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H o p e f u l l y  w i t h o u t  ... w h a t  w a s  i t ?  

A h !  ... a b s e n t - m i n d e d n e s s  . . .  

1. Introduction 

An a b s e n t - m i n d e d  d r i v e r  s t a r t s  d r i v ing  a t  START in F i g u r e  1. At X he can  

e i t h e r  EXIT and  g e t  t o  A ( f o r  a p a y o f f  o f  0),  o r  CONTINUE to  Y. At Y he can  

e i t h e r  EXIT and  g e t  to  B ( p a y o f f  4), o r  CONTINUE to  C ( p a y o f f  1). The  

e s s e n t i a l  a s s u m p t i o n  is t h a t  he c a n n o t  d i s t i n g u i s h  b e t w e e n  i n t e r s e c t i o n s  X and 

Y, and  c a n n o t  r e m e m b e r  w h e t h e r  he h a s  a l r e a d y  gone  t h r o u g h  one o f  t h e m .  

o 

Picc i one  & R u b i n s t e i n  [1995; P&R in t h e  seque l ] ,  who  i n t r o d u c e d  t h i s  

e x a m p l e ,  c l a i m  t h a t  a " p a r a d o x "  o r  " i n c o n s i s t e n c y "  a r i s e s  w h e n  t h e  dec i s ion  

r e a c h e d  a t  t he  p l a n n i n g  s t a g e  - -  a t  START - -  is c o m p a r e d  w i t h  t h a t  a t  t he  

a c t i o n  s t a g e  - -  when  t h e  d r i v e r  is a t  an  i n t e r s e c t i o n .  T h o u g h  the  e x a m p l e  is 

1 This is an outgrowth of notes and correspondence originating in May and 
June of 1994. We thank Ehud Kalai, Roger Myerson, Phil Reny, Ariel 
Rubinstein, Dov Samet, Larry Samuelson and Asher Wolinsky for discussions on 
these topics. 
2 Center for Rationality and Interactive Decision Theory, The Hebrew 
University of Jerusalem, Feldman building, Oivat-Ram, 91904 Jerusalem, Israel; 
fax: +972-2-6513681; e-maih ratio@vms.huji.ac.il. 
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Figure 1. Tile absent-minded driver problem 
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p r o v o c a t i v e  and  w o r t h  hav ing ,  P&R's  a n a l y s i s  is unsound .  A c a r e f u l  a n a l y s i s  

r e v e a l s  t h a t  wh i l e  t h e  c o n s i d e r a t i o n s  a t  t he  p l a n n i n g  and  a c t i o n  s t a g e s  do 

d i f f e r ,  t h e r e  is no p a r a d o x  o r  i n c o n s i s t e n c y .  

We s t a r t  in S e c t i o n  2 by  l ay ing  down  t h e  f u n d a m e n t a l  o b s e r v a t i o n s  t h a t  

u n d e r l i e  t h e  d r i v e r ' s  dec i s ion  p r o b l e m ,  and  t h e n  s h o w  in S e c t i o n  3 h o w  P&R's  

a n a l y s i s  v i o l a t e s  t h e s e  obse rva t ions . .  The  c o r r e c t  a n a l y s i s  is p r o v i d e d  in 

S e c t i o n  4 - -  w h e r e  we  f o r m a l l y  d e f i n e  t he  c o n c e p t  o f  a c t i o n - o p t i m a l i t y  - -  and 

in S e c t i o n  5. In S e c t i o n  6 we  s t u d y  a c t i o n - o p t i m a l i t y  in a s l i g h t l y  m o r e  

g e n e r a l  s e t u p  - -  w i t h  s o m e  i n t e r e s t i n g  and  u n e x p e c t e d  conc lu s ions .  We 

conc lude  w i t h  a d e t a i l e d  d i s c u s s i o n  o f  v a r i o u s  i s sue s  in S e c t i o n  V. 

2. F u n d a m e n t a l s  

At t h e  p l a n n i n g  s t a g e ,  t he  dec i s ion  p r o b l e m  is s t r a i g h t f o r w a r d .  In t he  

e x a m p l e ,  t h e  o p t i m a l  r a n d o m i z e d  dec i s ion  is "C0nTmUZ w i t h  p r o b a b i l i t y  2 / 3  and  

EXIT w i t h  p r o b a b i l i t y  1/3",  and  the  o p t i m a l  p u r e  dec i s ion  is "CONTINUU '3. We 

ca l l  t h e s e  t h e  p l a n n i n g - o p t i m a l  dec i s ions .  

At t h e  a c t i o n  s t a g e ,  t hough ,  even f o r m u l a t i n g  t he  dec i s ion  p r o b l e m  is no t  

s t r a i g h t f o r w a r d .  The  f o l l o w i n g  o b s e r v a t i o n s  a r e  e s s e n t i a l  f o r  a c o r r e c t  

a n a l y s i s  o f  t h e  dec i s ion  a t  t he  a c t i o n  s t a g e  4. 

• F i r s t ,  t he  d r i v e r  m a k e s  a dec i s ion  a t  e a c h  i n t e r s e c t i o n  

t h r o u g h  which  he p a s s e s .  M o r e o v e r ,  when  a t  one  

i n t e r s e c t i o n ,  he can  d e t e r m i n e  t h e  a c t i o n  o n l y  t h e r e ,  and  

n o t  a t  t h e  o t h e r  i n t e r s e c t i o n  - -  w h e r e  he i s n ' t .  

