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Abstract

Levesque introduced a notion of “only knowing”, with the goal of capturing
certain types of nonmonotonic reasoning. Levesque’s logic dealt with only the case
of a single agent. Recently, both Halpern and Lakemeyer independently attempted
to extend Levesque’s logic to the multi-agent case. Although there are a number
of similarities in their approaches, there are some significant differences. In this
paper, we reexamine the notion of only knowing, going back to first principles. In
the process, we point out some problems with the earlier definitions. This leads
us to reconsider what the properties of only knowing ought to be. We provide an
axiom system that captures our desiderata, and show that it has a semantics that
corresponds to it. The axiom system has an added feature of interest: it includes a
modal operator for satisfiability, and thus provides a complete axiomatization for
satisfiability in the logic K45.

1 Introduction

Levesque (1990) introduced a notion of “only knowing”, with the goal of capturing certain
types of nonmonotonic reasoning. In particular, the hope was to capture the type of
reasoning that says “If all I know is that Tweety is a bird, and that birds typically fly,
then I can conclude that Tweety flies”.! Levesque’s logic dealt with only the case of a
single agent. It is clear that in many applications of such nonmonotonic reasoning, there
are several agents in the picture. For example, it may be the case that all Jack knows
about Jill is that Jill knows that Tweety is a bird and that birds typically fly. Jack may
then want to conclude that Jill knows that Tweety flies.

1The reader should feel free to substitute “believe” anywhere we say “know”. Indeed, the formal
logic that we use, which is based on the modal logic K45, is more typically viewed as a logic of belief
rather than knowledge.

251



Recently, both Halpern (1993) and Lakemeyer (1993) independently attempted to ex-
tend Levesque’s logic to the multi-agent case. Although there are a number of similarities
in their approaches, there are some significant differences. In this paper, we reexamine
the notion of only knowing, going back to first principles. In the process, we point out
some problems with both of the earlier definitions. This leads us to consider what the
properties of only knowing ought to be. We provide an axiom system that captures all
our desiderata, and show that it has a semantics that corresponds to it. The axiom
system has an added feature of interest: it involves enriching the language with a modal
operator for satisfiability, and thus provides an axiomatization for satisfiability in K45.
Unfortunately, the semantics corresponding to this axiomatization is not as natural as
we might like. It remains an open question whether there is a natural semantics for only
knowing that corresponds to this axiomatization.

The rest of this paper is organized as follows. In the next section, we review the basic
ideas of Levesque’s logic and point out an alternative semantics followed by some remarks
regarding the use of a finite language instead of an infinite one as in Levesque’s case. In
Section 3 we review Lakemeyer’s approach, which we call the canonical-model approach,
and discuss some of its strengths and weaknesses. In Section 4, we go through the same
process for Halpern’s approach. Finally, in Section 5, we consider our new approach. We
conclude in Section 6 with some discussion of only knowing,.

2 Levesque’s Logic of Only Knowing

We begin by reconsidering Levesque’s definition. Let ON L be a propositional modal
language with a countably infinite set of primitive propositions (as we shall see, the fact
that the number of primitive propositions is countably infinite, rather than finite, has a
significant impact), the classical operators — and V and two modalities, L and N. We
freely use other connectives like A, =, and < as syntactic abbreviations of the usual
kind. In addition, we take Oa to be an abbreviation for La A N—a. Here Lo should
be read as “the agent knows or believes (at least) a”, Na should be read as “the agent
believes at most —a” (so that N—ea is “the agent believes at most a”) and Oa should be
read as “the agent knows only «”.

Levesque gave semantics to knowing and only knowing using the standard possible-
worlds approach. In the single-agent case, we can identify a situation with a pair (W, w),
where w is a possible world (represented as a truth assignment to the primitive proposi-
tions) and W consists of a set of possible worlds. Intuitively, W is the set of worlds which
the agent considers (epistemically) possible, and w describes the real world. We do not
require that w € W or that W # 0.2 As usual, we say that the agent knows (at least) o
if o is true in all the worlds that the agent considers possible. Formally, the semantics
of the modality L and the classical connectives is given as follows.

