and 
Herzig 1994b, 1994c, 1996), and reasoning about actions (Gasquet and Herzig 
1995). 

2 B A C K G R O U N D :  P R O B A B I L I S T I C  I N -  
D E P E N D E N C E  

There are two different notions of independence that can be defined in proba- 
bility theory, viz. independence between variables and independence between 
events. The former has been studied extensively e.g. in (Pearl 1988, Stu- 
den# 1993, Spohn 1994). In this paper we investigate independence between 
events, which in a logical language corresponds to independence between 
formulas. 

2.1 The Mult ipl icat ion Law 

Traditionally, the formal basis of the dependence relation (that has also been 
called relevance relation) is probability theory. There, the standard definition 
of probabilistic independence 2 is via the so-called Multiplication Law: 

B is independent of A iff P r ( A  h B) = Pr(A)  × Pr (B)  

2It seems to be more natural to define independence as 'B is probabilistically indepen- 
dent of A iff Pr(BIA) = Pr(B)', relying thus on conditioning, but this is equivalent to 
the Multiplication Law. 
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It follows from the axioms of probability theory that  independence defined 
in this way is a symmetric relation, and that it is not sensitive to negation. 
In other words: 

• If B is independent of A then A is independent of B (symmetry). 

• If B is independent of A then B is independent of -~A (negation). 

Symmetry justifies to say "A and B are independent" instead of "A is inde- 
pendent of B". Moreover we have 

• If F A ~ B then A and C are independent iff B and C are independent 
(equivalence). 

• A and T are independent (tautology). 

Note that there are no such simple properties governing the interplay of 
independence with conjunction and disjunction. 

The above properties are not enough to completely characterize the no- 
tion of probabilistic independence. We need two more axioms ((Kolmogorov 
1956), cited in (Fine 1973)): 

• If A and B are independent, A and C are independent and F ~(B A C) 
then A and B V C are independent. 

• If A and B are independent, C and D are independent, B > D, and 
A > C t h e n A A B > C A D .  

In this way the axiomatisation of dependence involves not only logical 
truth, but also a qualitative probability relation ">".  Hence we cannot 
study the formal properties of such a dependence notion separately from the 
probabilistic framework. 

The Multiplication Law has been criticized by several authors. 
R. von Mises (1963) has argued that  A and B could be independent by 

the Multiplication Law just because of "pure numerical accidents", although 
A and B are not intuitively independent in the sense of 'being separated' or 
'not influencing each other'. He gives an example where P r ( A )  = P r ( B )  = 

P r ( C )  = P r ( D )  = 1/4, and A , B , C  and D are mutually exclusive (i.e. 
F -~(AA B),F ~ ( A A C ) , F  -~(AAD),F ~(BA C ) , . . . ) .  Then he investigates 
whether A V B and B V C are independent. According to von Mises they 
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are intuitively dependent (because they have B in common), whereas the 
Multiplication Law says that they are independent. 

In the rest of the section we present two important formal principles that 
are not validated by the Multiplication Law. 

2.2 The Conjunction Criterion for Dependence  

A formal objection to the multiplication Law has been given by J. M. Keynes 
(1921, cited in (G£rdenfors 1978)). According to Keynes, the following con- 
junction criterion for dependence should be valid: 

(CCD) If C depends on A, and C depends on B then C depends on A h B. 

He notes that (CCD) is not validated by the Multiplication Law. 
Keynes proposes a stronger definition of probabilistic independence that 

does it: 

C is independent of A iff 
there is no B such that ~ A ~ B and Pr(CIB) ~ Pr(C). 

R. Carnap (1950) has shown that this definition leads to a trivial notion 
of independence: It entails that C depends on A as soon as C and A are 
consistent. 

2 . 3  The Conjunction Criterion for Independence 

P. G£rdenfors (1978) has suggested that not only (CCD), but also its dual 

(CCI) If C is independent of A, and C is independent of B then C is inde- 
pendent of A A B. 

is a natural principle that should be valid. He criticizes the Multiplication 
Law because it does not guarantee (CCI). 