3 The  p r o b l e m  is: m a x i m i z e  0 . ( l - p )  + 4 . p ( 1 - p )  + 1 .p  2 o v e r  p, w h e r e  p is t he  
p r o b a b i l i t y  to  CONTINUE. 
4 One c a n  i m a g i n e  s c e n a r i o s  f o r  wh ich  t h e s e  o b s e r v a t i o n s  do no t  hold.  But  
such  s c e n a r i o s  do no t  c o r r e s p o n d  to  t he  p l a in  m e a n i n g  o f  t h e  w o r d s  used  to  
d e s c r i b e  t h e  s i t u a t i o n .  More i m p o r t a n t ,  w i t h  t h o s e  o t h e r  s c e n a r i o s  t he  
a n a l y s i s  a t  t h e  p l a n n i n g  s t a g e  a l so  changes ,  and  a g a i n  t h e r e  is no p a r a d o x .  
P&R h a v e  y e t  t o  adduce  an  e x p l i c i t  s c e n a r i o  t h a t  d o e s  d i s p l a y  a p a r a d o x .  See 
S e c t i o n  7(c) f o r  m o r e  on t h i s  i ssue .  
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• S e c o n d ,  s ince  he is in c o m p l e t e l y  i n d i s t i n g u i s h a b l e  

s i t u a t i o n s  a t  the  two  i n t e r s e c t i o n s ,  w h a t e v e r  r e a s o n i n g  

o b t a i n s  a t  one mus t  o b t a i n  a lso  a t  the  o t h e r ;  and,  he is 

a w a r e  o f  this .  

3. The P&R Analys i s  

Assume f i r s t ,  as  in P&R, t h a t  the  d r i v e r  is l imi ted  to  p u r e  s t r a t e g i e s .  

Cons ide r  t he  a c t i o n  s t age .  The d r i v e r  f i n d s  h i m s e l f  a t  an i n t e r s e c t i o n ;  he 

does  no t  know which.  P&R a r g u e  t h a t  X and Y a r e  equa l ly  l ikely - -  have  

p r o b a b i l i t y  1/2 each  - -  and thus  the  e x p e c t e d  p a y o f f  f r o m  EXIT is 0 " (1 /2 )  + 

4" (1 /2 )  = 2, wh ich  is b e t t e r  t h a n  the  p a y o f f  o f  1 f r o m  C0NTINUE. T h e r e f o r e  

the  d r i v e r  shou ld  EXIT. But w h e r e  do t he se  (1/2, 1/2) p r o b a b i l i t i e s  come 

f r o m ?  Clear ly ,  f r o m  the  a s s u m p t i o n  t h a t  t he  d r i v e r  c h o o s e s  CONTINUE. But i f  

he dec ides  to  EXIT, th i s  a s s u m p t i o n  makes  no sense:  the  p r o b a b i l i t i e s  c a n n o t  

be c o m p u t e d  as  i f  he had chosen  COnTInUE! P&R's  f a l l a c y  is t h a t  the  d r i v e r  

dec ides  t o  do some th ing ,  ba sed  on the  be l i e f  t h a t  he is do ing  s o m e t h i n g  else  

- -  a v i o l a t i o n  o f  the  second  o b s e r v a t i o n .  

Next ,  c o n s i d e r  the  case  w h e r e  r a n d o m i z a t i o n  is a l lowed.  

p a y o f f  a t  t he  a c t i o n  s t a g e  is 

The e x p e c t e d  

w h e r e  a is the  p r o b a b i l i t y  o f  be ing  c u r r e n t l y  a t  X, and p and q a r e  the  

r e s p e c t i v e  p r o b a b i l i t i e s  o f  CONTINUE a t  the  c u r r e n t  i n t e r s e c t i o n  and a t  t he  

"o the r "  i n t e r s e c t i o n .  P&R m a x i m i z e  H(p,p,0~) o v e r  p, ho ld ing  ~ f ixed .  Thus  

t h e y  t a k e  p and  q as  dec i s ion  v a r i a b l e s  to  be m a x i m i z e d  s i m u l t a n e o u s l y ,  

s u b j e c t  to  the  c o n s t r a i n t  q = p. This  makes  sense  only  i f  t he  d r i v e r  c o n t r o l s  

t he  p r o b a b i l i t i e s  a t  bo th  i n t e r s e c t i o n s  - -  a v io l a t i on  o f  the  f i r s t  

o b s e r v a t i o n .  But even if, by some mag ica l  p r o c e s s ,  t he  d r i v e r  c o u l d  c o n t r o l  

the  p r o b a b i l i t y  q a t  the  o t h e r  i n t e r s e c t i o n ,  s u r e l y  it  is u n j u s t i f i e d  to  t r e a t  

as  i f  i t  w e r e  independen t  o f  t h a t  p r o b a b i l i t y .  
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4. A c t i o n - O p t i m a l i t y  

How,  then ,  should t he  d r i v e r  r e a s o n  a t  t he  a c t i o n  s t a g e ?  L e t  us  spe l l  

ou t  in d e t a i l  t h e  i m p l i c a t i o n s  o f  t he  t w o  o b s e r v a t i o n s  in S e c t i o n  2: 

(i) The  o p t i m a l  dec i s ion  is t he  s a m e  a t  b o t h  i n t e r s e c t i o n s ;  ca l l  i t  p*. 