2By requiring that W is nonempty, we get the modal logic KD45; by requiring that w € W, we get
S5.
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(W,w) Epif w = pif pis a primitive proposition.
(W, w) E —a if (W, w)He.
(W,w) = aV B (W,w) = a or (Wyw) k= 8
(W,w) = La if (W, w') E o for all w’' € W.
Notice that if La holds, then the agent may know more than «. For example, Lp
does not preclude L(p A ¢) from holding. We can think of Lo as saying that the agent
knows at least a.

How do we give precise semantics to N? That is, when should we say that (W, w)
NG? Intuitively, NG is true if § is true at all the worlds that the agent does not consider
possible. It seems fairly clear from the intuition that we need to evaluate the truth of
B in worlds w' ¢ W, since these are the worlds that the agent considers impossible in
(W, w). But if 3 is a complicated formula involving nested L operators, then we cannot
simply evaluate the truth of 8 at a world w’. We need to have a set of worlds too. In
fact, the set of possible worlds we use is still W. That is, while evaluating the truth of
B in the impossible worlds, the agent keeps the set of worlds he considers possible fixed.
Formally, we define

(W,w) E Naif (W,w') E aforal w' ¢ W.

Let us stress three important features of this definition. First, as we have already
observed, the set of possibilities is kept fixed when we evaluate Na. Second, the set of
conceivable worlds—the union of the set of “possible” worlds considered when evaluating
L and the set of “impossible” worlds considered when evaluating N—is fixed, independent
of the situation (W, w); it is always the set of all truth assignments. Finally, for every
set of conceivable worlds, there is a model where that set is precisely the set of worlds
that the agent considers possible. We will return to these properties for guidance when
we discuss possible ways of extending Levesque’s semantics to the multi-agent case.

Since Oa is an abbreviation for La A N—a, we have that
(W,w) | O« if for all worlds ', w’' € W iff (W, v') & a.

We end this review of Levesque’s logic by presenting (a slight variant of) his proof
theory. We define an objective formula to be a propositional formula, i.e., a formula with
no modal operators, and a subjective formula to be a Boolean combination of formulas
of the form Ly or Ne.

Axioms:
A1l. Allinstances of axioms of propositional logic
A2, Lla= B)= (La= LB)
A3. N(a=8)=(Na= Np)
A4. o0 = Lo A No for every subjective formula o
A5. Noa = -Laif -« is a propositionally consistent objective formula
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Inference Rules:
MP. From « and a = 8 infer 8
Nec. From a infer Lo and Na.

Axioms A2-A4 tell us that that L and N separately are both characterized by are
chacterized by the axioms of the modal logic K45 (see (Chellas 1980) for more discussion).
Actually, A4 tells us more; it says that L and N are mutually introspective, so that, for
example, Ly = NLyp is valid. Perhaps the most interesting axiom is A5, which gives
only-knowing its desired properties. Its soundness depends on the fact that the union of
the set of worlds considered when evaluating L and the set of worlds considered when
evaluating N is the set of all conceivable worlds.?

Theorem 2.1: (Levesque 1990) The proof theory is sound and complete with respect to
the semantics.

It is interesting to note that the assumption that L and N are interpreted with
respect to complementary sets of worlds is not forced by the axioms. In particular, for
its soundness, Axiom A5 requires only that the sets considered for L and N cover all
conceivable worlds, but they may overlap. The following semantics makes this precise.

Define an extended situation to be a triple (Wi, Wy, w), where Wi and Wy are
sets of worlds (truth assignments) such that Wi U Wy consists of all truth assignments.
Define a new satisfaction relation =* which is exactly like Levesque’s except for L- and
N-formulas. For them, we have

(Wi, Wn,w) =* La if (Wi, W, w') E* o for all w' € Wi
(W, Wn,w) E* Na if (W, Wy, w') E% a for all v’ € Wy.

Note that L and N are now treated in a completely symmetric way. We can recover
Levesque’s semantics by restricting to extended situations where Wy is the complement
of Wr. Although we allow more structures, all of Levesque’s axioms are easily seen to be
sound under . Thus, it follows from Theorem 2.1 that

Theorem 2.2: Levesque’s axiomatization is sound and complete with respect to =*.