He shows that in the probabilistic framework, adding both principles leads 
to trivialization. G£rdenfors prefers dropping (CCD), and he investigates a 
series of stronger probabilistic definitions of independence. He finally comes 
up with 

C is independent of A iff 
Pr(A) = 0, Or Pr(ClA A B) = Pr(C) for all B such that Pr(A A B) > 0 

and Pr(ClB)= Pr(C) 
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This definition validates (CCI). 
In a subsequent paper (1990), G£rdenfors investigates the link between 

probabilistic independence and revision. He proposes a new definition in 
terms of conditional probability and contraction of probability measures, and 
he gives a set of properties of dependence relations. He proves that for every 
contraction function these properties are satisfied. It remains open whether 
these properties exactly characterize contraction operations. 

2.4 The  Rest  of  the  Paper  

In section 3 we axiomatize dependence relations. In section 4 we show how 
a given dependence relation can be used to define a contraction operation, 
and the other way round in section 5 we show how a dependence relation 
can be obtained from a given contraction operation. Finally in section 6 we 
establish several characterization theorems. 

3 A X I O M A T I C S  

Formally, what we investigate is a binary relation on formulas that we call 
dependence relation and that we note -,-~. A -,~ B is read "B depends on A". 
The complement of ~ is noted -/-% and A ~ B is read "B is independent of 
A "  * 

Throughout the paper we suppose a language of classical propositional 
logic, with conjunction A, disjunction V, implication ~ ,  equivalence ~ ,  and 
negation --1. T and _1_ are propositional constants denoting truth and false- 
hood respectively. A, B, C . . .  denote formulas. F is the classical consequence 
relation. 

Given a theory K, we say that  a relation -,a on formulas is a dependence 
relation if it satisfies: 

(LE z) I f A ~ B a n d A ~ , z C t h e n B ~ C .  

(LE r) I f B ~ C a n d A ~ B t h e n A ~ C .  

(CCI z) I f A A B ~ C t h e n A ~ , z C o r B ~ C .  

(CCF) I f A ~ B A C t h e n A ~ B o r A ~ C .  

152 



(Def-K) A C K iff either F A or there is some C such that A ~ C. 

(Cond-ID) If A ~ C, then A ~ A. 

(Disj) If F A V C then A ~ C. 

(CCD0 ~) I f A ~ B a n d C ~ C t h e n A ~ B A C .  

(CCD0 t) I f A ~ C a n d A A B ~ A ,  t h e n A A B ~ C .  

R e m a r k s .  (LE t) and (LE ") are the standard axioms of syntax independence. 
(CCI t) is the 'conjunction criterion for independence' studied by G£rden- 

fors (1990). 
(CCF) is the symmetric counterpart of (CCIt), which we must give here 

because ~ is not necessarily symmetric. 
(Def-K) establishes a link between the theory and the dependence rela- 

tion. If A C K and ( A then K is effectively contractable by A, in the sense 
that there are formulas C such that when we contract by A then C is thrown 
out. Hence K - A is different from K. 

(Cond-ID) means that if there is something depending on A then A de- 
pends on itself. This permits to read A ~ A as 'A is a contingent truth' ,  
i.e. A C K and ~/A. A being a contingent truth means two things: first, 
contraction by A throws out some formula C. (Conversely.if A is not a con- 
tingent truth then K - A = K.) Second, there is some formula B such that 
contraction by B throws out A. Formally, A ~ A will be equivalent to both 
'there is B such that B ~ A', and to 'there is C such that A ~ C'. 

(Disj) involves negation. It is the exact counterpart of the recovery postu- 
late (K-5). An equivalent formulation is that A ~ ~AVC. It follows from it 
that A ~ ~A, i.e. A and ~A are always independent. This contrasts with the 
probabilistic independence notion, where A and ~A are always dependent. 
It follows as well that T ~ C, A ~ T, and _1_ ~ T. 

(CCD0 ~) is close to Keynes's (CCD) (and in fact somewhat stronger). 
(CCD0 t) is the counterpart of the AGM-postulate (K-8). 

In fact, a given dependence relation defines a theory 

K..~ = {A : ~ A or there is some C such that A .-.z C} 
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By (Cond-ID), we can simplify to K~ = {A : F A or A ~ A}. (Note that 
this is very similar to epistemic entrenchment based belief change, where 
K_< = {A: there is some B such that B < A} = {A:-~A < A}.) 