(ii) T h e r e f o r e ,  a t  e ach  i n t e r s e c t i o n ,  t h e  d r i v e r  b e l i e v e s  t h a t  p* is 

c h o s e n  a t  t h e  o t h e r  i n t e r s e c t i o n .  

(iii) At each  i n t e r s e c t i o n ,  t he  d r i v e r  o p t i m i z e s  his  dec i s ion  g iven  his  

b e l i e f s .  T h e r e f o r e ,  c h o o s i n g  p a t  t h e  c u r r e n t  i n t e r s e c t i o n  to  be  p* m u s t  be  

o p t i m a l  g iven  t h e  b e l i e f  t h a t  p* is chosen  a t  t he  o t h e r  i n t e r s e c t i o n .  

Given a b e h a v i o r  q a t  t he  o t h e r  i n t e r s e c t i o n ,  t h e  p r o b a b i l i t y  t h a t  t he  

c u r r e n t  i n t e r s e c t i o n  is X is s ~ = 1/(1+q). Thus  i f  we  s e t  h(p ,q)  := 

H(p ,q ,1 / ( l+q) ) ,  we  can  r e s t a t e  t he  f i n a l  i m p l i c a t i o n  (iii) as  f o l l o w s :  

p* is actlon-optimal i f  

t he  m a x i m u m  of  h(p ,p*)  o v e r  p is a t t a i n e d  a t  p = p*. 

Thus ,  p* is a f i x e d  po in t  s o f  t h e  ( s e t - v a l u e d )  m a p p i n g  q ) a r g  m a x  h(p ,q) .  
P 

Apply ing  t h i s  a n a l y s i s  to  t he  e x a m p l e ,  we  see  t h a t  t h e  p l a n n i n g - o p t i m a l  

dec i s i on  - -  CONTINUE w i t h  p r o b a b i l i t y  2 / 3  - -  is a l so  a c t i o n - o p t i m a l .  Indeed,  

i f  t h i s  is t h e  b e h a v i o r  a t  t he  o t h e r  i n t e r s e c t i o n ,  t h e n  t h e  p r o b a b i l i t y  t h a t  

t he  c u r r e n t  i n t e r s e c t i o n  is X is ~ = 3 /5 .  T h e r e f o r e  t h e  e x p e c t e d  p a y o f f  f r o m  

c h o o s i n g  CONTINUE a t  t h e  c u r r e n t  i n t e r s e c t i o n  w i t h  p r o b a b i l i t y  p is h ( p , 2 / 3 )  = 

( 3 / 5 ) - [ 0 . ( 1 - p )  + 4 . p . ( 1 / 3 )  + 1 . p - ( 2 / 3 ) 1  + ( 2 / 5 ) . [ 4 . ( 1 - p )  + l - p ] ,  wh ich  equa l s  

8 / 5  ( f o r  a l l  p).  So p = 2 / 3  m a x i m i z e s  it; t h u s  p* = 2 / 3  is a c t i o n - o p t i m a l .  

s F o r  a d e r i v a t i o n  o f  t h i s  p r o b a b i l i t y ,  see  t he  Appendix .  I n f o r m a l l y ,  s ince  
t h e  d r i v e r  a l w a y s  g o e s  t h r o u g h  X, bu t  only  a p r o p o r t i o n  q o f  t he  t i m e  t h r o u g h  
Y, t h e  r a t i o  o f  t h e  p r o b a b i l i t i e s  is 1 to  q, t h u s  t h e y  a r e  1/( l+q)  and  
q / ( l + q ) ,  r e s p e c t i v e l y .  T h e s e  a r e  t he  " c o n s i s t e n t  b e l i e f s "  o f  P&R; in t he  
Append ix  we  s h o w  t h a t  t h e s e  a r e  t h e  only  p o s s i b l e  p r o b a b i l i t i e s .  
s To r e s t a t e  t h i s  f o r m a l l y  in f a m i l i a r  g a m e - t h e o r e t i c  t e r m s ,  (p*,p*)  is a 
s y m m e t r i c  Nash  e q u i l i b r i u m  in t he  ( s y m m e t r i c )  g a m e  b e t w e e n  " the  d r i v e r  a t  t he  
c u r r e n t  i n t e r s e c t i o n "  and  " the  d r i v e r  a t  t he  o t h e r  i n t e r s e c t i o n " .  
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So t h e r e  is no p a r a d o x :  

a c t i o n - o p t i m a l .  

t he  p l a n n i n g - o p t i m a l  cho i ce  o f  2 / 3  is a l so  

M o r e o v e r ,  p* = 2 / 3  is t he  unique a c t i o n - o p t i m a l  dec i s ion .  Indeed ,  

1[ 
h(p,q) = l+q O-(l-p) + 4"p (1 -q )  + 1-pq]  + 

( 4 - 6 q ) - p  + 4q 
l+q 

q [ 4 . ( l - p )  + 1 .p ]  

Given  q, t h e  m a x i m i z i n g  p is t h e r e f o r e  0 f o r  q > 2 / 3 ,  1 f o r  q < 2 / 3 ,  and  

a n y t h i n g  f o r  q = 2 /3 .  Thus  t h e  only  f i x e d  p o i n t  is p* = 2 / 3 .  