We can actually prove completeness of Levesque’s axioms for |=* directly, using a
standard canonical model construction (cf. Section 3). Moreover, as we show in the
full paper, we can use our approach to give a simpler completeness proof for Levesque’s
semantics than the one given by Levesque. The key idea is to find a model satisfying a
. formula where W, and Wy may overlap, and then use the truth assignment to a primitive
proposition not mentioned in the formula to force Wi and Wy to be disjoint. We know

3Note that, while unusual, the axiom schema A5 is recursive, since consistency of formulas in classical
propositional logic is decidable. Hence the axioms themselves are recursive. As noted in (Levesque 1990),
this is a problem in the first-order case, however. In fact, Levesque’s proof theory for the first-order
version of his logic was recently shown to be incomplete (Halpern and Lakemeyer 1995).
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that there is bound to be a primitive proposition not mentioned in the formula, given
the assumption that the set of primitive propositions is infinite.

Interestingly, if we move to a language with only a finite set of primitive propositions
®, then = and =" are no longer characterized by the same axioms. Levesque’s axioms
are still sound and complete for =%, and sound for |=, but they are not complete for |=.
Levesque’s completeness result depends crucially on the fact that there are infinitely many
primitive propositions in the language. With only finitely many primitive propositions, it
would appear that we need extra axioms to characterize =.* For example, if the language
has only one primitive proposition, say p, then ~L—p = N-p would be valid under f=. It
turns out, however, that instead of having to add extra axioms to capture properties like
these, it suffices to replace A5 by a much stronger version which essentially tells us that
formulas involving N are reducible to formulas involving only L in the finite language
case.

To make this precise, first note that worlds, which are truth assignments to the
primitive propositions in ®, are themselves finite if ® is finite. Hence we can identify a
world w with the conjunction of all literals over ® which are true at w. For example,
if ® = {p, ¢} and w makes p true and q false, then we identify w with p A =¢g. For any
objective formula a, let W, be the set of all worlds that satisfy a. The axiom system
AXy;, i1s then obtained from Levesque's system by replacing A5 by the following axiom
(where if W, is empty, the conjunction over the empty set is taken to be vacuously true,
as usual):

A5¢in. Na = Ayew., "L~w if a is an objective formula.

The axiom is easily seen to be sound since it merely expresses that Na holds at W
just in case W contains all worlds that satisfy —a. Note that this property depends
only on the fact that L and N are defined with respect to complementary sets of worlds
and, hence, also holds in the case of infinite ®. However, it is only in the finite case
that we can express the axiom in our language (using only finitely many conjunctions).
Completeness is also easy to establish. Levesque (1990) has already shown that it can
be proved using only the axioms A1-A4 that every formula is equivalent to one without
nested modalities. With A5y4;, we then obtain an equivalent formula which does not
mention N. In other words, given a formula consistent with respect to AXy,,, a satisfying
model can be constructed with the usual technique for K45 alone.

Theorem 2.3: AXy,, is sound and complete for Levesque’s semantics if the number of
primative propositions is finite.

4This was the situation in the logic considered in (Fagin, Halpern, and Vardi 1992). In that paper, a
simple axiomatization was provided for the case where & was infinite; for each finite ®, an extra axiom
was needed (that depended on &).
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3 The Canonical-Model Approach

How do we extend this intuition to the multi-agent case? First we extend the language
ONL to the case of many agents. That is, we now consider a language OA L., which is
just like ON'L except that there are modalities L; and N; for each agent 7, 1 <1 < n, for
some fixed n. By analogy with the single-agent case, we call a formula -subjective if it is a
Boolean combination of formulas of the form L;p and N;. What should be the analogue
of an objective formula? It clearly is more than just a propositional formula. From agent
1’s point of view, a formula like Lap or even Ly L1p is just as “objective” as a propositional
formula. We define a formula to be ¢-objective if it is a Boolean combination of primitive
propositions and formulas of the form Ljp and Njy, j # 3, where ¢ is arbitrary. Thus,
g A NaLyp is 1-objective, but Lip and ¢ A Lip are not. The i-objective formulas true at
a world can be thought of as characterizing what is true apart from agent i’s subjective
knowledge of the world. '