Keynes's 'conjunction criterion for dependence' (CCD) does not appear 
in our list, but it will nevertheless be a valid principle (see section 5). 

4 F R O M  D E P E N D E N C E  T O  C O N T R A C -  
T I O N  

Given a dependence relation ~,-% just as in the case of epistemic entrenchment 
we can define a contraction operation via the following condition. 

( C o n d  -). C E (K~ - A) iff either F C or C -,z C and A ~ C. 

In this section we shall drop the index and write K for K~.  

R e m a r k .  In presence of (Def-K), an equivalent condition is C E K - A iff 
C E K and A .-~ C. This expresses G£rdenfors's requirement that beliefs 
that are independent of A should 'survive' a contraction by A. 

We can prove that - is an AGM-contraction: 

T h e o r e m  1 G i v e n  two  re la t ions  ~ and  - such tha t  ( C o n d - )  holds, if..-+ 

is a dependence relation then - is an AGM contraction (for the theory K,,~). 

Proof .  We check the postulates one by one. 

(K- l )  K - A is a theory. 

We must prove that K - A is closed under implications. Let B E K - A 
• and B ~ C E K - A .  By the definition of - ,  A ~ B and A ~ B ~ C, 
as well as B ~ B. By (CCIr), A ~ B A ( B  --~ C). By (LEt), 
A ~  B A C .  B y ( C C D 0 r ) , A ~  C o r B ~  B. I fF  B t h e n  B A C i s  
equivalent to C, and by (LE r) A ~ C, entailing by the definition of - 
that C E K - A. Else suppose that ~/B. As B E K, by (Def-K) there 
is some C such that B ~ C, and we get B ~ B by (Cond-ID). Hence 
we must have A ~ C, and as C E K, by the definition of - we have 
C E K - A .  
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(K-2) 

(K-3) 

(K-4) 

(K-5) 

(K-6) 

(K-7) 

(K-8) 

K - A C K .  

Suppose C E K - A. Then either F C or C ~ C and A ~ C. In the 
former case we have C E K. In the latter case, C E K follows from 
C ~ C by (Def-K). 

If A E K then K C K -  A. 

Let A ¢ K .  By (Def-K), A ~  C f o r e v e r y C .  SupposeC E K. By 
(Def-K) and (Cond-ID), either F C or C ~ C. Both imply C E K - A 
by the definition of - .  

If A E K -  A then F A. 

Let A E K - A .  By definition we have either F A o r  A~-z A and 
A ~ A. Hence F A by (Def-K). 

K C (K - A) + A (where + is expansion). 

An equivalent formulation is "If C E K then -~A V C 6 K - A". Let 
C E K. Hence ~A V C 6 K, and ~A V C ~ ~A V C by (Def-K). As 
by (Disj), A ~ -~A V C, we have - A  V C E K - A by the definition of 

4 

If A ~ B then K -  A = K -  B. 

Let C C K - A. By the definition of - ,  A ~-~ C. By (LEt), B ~ C. 
As C E K, again by the definition of - we must have C E K - B, too. 

If C E K -  A and C E K -  B then C E K -  AA B. 

By the definition of - we have A ~ C and B ~-~ C, and either ~ C or 
C ~ C. The former two entail A A B ~ C by (CCII). Again by the 
definition of - ,  both cases of the latter entail C G K - A A B. 

If A ~ K -  AA B then K -  AA B C_ K -  A. 

We consider two cases: I f A  ¢ K then by (K-3), K C K - A ,  and 
as K - A A B  C K by (K-2), we get K - A A B  C K - A .  ((K-3) 
and (K-2) have already been established.) If A ff K then A A B ~,z A 
by the definition of - .  Let C E K - A A B. Hence A A B ~ C. By 
(CCD0t), A ~ C, and hence C E K - A. 
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5 F R O M  C O N T R A C T I O N  T O  D E P E N D E N C E  

Given a theory K and a contract ion operat ion - ,  we are able to define 
via the following condition. 

( C o n d o . z ) .  A ~ C i f f C E K a n d C C K - A .  