The  n o t i o n  o f  a c t i o n - o p t i m a l i t y  d e f i n e d  h e r e  is m a t h e m a t i c a l l y  i d e n t i c a l  

t o  t h e  " m o d i f i e d  m u l t i - s e l v e s  a p p r o a c h "  d e s c r i b e d  n e a r  t h e  end  ( S e c t i o n  7) o f  

P&R. But  u n l i k e  P&R, we  c o n s i d e r  t h i s  n o t i o n  to  be  the n a t u r a l  and  c o r r e c t  

f o r m u l a t i o n  o f  t h e  d r i v e r ' s  dec i s ion  p r o b l e m  a t  t h e  a c t i o n  s t a g e .  See  S e c t i o n  

7 b e l o w  f o r  f u r t h e r  d i s cus s ion .  

5. T h e  P u r e  C a s e  

P&R p r o b a b l y  a g r e e  t h a t  t he  p u r e  c a s e  is no t  p a r t i c u l a r l y  i n t e r e s t i n g .  

Be t h a t  a s  i t  may ,  i t  t u r n s  ou t  t h a t  in t h a t  c a s e  t h e r e  is no a c t i o n - o p t i m a l  

dec i s ion .  I f  t h e  d e c i s i o n  w e r e  to  EXIT, then ,  g iven  t h a t  EXIT is c h o s e n  a t  

t h e  o t h e r  i n t e r s e c t i o n ,  i t  is b e t t e r  to  CONTINUE a t  t h e  c u r r e n t  i n t e r s e c t i o n  

( indeed,  t h e  c u r r e n t  i n t e r s e c t i o n  c a n n o t  be  Y - -  s ince  t h a t  h a p p e n s  on ly  i f  

CONTINUE w a s  c h o s e n  a t  t he  o t h e r  i n t e r s e c t i o n ;  bu t  t h e n  CONTINUE n o w  l eads  to  

a h i g h e r  p a y o f f  t h a n  EXIT). S i m i l a r l y ,  i f  t he  dec i s i on  w e r e  to  CONTINUE, t h e n  

i t  is b e t t e r  t o  EXIT now.  ( F o r m a l l y ,  t h e  m a x i m u m  o f  h(p,1) is a t t a i n e d  a t  p = 

0, and  t h a t  o f  h (p ,0 )  a t  p = 1.) 

Even t h o u g h  t h i s  is a o n e - p e r s o n  dec i s ion  p r o b l e m ,  t h e  f a c t  t h a t ,  f r o m  

t h e  v i e w p o i n t  o f  t he  a c t i o n  s t a g e ,  t h e r e  a r e  t w o  i n d e p e n d e n t  d e c i s i o n s ,  m a k e s  

r a n d o m i z e d  b e h a v i o r  n e c e s s a r y .  So how shou ld  t h e  d r i v e r  b e h a v e  a t  t he  a c t i o n  
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s tage?  There  is no c lear  answer .  How does one play "Matching Pennies" when 

l imited to  pure  s t r a t e g i e s ?  

6. A More Chal lenging Example  

In Sect ion  4, we saw tha t ,  in the  spec i f ic  example  of  PAR, randomized  

a c t i o n - o p t i m a l i t y  and p lann ing-op t imal i ty  coincide. In genera l ,  any planning-  

opt imal  randomized  decision is also ac t ion -op t ima l  - -  see Propos i t ion  3 of  PAR 

(and also the  end of  the Appendix below). However,  t he r e  may be addi t ional  

ac t i on -op t ima l  choices.  For  ins tance  - -  see Figure  2 - -  change the  p a y o f f s  to  

be 1 a t  A, 0 a t  B and 2 at  C. The unique p lanning-opt imal  choice is CONTINUE, 

*=~=I, i.e. ~ = 1. There  are ,  however,  t h r ee  ac t ion -op t ima l  decisions:  Pl 

p~ = 0 and p ;  = 1/4 (e.g.,  to  see t ha t  p~ = 0 is ac t ion -op t ima l ,  note  t ha t  if  

the  decision at  the  o the r  in t e r sec t ion  is EXIT, then it  is indeed opt imal  to 

EXIT now too).  

The quest ion now arises:  How do the p a y o f f s  of  the var ious  ac t ion -  

opt imal  decis ions compare?  Of course,  when computed a t  START, those  t ha t  a re  

also p lanning-opt imal  yield the maximal  payof f .  But this  need not  be so f o r  

the  p a y o f f  computed f r o m  the  viewpoint  of  the  cur ren t  i n t e r sec t ion ,  i.e. 

h(p*,p*). Such an example r equ i r e s  t h r ee  in te r sec t ions ;  take  the  p a y o f f s  to  

be 7 a t  the f i r s t  EXIT, 0 a t  the second EXIT, 22 a t  the  t h i rd  EXIT, and 2 if  

a lways C0NTmUE (see Figure 3). It may be checked that :  

(i) The unique p lanning-opt imal  decision is ~ = 0 (with a p a y o f f  of  7). 

(ii) There  a re  t h r ee  ac t ion -op t ima l  decisions,  namely p~ = ~ = 0, 

p~ = 7/30 and p; = 1/2. 

( i i i )  The e x - a n t e  expec ted  p a y o f f s  f o r  p~, p~ and p ;  are, respec t ive ly ,  

7, 8519/1350 ~ 6.31 and 6.5. 

(iv) The e x - p o s t  expec ted  p a y o f f s  h(p*,p*) f o r  p~, p~ and p~ are ,  

respec t ive ly ,  7, 7378/1159 ~ 6.37 and 50 /7  ~ 7.14; thus h(p~,p~) is l a rge r  

than  h(p~,p~) -= h(~,~). 