The standard model here is to have a Kripke structure with worlds and accessibility
relations that describe what worlds the agents consider possible in each world. Formally,
a (Kripke) structure or model is a tuple M = (W,=,K,,.. .,Ky), where 7 associates
with each world a truth assignment to the primitive propositions and K, is agent 2’s
accessibility relation. Given such a Kripke structure M, let £¥(w) = {w' : (w,w’) €
K:}.5 KM(w) is the set of worlds that agent i considers possible at w in structure M. As
usual, we define

(M,w) | Lia if (M,w") = o for all w' € KX (w).

We focus on structures where the accessibility relations are Euclidean and transitive,
where a relation R on W is Euclidean if (u,v) € R and (u,w) € R implies that (v, w) € R,
and R is transitive if (u,v) € R and (v,w) € R implies that (u,w) € R. We call such
structures K45,-structures. It is well known (Chellas 1980; Halpern and Moses 1992) that
these assumptions are precisely what is required to get belief to obey the K45 axioms
(generalized to n agents). We say that a formula consistent with these axioms is K45,-
consistent. An infinite set of formulas is said to be K45,-consistent if the conjunction of
the formulas in every one of its finite subsets is K45,-consistent.

Now the question is how to define the modal operator N;. The problem in the multi-
agent case is that we can no longer identify a possible world with a truth assignment.
In the single-agent case, knowing the set of truth assignments that the agent considers
possible completely determines his knowledge. This is no longer true in the multi-agent
case. Somehow we must take the accessibility relations into account. A general semantics
for an N-like operator was first given by Humberstone (1986) and later by Ben-David
and Gafni (1989). Following this approach, we provisionally define

(M, w) £ N if (M,w') = a for all w' € W — KM(w).

5We use the superscript M since we shall later need to talk about the K; relations in more than one
model at the same time.
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The problem with this definition is that it misses out on the intuition that when evaluating
N;a, we keep the set of worlds that agent ¢ considers possible fixed. If w' € W — KM (w),
there is certainly no reason to believe that KM (w) = KM(w’).

One approach to solving this problem is as follows: If w and w’ are two worlds in
M, we write w &; w' if KM(w) = KM(w'), i.e., if w and w' agree on the possible worlds
according to agent :. We then define

(M,w) E N;a if (M,w) |= « for all w’ such that w’' € W — KM(w) and w =~; w'.

While this definition does capture the first of Levesque’s properties, it does not capture
the second. To see the problem, suppose we have only one agent and a structure M with
only one possible world w. Suppose that (w,w) € KM and p is true at w. Then it is easy
to see that (M, w) = Lip A N1p, contradicting axiom A5. The problem is that since the
structure has only one world and it is in X¥(w), there are no worlds in W — KM (w).
Thus, Nip is vacuously true. Intuitively, there just aren’t enough “impossible” worlds in
this case; the set of conceivable worlds is not independent of the model. To deal with
this problem, we focus attention on one particular model, the canonical model, which
intuitively has “enough” worlds. To define this formally, we first need the notion of a
maximal consistent set.

Definition 3.1: A set I of basic formulas is a mazimal consistent set (of basic formulas)
iff T' is K45, -consistent and no proper superset of I' is K45,-consistent. §

Every maximal consistent set is satisfiable in some model. The canonical model is one
where every maximal consistent set is satisfiable at some state.

Definition 3.2: The canonical model (for K45,) M = (W<, 7, K5,...,K¢) is defined
as follows:
o W = {w|w is a maximal consistent set of basic formulas wrt K45,}

e for all primitive propositions p and w € W€, n(w)(p) = true iff p € w

o (w,w') € K¢ iff w/L; Cw', where w/L; = {a | Lia € w}.

Validity in the canonical-model approach is defined with respect to the canonical
model only. More precisely, a formula « is said to be valid in the canonical-model ap-
proach, denoted [=° a, iff for all worlds w in the canonical model we have (M¢, w)k=q.