In this way we can define a relation ~ from a given AGM contract ion oper- 
ation. We can prove that  ~ is a dependence relation: 

(LE r) 

(LE z) 

(CCI r) 

(CCI')  

T h e o r e m  2 Given two relations ~ and - such that (Cond..~) holds, i f -  
is an A GM contraction, then ~ is a dependence relation. 

P r o o f .  We check the axioms for dependence relations. 

If B ~ C and A ~  B then A ~  C. 

This follows from ( K - i ) .  

If A ~ B and A ~  C then B ~ C. 

This follows from (K-6) .  

If A ----~ B A  C then A-.-~ B or A---~ C. 

Let A....~ B A C ,  i.e. B A C  E K and B A C  ~ K - A .  B y ( K - 1 ) , K - A  
is a theory, and therefore B ¢ K - A or C ~ K - A. Hence A ~ B or 
A ~ C by the definition of ---~. 

If AA B---~ C then A-.-~ C or B---~ C. 

Let AAB..-~ C, i.e. C E K and C ¢ K - A A B .  By (K-7) ,  C ¢ K - A  
or C ¢ K - B. Consequently,  A ~ C or B ~ C by the definition of 
• - . , . . , 4 .  

(Def-K) A E K iff either P A or there  is some C such tha t  A ~ C. 

From the left to the  right, we check two cases. First, if A ¢ K - A 
then A ~ A by (Cond --.z) and we are done. Else if A E K - A then 

A by (K-4) .  

From the right to the  left, if ~ A then we are done. If there  is some C 
such that  A ~ C, then C E K and C ~ K - A by the  definition of -.-~. 
Hence K is different from K - A, and consequently A £ K by (K-3) .  
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(Cond-ID) 

(Disj) 

(CCD0 ~) 

(COD0 t) 

If A ~.z C, then A ~.z A. 

Let A ~.z C. By the definition of ~.z, A C K and K ~ K - A. Suppose 
A C K - A. Then F A by (K-4), and by the recovery postulate (K-5) 
we would have K C K - A, which is contradictory. 

If F AV C then A ~  C. 

Let -~A V B E K. We have two cases: If A ¢ K then K C K - A by 
(K-3) and we are done. If A C K then by (K- l )  we must have B C K, 
too. Now by the recovery postulate (K-5), ~A V B C K - A. 

If A.-.z B and C ~ C then A ~-~ B A C. 

Let A ~ B a n d  C ~ C , i . e .  B c K ,  B ~ K - A ,  a n d C C K .  Hence 
B A C C K. If we suppose B A C C K - A, then by (K- l )  we would 
have B C K - A, which is contradictory. 

If A ~  C and AA B~.z A, then AA B~--~ C. 

Let A ~ C a n d A A B ~ A , i . e .  C E K ,  A E K ,  a n d C ~ K - A a n d  
A C K - A A B .  B y ( K - 8 ) , C C K - A A B ,  henceAAB,- ,~ ,C.  

R e m a r k .  Note that both versions of Keynes's conjunction criterion for 
depedence 

(CCD r) If A ~ B and A ~.z C then A ~.z B A C. 

(CCD l) If A ~.z C and B ~.z C, then A A B ~.z C. 

are valid, in the sense that whenever - is an AGM contraction and (Cond 
~.z) holds, then ~.z satisfies (CCD r) and (CCDt). 

6 C H A R A C T E R I Z A T I O N  T H E O R E M S  

In the preceding sections we have shown how to obtain AGM contractions 
from dependence relations and vice versa. The whole does not give us a 
characterization theorem yet, because we have nothing said about the relation 
between the conditions (Cond ~-~) and (Cond - ) .  This is what we are going 
to do now. 
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The result we would like to have is tha t  for every given relation ~ and 
operat ion - verifying (Cond .-.z), ~ is a dependence relation if[ - is an AGM 
contraction. Unfortunately,  it turns out tha t  (Cond -,~) and the  axioms for 

are not able to guarantee  (K-2) .  The  reason is tha t  for a given A, the 
set of C such tha t  A ~ C is exactly the set difference of K and K - A. 
Therefore, ~ does not give us any information on the set difference of K - A 
and K (and we ignore thus whether  K - A is included in K) .  Therefore we 
must  explicitly assume tha t  - is not any belief change operation, but  what  
we call a subtraction operation, i.e. an operat ion satisfying K - A C K.  