The r e a d e r  may ask, since the  choice is among t h r e e  poss ib i l i t ies  

yielding 7, -~6.37 or  27.14, why doesn ' t  the  d r ive r  choose the  ac t ion  with the 

highest  yield, namely p ; ?  The answer ,  of  course ,  is t ha t  a t  the ac t ion  s tage,  
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t h e  d r i v e r  cannot  choose  among  p~, p~ and p~. His b e l i e f s  t h e r e  a r e  no t  u n d e r  

his  c o n t r o l ;  he c a n n o t  choose  w h a t  to  bel ieve .  Ac t ion  o p t i m a l i t y  is a 

c o n d i t i o n  f o r  c o n s i s t e n c y  o f  b e l i e f s  and r a t i o n a l  behav io r .  I f  t he  p l a y e r  is 

to  be c o n s i s t e n t  a t  t he  a c t i o n  s t age ,  he m u s t  be l i eve  in one  o f  t h e  t h r e e  

p o s s i b i l i t i e s  p~, p~, p~; bu t  which  one is no t  up to  him a t  t h a t  s t ag e .  

We have  a l r e a d y  p o i n t e d  to  the  s i m i l a r i t y  b e t w e e n  a c t i o n  o p t i m a l i t y  and 

* is much  like ch o o s in g  b e t w e e n  g ame  g a m e  equ i l i b r i a .  Choos ing  be tw een  t h e  Pi 

e qu i l i b r i a ,  wh ich  is s o m e t h i n g  t h a t  t he  indiv idual  p l a y e r  in a g am e  c a n n o t  do 

- -  i t  mus t  be done  by an ou t s i d e  f o r c e  (l ike a c u s t o m  o r  a no rm) ,  o r  by all  

t h e  p l a y e r s  s o m e h o w  c o o r d i n a t i n g  t h e i r  ac t i ons .  

In o u r  case ,  t h e r e  is on ly  one p l ay e r ,  who a c t s  a t  d i f f e r e n t  t imes .  

Because  o f  his  a b s e n t - m i n d e d n e s s ,  c o o r d i n a t i o n  can  t a k e  p l ace  on ly  b e f o r e  he 

- -  * If  s t a r t s  ou t  a t  t he  p l ann ing  s t age .  At t h a t  po in t ,  he  shou ld  ch o o se  P l '  

indeed  he chose  p~, t h e n  t h e r e  is no p rob lem.  I f  by m i s t a k e  he ch o se  p~ o r  

p~, t h e n  t h a t  is w h a t  he should  do a t  t h e  a c t i o n  s t age .  I f  he chose  s o m e t h i n g  

e lse ,  o r  n o t h i n g  a t  all ,  t h e n  a t  t h e  a c t i o n  s t ag e ,  he wil l  have  some h a r d  

th ink ing  to  do; the  r e s u l t  shou ld  be one o f  t h e  p?. 
1 

Once hav ing  c o o r d i n a t e d  on p~, t h e r e  is no incen t ive  f o r  the  d r i v e r  to  

c hoose  p~ a t  t he  a c t i o n  s t age .  N e v e r t h e l e s s ,  one  m ay  ask  w h e t h e r  a t  t h a t  

s t a g e  he wil l  be s o r r y  t h a t  he did no t  c o o r d i n a t e  on p~ r a t h e r  t h a n  on PI" 

A f t e r  all ,  i f  he had,  his  e x p e c t a t i o n  now would  be .~7.14, which  is g r e a t e r  

t h a n  t he  7 he now e x p e c t s !  If  t he  a n s w e r  is "yes",  we have  a c o n c e p t u a l  

puzz le ;  why  shou ld  t he  d r i v e r  g e t  h i m s e l f  in to  a s i t u a t i o n  w h e r e  a t  START, he 

is s u r e  t h a t  he wil l  be s o r r y  a t  e v e r y  i n t e r s e c t i o n  he r e a c h e s ?  Why not  avoid  

* in the  f i r s t  p l ace?  the  s o r r o w  by c o o r d i n a t i n g  on P3 

But  t he  a n s w e r  is "no"; he should  no t  be s o r r y .  Having ch o sen  p~, he 

knows  he  m u s t  be a t  X when  f i n d in g  h i m s e l f  a t  an i n t e r s e c t i o n .  Being a t  X is 

l ike be ing  a t  START - -  i .e . ,  a t  t h e  p lann ing  s t a g e  - -  and t h e n  t h e  b e s t  cho ice  

is Pi* and  o n l y  Pl'* So when  r e a c h i n g  an i n t e r s e c t i o n  a f t e r  hav ing  ch o sen  Pl'* 

t he  d r i v e r  is NOT s o r r y  t h a t  he indeed  chose  p~ r a t h e r  t h a n  p~. 
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Why, then,  is the  d r i v e r ' s  expec t a t i on  a t  an i n t e r s ec t i on  neve r the le s s  

l a r g e r  f o r  p~ than  f o r  p~? The r ea son  is only because  a t  an in t e r sec t ion ,  his 

be l ie f  as to  where  he is if  he chose p~ d i f f e r s  f r o m  his be l ie f  when he chose 

p~. Having chosen p~, he knows he must  be a t  X. I f  he had chosen p~, he 

would have a t t r i b u t e d  p robab i l i t i e s  4 /7 ,  2 /7  and 1/V to being a t  X, Y and Z. 