We now want to argue that, for an appropriate notion of “possibility” and “conceiv-
ability”, this semantics satisfies the first two of Levesque’s properties. What then is a
conceivable world? Intuitively, it is an objective state of affairs from agent ¢’s point of
view, which does not include 2’s beliefs. In the single-agent case, this is simply a truth
assignment. In the multi-agent case, things are more complicated, since beliefs of other
agents are also part of ¢’s objective world. One way of characterizing a state of affairs
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from 2’s point of view is by the set of i-objective formulas that are true at a particular
world. For technical reasons, in this section we restrict even further to the z-objective
basic formulas—that is, those formulas that do not mention any of the modal operators
Nj, 7 =1,...,n—that are true. If we assume that the basic formulas determine all the
other formulas, which can be shown to be true in the single-agent case, and under this
semantics for the multi-agent case, then it is arguably reasonable to restrict to basic
formulas. However, as we shall see in Section 4, it is not clear that this restriction is
appropriate, although we make it for now.

Given a situation (M, w), let obj;(M,w) consist of all the i-objective basic formulas
that are true at (M,w). We take obj;(M,w) to be 7’s state at (M, w). Notice that
obj;(M,w) is a maximal consistent set of i-objective basic formulas. For ease of exposi-
tion, we say :-set from now on rather than “maximal set of i-objective basic formulas”.
Thus, the set of conceivable states for agent ¢ is the set of all i-sets. Notice that the
set of conceivable states is independent of the model. It is easy to show that this is a
generalization of the single-agent case, since in the single-agent case the ¢-objective basic
formulas are just the propositional formulas, and an i-set can be identified with a truth
assignment. Given a situation (M, w), define Obj;(M,w) = {obj;(M,w') | v’ € KM(w)}.
Thus, Obj;(M,w) is the set of i-sets that agent  considers possible in situation (M, w).

With these definitions, we can show that the first two of Levesque’s properties hold
in the canonical model. The first property says that at all worlds w’ considered in
evaluating a formula of the form Njp at a world w, the set of possible states—that is,
the set {obj;(M¢,w") | w" ¢ Kf(w')}—is the same for all w' € K¢(w). This is easy
to see, since the only worlds w’ we consider are those such that K¢(w') = K$(w). The
second property says that the union of the set of states associated with the worlds used in
computing L;p at w and the set of states associated with the worlds used in computing
N;p at w should consist of all conceivable states. To show this, we must show that for
every world w in the canonical model, the set {obj,(M°,w') | w' ~; w} consists of all
1-sets. This follows from

Theorem 3.3: Let w € W¢. Then for every i-set I there is exactly one world w* such
that obj,(M¢,w*) =T and w =~; w*.

What about the third property? This says that every subset of i-sets arises as the set
of i-sets associated with the worlds that 7 considers possible in some situation; that is, for
every set 5 of i-sets, there should be some situation (M€, w) such that § = Obj,(M¢,w).
As we now show, this property does not hold in the canonical model. We do this by
showing that the set of i-sets associated with the worlds considered possible in any
situation in the canonical model all have a particular property we call kmit closure.®

Definition 3.4: We say that an i-set I' is a limit of a set S of i-sets if for every finite

6This turns out to be closely related to the limit closure property discussed in (Fagin, Geanakoplos,
Halpern, and Vardi 1992); a detailed comparison would take us too far afield here though.
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subset A of T, there is a set IV € S such that A C IV. A set S of i-sets is limit-closed if
every limit of S isin S. I

Lemma 3.5: For every world w in M€, the set Obj,(M¢,w) is limit-closed.

Since there are clearly sets of i-sets that are not limit closed, it follows that this
semantics does not satisfy the third property. One consequence of this is a result already
proved by Lakemeyer (1993).

Lemma 3.6: (Lakemeyer 1993) Let p be a primitive proposition. Then =° =0;-0;p.

It may seem unreasonable that —0,;—O;p should be valid in the canonical-model
approach. Why should it be impossible for 7 to know only that j does not only know p?
After all, 7 can (truthfully) tell ¢« that it is not the case that all he (j) knows is p. We
return to this issue in Sections 4 and 5. For now, we focus on a proof theory for this
semantics. For the proof theory, which we call AX, we consider the exact analogue of
Levesque’s axiomatization, now using subscripted modal operators, and replacing A5 by

A5,. Na= -L,a if -«aisa K45,-consistent i-objective basic formula.