T h e o r e m  3 Let ~.z be any relation on formulas. Let - be any subtraction 
operation. Let (Cond .,-~) hold: A -,~ C iff  C E K and C ¢ K - A. 
Then - is an A G M  contraction iff-,-~ is a dependence relation. 

P r o o f .  From the left to the right, the  proof is done by the "from contract ion 
to dependence" theorem. 

From the right to the left, let ~ be a dependence relation and let (Cond 
-,-,) hold. We can apply the "from dependence to contraction" theorem if we 
can show that  (Cond - )  holds, i.e. C C K - A iff ei ther i- C or C ~ C and 
A ~ C. Let us suppose first tha t  C C K - A. By (Cond --.z), A .-~ C. As by 
hypothesis - is a subtract ion operation,  we have C C K.  In the other  sense, 
suppose C • K ,  A. By (Cond -,-~), C ¢ g or A ~ C. 

R e m a r k .  It is also possible to state a characterizat ion theorem based on 
(Cond - ) .  In this case, in order to prove tha t  (Cond -,--,) holds we must  
presuppose that  ~ is not an arbi t rary relation on formulas, but  one satisfying 
tha t  A ~ C implies C C K.  

In the rest of the section we give characterize weaker dependence rela- 
tions. In par t icular  the basic postulates for contraction ( K - l )  - (K-6)  are 
characterized. 

T h e o r e m  4 Let ~ be any relation on .formulas. Let - be any subtraction 
operation. Let (Cond-,-~) hold. 

1. - satisfies ( g - 1 ) -  (K-6)  i#  ~ sat iCes  (LE) ,  (LeU,  ( G e t ) ,  (De/- 
K) ,  (Cond-ID), (Disj), (CCDo~). 

2. - satisfies (K-2) ,  (K-~),  (K-6) ,  (K-7)  iff  ~ satisfies (LEt), (CCl~), 
(De/-g). 
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Proof .  The proof can be done by examining the relevant cases in the proofs 
of the 'from dependence to contraction' and 'from contraction to dependence' 
theorems. Both are put together in the same way as in the preceding char- 
acterization theorem. 

7 C O N C L U S I O N  

We have studied the notion of dependence and its relation with belief change 
operations. We have established a strong link between contraction and de- 
pendence. In particular the following nice principles are all valid: 

(CCF) I f A ~ B A C t h e n A ~ B o r A ~ C .  

(CCI l) I f A A B ~ . z C t h e n A ~ C o r B ~ C .  

(CCD r) I f A ~ B a n d A ~ C t h e n A ~ . z B A C .  

(CCD l) If A ~,z C and B ~ C, then A A B ~ C. 

Hence we meet both Keynes's conjunction criterion for dependence (CCD) 
and G£rdenfors's conjunction criterion for independence (CCI). 

With the Levi identity it is possible to obtain similar results for belief 
revision. One can as well obtain similar results for nonmonotonic reasoning, 
using the correspondence of (Makinson and G£rdenfors 1990) between the 
former and revision. 

We are convinced that dependence is a fruitful notion in the study of 
belief change and nonmonotonic reasoning, and that a lot of things remain 
to be done in this area. In particular we think that it will be a useful tool in 
the practical implementation of contraction and revision operations. 

H. Reichenbach (1949) has argued that dependence and independence 
should be ternary rather than binary relations, where the third element in the 
relation is the evidence on which we declare that A and C are independent. 
From the ternary relation we can get back the binary one by defining that 
A and C are independent iff there is some evidence E such that A and C 
are independent on evidence E. G£rdenfors (1978, 1990) considers ternary 
dependence relations. But there seems to be only very little interaction 
between the evidence E on the one hand and A and C on the other, in 
the sense that there are no interesting properties linking them. Therefore, 
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in order to improve readability we have restricted our analysis to binary 
dependence relations here, but it is clear that a ternary relation is certainly 
the most general one. Our analysis should carry over to the ternary case 
with only little modifications. 
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