He "p re f e r s "  the  l a t t e r  d i s t r ibu t ion ,  because i t  gives him a chance of  a l ready  

having passed the  "dangerous" i n t e r sec t i on  Y, and a b e t t e r  shot  a t  the  high 

p a y o f f  of  22. But as we said above, one cannot  choose one ' s  be l iefs ,  and i t  

makes l i t t l e  sense to  discuss "p re fe rences"  be tween  them. Speci f ica l ly ,  since 

he does know t h a t  he is a t  X, i t  would be si l ly f o r  him to say, "I wish I had 

chosen the  o the r  plan, because  then  in my ignorance  I would have been deluded 

into expec t ing  a h igher  p a y o f f  than  now". 

To c l a r i f y  th is  point ,  cons ider  the  example  in Figure  4. The car  is 

au toma t i c  and ex i t s  wi th  p robab i l i ty  1/2 a t  each in te r sec t ion .  The decision 

maker  is a passenger ,  who sleeps during most  of  the  t r ip .  At START, he is 

given the  opt ion  to  be woken e i the r  a t  both  in te r sec t ions ,  o r  only a t  X. In 

the  f i r s t  opt ion  he is absent -minded:  when waking up, he does not  know a t  

which i n t e r s ec t i on  he is. We r e f e r  to  the  second opt ion  as "c l ea r -  

headedness".  

Like in the  previous  discussion,  the  ques t ion a t  X is no t  ope ra t ive  - -  

wha t  to  do - -  but  only whe the r  i t  makes sense to  be "sor ry" .  I f  he chose 

c l ea r -headedness ,  his expec t a t i on  upon reach ing  X is 1/4. If  he had chosen 

absent -mindedness ,  then  when reaching  X he would have a t t r i b u t e d  p robab i l i t y  

2 /3  to  being a t  X and 1/3 to  being a t  Y. T h e r e f o r e  his expec ted  p a y o f f  a t  

t ha t  point  would have been 2 / 3 - 1 / 4  + 1 / 3 . 1 / 2  = 1/3, which is l a r g e r  than  1/4. 

Is he t h e r e f o r e  s o r r y  t h a t  he chose to  be c l ea r -headed?  Clear ly  th is  would be 

absurd,  as the  p a y o f f s  do not  depend on his choice. 

To make th is  even more  s t r ik ing,  assume t h a t  when he is not  absen t -  

minded, the  p robab i l i ty  to  CONTINUE is increased  to  4 /7  (Figure 5). Then ex -  

an te  the  c l e a r - headed  opt ion is ac tua l ly  p r e f e r r e d  to  the  absen t -minded  opt ion 

- -  i t  yields 16/49 r a t h e r  than  1/4. But, upon reach ing  X, the  c l e a r - h e a d e d  

opt ion s t i l l  yields 16/49, whereas  the  absen t -minded  opt ion  yields 1/3 (as 

above),  which is b igger  than  16/49. Surely,  i t  would be absurd  f o r  the  
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dec i s ion  m a k e r  to  wish  he w e r e  a b s e n t - m i n d e d  - -  it would  be s t i c k i n g  his  head  

in the  sand! 

7. D i s c u s s i o n  

(a) Decision points.  P&R's  m i s t a k e  is in the  w a y  t h e y  i n t e r p r e t  

i n f o r m a t i o n  se ts .  Recal l  t h a t  the  ex t ens ive  f o r m  d e s c r i b e s  the  w a y  a g a m e  is 

played.  The p lay  p r o c e e d s  f r o m  one node  to  the  nex t ,  as  each  p l a y e r  is ca l led  

upon to  make  a cho ice  w h e n e v e r  a dec i s ion  node o f  his  is r e a c h e d .  Of cou r se ,  

when  asked  to  make  a choice ,  he p o s s e s s e s  c e r t a i n  i n f o r m a t i o n .  This  is 

a c c u r a t e l y  d e s c r i b e d  by i n f o r m a t i o n  se ts :  two  dec i s ion  nodes  w h e r e  a p l a y e r ' s  

i n f o r m a t i o n  is the  same  be long  to  the  same  i n f o r m a t i o n  set .  But, dec i s ions  

a r e  made  a t  nodes, not a t  i n f o r m a t i o n  s e t s  (cf.  the  f i r s t  o b s e r v a t i o n  o f  

Sec t i on  2). 

In g a m e s  wi th  p e r f e c t  r eca l l ,  a g iven  i n f o r m a t i o n  se t  can  be r e a c h e d  only 

once  - -  a t  a s ingle  node - -  in any  one p lay  o f  the  game.  T h e r e f o r e ,  t h e r e  is 

no h a r m  in i d e n t i f y i n g  dec i s ion  po in t s  w i th  i n f o r m a t i o n  s e t s  in such  games ,  

t h o u g h  even t h e r e  the  dec i s ion  po in t  is b a s i c a l l y  a node.  But in g a m e s  w i t h  

a b s e n t - m i n d e d n e s s ,  when  an i n f o r m a t i o n  se t  may  be v i s i t ed  m o r e  t h a n  once,  it 

is s imply  i n c o r r e c t  to  i d e n t i f y  dec i s ion  po in t s  w i t h  i n f o r m a t i o n  se ts .  