It is not hard to show that these axioms are sound. We write I a for o is provable

mn AX.
Theorem 3.7: (Lakemeyer 1993) For all o in ONL,, if Fa then =° a.

We show in Section 4 that this axiomatization is incomplete. In fact, the formula
—0;-0;p is not provable. Intuitively, part of the problem here is that A5, is restricted
to basic formulas. For completeness, we would need an analogue of A5, for arbitrary
formulas. However, we obtain completeness for a restricted language, which we call

ONL.

Definition 3.8: ON L consists of all formulas o in ONL,, such that, in , no N; may
occur within the scope of an N; or L; for 2 # 7. 1

For example, while N;L;=N;p and N;(L;pV N;—p) are in ONL;, N;N,p and N,L;N;p
are not for distinct ¢ and j.

Theorem 3.9: (Lakemeyer 1993) For all « € ONL;, =° a iff Fa.

4 The i:-Set Approach

As we have seen, the canonical-model semantics has some attractive features, particularly
when restricted to the language ON L. On the other hand, it has what may be consid-
ered undesirable features, such as making —-0,;—0;p valid. In this section, we consider
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a second approach to giving semantics to N;, developed in (Halpern 1993). As we shall
see, 1t too has its good points and bad points.

In the ¢-set approach, we maintain the intuition that the set of conceivable states for
each agent ¢ can be identified with the set of i-sets. We no longer restrict attention to
the canonical model though; we consider all Kripke structures.

We define a new semantics |=’' as follows: all the clauses of =’ are identical to the
corresponding clauses for =, except that for N;. In this case, we have

(M,w) ' Nyp iff (M',w') ' ¢ for all situations (M’, w') such that
Obji( M, w) = Obji(M',w') and obji(M', ") ¢ Obji(M,w).

Notice that = and |=’ agree for basic formulas; in general, as we shall see, they differ. We
remark that this definition is equivalent to the one given in (Halpern 1993), except there,
rather than i-sets, i-objective trees were considered. We did not want to go through the
overhead of introducing i-objective trees here, since it follows from results in (Halpern
1993; Halpern 1994) that i-sets are equivalent to i-objective trees: every i-set uniquely
determines an i-objective tree and vice versa. Thus, the two definitions are essentially
equivalent. Notice that to decide if N;p holds in (M, w), we consider all situations that
agree with (M, w) on the set of possible states, hence this semantics satisfies the first of
the three properties we isolated in the single-agent case. It is also clear that the i-sets
considered in evaluating the truth of N;¢ are precisely those not considered in evaluating
the truth of L;p; hence we satisfy the second property. Finally, as we now show, for
every set S of i-sets, there is a situation (M, w) such that Obj,(M,w) = S.

Proposition 4.1: For each set S of i-sets, there is a situation (M, w) such that Obj.(M,w) =
S.

How does this semantics compare to the canonical model semantics? First of all, it is
easy to see that the axioms are sound. We write =’ ¢ if (M, w) ' ¢ for every situation
(M, w). Then we have

Theorem 4.2: (Halpern 1993) For all o € ONL,, ift a then ' a.

Moreover, we again get completeness for the sublanguage ON L.
Theorem 4.3: (Halpern 1993) For all a € ONL, F a iff £ .

This result shows that =’ shares many of the nice features of |=.  Unfortunately,
our axiomatization is not complete for the full language, for neither = nor =’. Since the
axiomatization is sound for both |= and =, to prove incompleteness, it suffices to provide
a formula which is satisfiable with respect to =’ and not |=, and another formula which
is satisflable with respect to |= and not |='. As is shown in (Halpern 1993), =0,~0,p is
satisfiable with respect to =’ and (by Lemma 3.6) not with respect to =. On the other
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hand, it is easy to see that L;false A N;—0;~O,p is satisfiable with respect to |= (in fact,
it is equivalent to L,false); as we show in the full paper, it is not satisfiable with respect
to ="

The fact that neither = nor =’ is complete with respect to the axiomatization de-
scribed earlier is not necessarily bad. We may be able to find a natural complete axiom-
atization. However, as we suggested above, the fact that ~0;-0;p is valid under the =
semantics suggests that this semantics does not quite satisfy our intuitions with regards
to only-knowing for formulas in ONL, — ONL;. As we now show, |’ also has its prob-
lems. We might hope that if ¢ is a satisfiable z-objective formula, then N;p = —L;p
would be valid under the =’ semantics. Unfortunately, it is not.

Lemma 4.4: The formula N;—Ojp A L,~O;p s satisfiable under the |=' semantics.

Lemma 4.4 shows that although the semantics has the three properties we claimed
were appropriate, N; and L; still do not always interact in what seems to be the appro-
priate way. Intuitively, the problem here is that there is more to 7’s view of a world than
just the :-objective basic formulas that are true there. We should really identify ¢’s view
of a situation (M, w) with the set of all i-objective formulas that are true there. In the
canonical-model approach, the :-objective basic formulas that are true at a world can be
shown to determine all the :-objective formulas that are true at that world. This is not
true at all situations under the z-set approach. We consider a different approach in the
next section that attempts to address these problems.

5 What Properties Should Only Knowing Have?

Up to now, we have provided two semantics for only knowing. While both have properties
we view as desirable, they also have properties that seem somewhat undesirable. This
leads to an obvious question: What properties should only knowing have? Roughly
speaking, we would like to have the multi-agent version of Levesque’s axioms, and no
more. Of course, the problem here is axiom A5,. It is not so clear what the multi-agent
version of that should be. The problem is one of circularity: We would like to be able to
say that N;p = —L;p should hold for any consistent z-objective formula. The problem
is that in order to say what the consistent formulas are, we need to define the axiom
system. In particular, we have to make precise what this axiom should be.

To deal with this problem, we extend the language so that we can explicitly talk about
satisfiability and validity in the language. We add a modal operator Val to the language.
The formula Val(yp) should be read “p is valid”. Of course, its dual Sat(y), defined as
= Val(—yp), should be read “p is satisfiable”. With this operator in the language, we can
replace A5, with

A5l Sat(—~a) = (N;a = —L;a) if a is t-objective.

In addition, we have the following rules for reasoning about validity and satisfiability:
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V1. (Val(p) A Val(p = +4)) = Val@xp)
V2. Sat(p), if ¢ is a satisfiable propositional formula’

V3. (Sat(a ABi)A ... A Sat(a AB)ASat(y AN61)A ... A Sat(y Abm) A VallaV 7)) =
Sat(Lia N ﬁLi_'ﬂl AN A —IL,"‘I,B}C A Ni’)’ A _|N,,'"161 VAN _‘Ni'l m),
if a,B1,...,0k,7,61,-..,6m are i-objective formulas

V4. (Sat(a) A Sat(B)) = Sat(a A B) if « is 1-objective and 3 is i-subjective

Necy. From ¢ infer Val(p).

Axiom V1 and the rule Necy make Val what is called a normal modal operator. In
fact, it can be shown to satisfy all the axioms of $5. The interesting clauses are clearly
V2-V4, which capture the intuitive properties of validity and satisfiability.

Let AX’ consist of the axioms for ON'L given earlier together with V1-V4 and N ecy,
except that A5, is replaced by A5],. Provability in AX' is denoted by F,x. AX’is the
axiom system that provides what we claim is the desired generalization of Levesque’s
axioms to the multi-agent case. In particular, A5/, is the appropriate generalization of
A5. The question is, of course, whether there is a semantics for which this is a complete
axiomatization. We now provide one, in the spirit of the canonical-model construction
of Section 3, except that, in the spirit of the extended situations of Section 2, we do not
attempt to make the set of worlds used for evaluating L; and N; disjoint.8

Let ONL} be the extension of ON'L,, to include the modal operator Val. For the re-
mainder of this section, when we say “consistent”, we mean consistent with the axiom sys-
tem AX'. We define the eztended canonical model M® = (We, 7, K5,. .., Ke, 5N,

as follows:

e W* consist of the maximal consistent sets of formulas in ONL,,.
o for all primitive propositions p and w € W*¢, we have 7(w)(p) = true iff p-€ w.
o (w,w') e Ksiff w/L; € w'.

o (w',w') € N iff w/N; € w'.
In this canonical model, the semantics for N, is defined in terms of the ./\ff relation:

(M*,w) = Nier if (M, w') k= o for all ' such that (w,w') € Ne.