(b) Control. In t h e i r  Sec t ion  7, P&R d i scuss  w h a t  t h e y  cal l  t he  

"mod i f i ed  m u l t i - s e l v e s  a p p r o a c h " ,  which  is the  same  as  ou r  n o t i o n  o f  a c t i o n -  

o p t i m a l i t y .  They  w r i t e  t h a t  th i s  a p p r o a c h  "assumes t h a t  a dec i s ion  m a k e r  upon 

r e a c h i n g  an i n f o r m a t i o n  se t  t a k e s  his a c t i o n s  to  be i m m u t a b l e  a t  f u t u r e  

o c c u r r e n c e s  o f  t h a t  i n f o r m a t i o n  se t  ... At the  o t h e r  e x t r e m e  one f i nds  the  

o p p o s i t e  ax iom,  f o r  wh ich  only  one se l f  r e s i d e s  in the  i n f o r m a t i o n  se t  and  

e x p e c t s  t h a t ,  w e r e  the  i n f o r m a t i o n  se t  to  o c c u r  aga in ,  he wou ld  a d o p t  

w h i c h e v e r  b e h a v i o r  ru le  he a d o p t s  now."  (P&R, page  21; t h e i r  i ta l ics}.  

P&R's  "oppos i t e  e x t r e m e s "  a r e  in f a c t  iden t ica l .  The key e l emen t  is 

control.  At the  a c t i o n  s t a g e  - -  once  the  d r i v e r  r e a c h e s  an i n t e r s e c t i o n  - -  

t h e r e  is no w a y  t h a t  he can  c o n t r o l  o r  even a f f e c t  w h a t  he does  a t  t he  o t h e r  

i n t e r s e c t i o n .  So f r o m  his v iewpoin t ,  he re  and now, his f u t u r e  a c t i o n  r e a l l y  
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is  " i m m u t a b l e " .  But  t h a t  does  no t  c o n t r a d i c t  P&R' s  " o p p o s i t e  a x i o m " .  At each  

i n t e r s e c t i o n ,  t he  d r i v e r  indeed  " e x p e c t s "  t h a t  he wil l  do t h e  s a m e  a t  t he  

o t h e r  i n t e r s e c t i o n .  He e x p e c t s  it ,  and  m a x i m i z e s  g iven  t h a t  e x p e c t a t i o n ,  and  

t h e  m a x i m i z i n g  b e h a v i o r  t u r n s  out  t h e  s a m e  as  the  e x p e c t a t i o n ;  t h a t  is 

p r e c i s e l y  a c t i o n - o p t i m a l i t y .  But  e x p e c t l n g  is no t  de termin lng .  He c a n n o t ,  in 

f a c t ,  d e t e r m i n e  i t  - -  he c a n n o t  contro l  w h a t  h a p p e n s  a t  t h e  o t h e r  

i n t e r s e c t i o n .  

While P&R's  " o p p o s i t e  a x i o m "  is c o r r e c t  as  w r i t t e n ,  t h e i r  f o r m a l i z a t i o n  

o f  i t  is not .  Th i s  f o r m a l i z a t i o n ,  which  l eads  to  "EXIT w i t h  p r o b a b i l i t y  5/9", 

is b a s e d  on t h e  i n c o r r e c t  a s s u m p t i o n  t h a t  a t  t he  f i r s t  i n t e r s e c t i o n  X the  

d r i v e r  can  contro l  w h a t  he does  a t  the  second  i n t e r s e c t i o n  Y. 

(c )  Cons i s t en t  ana lys i s .  Conce ivab ly ,  P&R cou ld  c h a l l e n g e  the  f i r s t  

o b s e r v a t i o n  in S e c t i o n  2 - -  t h a t  a t  t h e  a c t i o n  s t a g e ,  t h e  d r i v e r  can  c o n t r o l  

on ly  w h a t  he does  a t  t he  c u r r e n t  i n t e r s e c t i o n .  P e r h a p s ,  a f t e r  al l ,  by s o m e  

u n s p e c i f i e d  p s y c h i c  p r o c e s s ,  he can c o n t r o l  a l so  w h a t  he  does  a t  a s u b s e q u e n t  

i n t e r s e c t i o n .  But  in t h a t  ca se ,  he wil l  have  e x e r c i s e d  t h i s  c o n t r o l  a l r e a d y  

a t  t he  f i r s t  i n t e r s e c t i o n ,  and  a n y t h i n g  t h a t  he m a y  th ink  he is do ing  a t  the  

s e c o n d  i n t e r s e c t i o n  h a s  no r e a l  e f f e c t .  Th i s  m a k e s  t h e  a n a l y s e s  a t  t he  a c t i o n  

and  p l a n n i n g  s t a g e s  iden t i ca l ,  and  t h e n  s u r e l y  t h e r e  is no p a r a d o x .  

A n o t h e r  p o s s i b i l i t y  is t h a t  t he  m y s t e r i o u s  p s y c h i c  p r o c e s s  a f f e c t s  t h e  

dec i s i on  a t  t he  s u b s e q u e n t  i n t e r s e c t i o n  - -  s a y  w i t h  s o m e  p r o b a b i l i t y  - -  bu t  

does  no t  f u l l y  de t e rmine  it .  To a n a l y z e  t h i s  p o s s i b i l i t y  one  wou ld  have  to  

spe l l  ou t  j u s t  how t h i s  e f f e c t  w o r k s ,  and  t a k e  i t  in to  a c c o u n t  in t he  p l a n n i n g  

s t a g e .  P&R have  no t  done  th i s .  