"We can replace this by the simpler Sat(py A ... A D)), where p! is a literal—either a primitive propo-
sition or its negation—and pj A ... A p) is consistent. i

8In the full paper, we present a variant of the canonical model construction that does make them
disjoint.
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We define the Val operator so that it corresponds to validity in the extended canonical
model:

(Me,w) E Val(a) if (M®,w') | o for all worlds w' in M*.

Using standard modal logic techniques, we can now prove.

Theorem 5.1: M® is a K45, structure (that is, K¢ and N¢ are Euclidean and transitive).
Moreover, K¢ UNE = W¢, fori = 1,...,n, and for each world w € W¢, we have
(M, w) Eaiffo € w.

Suppose we define =° «a iff (M®,w) E « for all worlds w € W*. It immediately
follows from Theorem 5.1 that

Corollary 5.2: =° a iff baxia.

Thus, AX' is a sound and complete axiomatization of ON L} with respect to the °
semantics.

How does this semantics compare to our earlier two? Clearly, they differ. It is easy to
see that the formula O;—O;p, which was not satisfiable under |=°, is satisfiable under |=°.
In addition, the formula N;~O;pA L;—~O;p, which is satisfiable under =, is not satisfiable
under |=°. In both cases, it seems that the behavior of |=¢ is more appropriate. On the
other hand, all three semantics agree in the case where our intuitions are strongest,
ONL;. Since the axiom system AX characterizes how our earlier two semantics deal
with ON L, this is shown by the following result.

Theorem 5.3: If p € ONL;, then b ¢ iff Faxip.

Thus, we maintain all the benefits of the earlier semantics with this approach. More-
over, the validity problem for this logic is no harder than that for K45, alone. It is
PSPACE-complete.

Theorem 5.4: The problem of deciding if Faxrp is PSPACE-complete.

To what extent do the three properties we have been focusing on hold under the
=¢ semantics? Suppose we take the conceivable states from #’s point of view to be the
maximal consistent sets of i-objective formulas with respect to AX', or equivalently, the
set of i-objective formulas true at some world in M¢. Let oby;(M¢®,w) consist of all
the i-objective formulas true at world w in the extended canonical model (under the
= semantics), and let Objj(Me®,w) = {obji(M*,w') | w’' € Kf(w)}. It is easy to see
that the first two properties we isolated hold under this interpretation of conceivable
state. However, it is quite possible that the “possible states” at a world (M, w), that is,
Obyi(M¢,w), and the “impossible states”, that is, {obsj(M°,w') | w' ~; w,w ¢ Kf(w)}

are not disjoint.
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Interestingly, this semantics does not satisfy the third property we isolated. Not all
subsets of conceivable states arises as the set of possible states at some situation (M€, w).
A proof analogous to that of Lemma 3.5 shows that Objf(M,w) is always limit-closed.
Although we do get limit closure, we avoid problems by having in a precise sense “enough”
possibilities.

6 Conclusion

We have provided three semantics for multi-agent only-knowing. All agree on the subset
ON L7, but they differ on formulas involving nested N,’s. Although a case can be made
that the |=° semantics comes closest to capturing our intuitions for “knowing at most”,
our intuitions beyond ON L are not well grounded. It would certainly help to have
more compelling semantics corresponding to AX'.

On the other hand, it can be argued that semantics does not play quite as crucial a role
when dealing with knowing at most as in other cases. The reason is that the structures
we must deal with, in general, have uncountably many worlds. For example, whichever of
the three semantics we use, there must be uncountably many worlds z-accessible from a
situation (M, w) satisfying O;p, at least one for every i-set that includes p. To the extent
that we are interested in proof theory, the proof theory associated with =¢, characterized
by the axiom system AX’, seems quite natural. The fact that the validity problem is no
harder in this setting than that for K45, adds further support to its usefulness.
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