One cou ld  a l so  c o n s i d e r  a mode l  in wh ich  t h e  d r i v e r  g e t s  a t  m o s t  one  

c h a n c e  to  c h a n g e  h is  p l a n  - -  a t  t he  f i r s t  o r  s e c o n d  i n t e r s e c t i o n ,  bu t  no t  

bo th .  In t h a t  ca se ,  too ,  he shou ld  t a k e  t h i s  in to  a c c o u n t  in t h e  p l a n n i n g  

s t a g e ,  and  aga in ,  no p a r a d o x  r e s u l t s .  

In b r i e f :  One m a y  c o n s i d e r  v a r i o u s  d i f f e r e n t  s c e n a r i o s .  W h a t e v e r  i t s  

s p e c i f i c a t i o n s  a r e ,  t h e  p r e c i s e  s c e n a r i o  m u s t  be  t a k e n  in to  a c c o u n t  a t  t h e  

p l a n n i n g  a s  wel l  as  t he  a c t i o n  s t a g e .  The  a n a l y s e s  a t  t h e  a c t i o n  and  p l ann ing  
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s t a g e s  m u s t  be c o n s i s t e n t  - -  t hey  mus t  a n a l y z e  the  same  s c e n a r i o .  

d o n ' t ;  o u r s  do. 

P&R's  

(d) Tyfng knots. There  is one p a r t i c u l a r  s c e n a r i o  t h a t  d e s e r v e s  f u r t h e r  

a t t e n t i o n .  Assume t h a t  the  d r i v e r  has  a h a n d k e r c h i e f  in his pocke t .  Whenever  

he goes  t h r o u g h  an i n t e r s e c t i o n ,  he t i e s  a kno t  in the  h a n d k e r c h i e f ,  i f  t h e r e  

w a s  no knot ;  o r  he un t i e s  the  knot ,  if  t h e r e  was  one. At the  beg inn ing  

( i .e . ,  a t  START), i t  is equa l ly  p r o b a b l e  t h a t  t he  h a n d k e r c h i e f  had  o r  did no t  

have  a knot .  The d r i v e r  - -  a b s e n t - m i n d e d  as  he is - -  does  no t  r e m e m b e r  wh ich  

w a s  the  case .  

Thus ,  a t  each  one o f  the  two  i n t e r s e c t i o n s ,  the  p r o b a b i l i t y  o f  hav ing  a 

kno t  in the  h a n d k e r c h i e f  is 1/2. T h e r e f o r e  the  d r i v e r  does  no t  l e a rn  a n y t h i n g  

a b o u t  the  i n t e r s e c t i o n  f r o m  the  f a c t  t h a t  t h e r e  is o r  i s n ' t  a knot .  The 

c o n d i t i o n  t h a t  "he does  no t  know a t  which  i n t e r s e c t i o n  he c u r r e n t l y  is" is 

s a t i s f i e d .  

However ,  t he  h a n d k e r c h i e f  a l l ows  the  d r i v e r  to  use  t he  f o l l o w i n g  

s t r a t e g y :  "EXIT if  t h e r e  is a knot ,  C0NTmUE if  t h e r e  i sn ' t " .  This  is 

c l e a r l y  b e t t e r  t h a n  a n y t h i n g  he can  do w i t h o u t  the  h a n d k e r c h i e f  (it  y ie lds  a 

p a y o f f  o f  2). The h a n d k e r c h i e f  has  made  it  poss ib le  to  s e p a r a t e  b e t w e e n  the  

i n t e r s e c t i o n s ,  w i t h o u t  i d e n t i f y i n g  them.  I t  s e r v e s  as  an e x t e r n a l  c o r r e l a t i o n  

device.  Of cou r se ,  o t h e r  t h ings  could  be used  - -  like s u n s p o t s ,  po l i cemen ,  

and so on ( f o r  i n s t ance ,  a s s u m e  the  s ingle  p o l i c e m a n  in t o w n  c h o o s e s  a t  r a n d o m  

a t  wh ich  i n t e r s e c t i o n  to  be). 

In all t he se  cases ,  t he  d r i v e r  has  the  p o s s i b i l i t y  to  behave  d i f f e r e n t l y  

a t  t he  t w o  i n t e r s e c t i o n s .  But t hen  he should  t ake  th i s  in to  a c c o u n t  a t  t he  

p l ann ing  s t a g e  as  well  - -  and aga in  t h e r e  is no p a r a d o x  (see s u b s e c t i o n  (c) 

above) .  

8. Conclusion 

At the  a c t i o n  s t age ,  the  d r i v e r  m u s t  a s s u m e  t h a t  the  o t h e r  dec i s ion  is 

f i x e d  a t  t he  a c t i o n - o p t i m a l  value.  This  is c o n s i s t e n t  w i th  the  op t ima l  cho ice  
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a t  t he  p l a n n i n g  s t a g e .  Thus ,  t he  e x a m p l e  o f  t he  a b s e n t - m i n d e d  d r i v e r  d i s p l a y s  

no d y n a m i c  i n c o n s i s t e n c y .  Moreove r ,  one m u s t  be  c o n s i s t e n t  and  a n a l y z e  t h e  

s a m e  s c e n a r i o  a t  b o t h  s t a g e s  - -  p l a n n i n g  and  ac t i on .  

APPENDIX 

We p r o v i d e  h e r e  t he  p r e c i s e  d e r i v a t i o n  o f  t he  f u n c t i o n  h(p ,q)  o f  S e c t i o n  

4. Reca l l  t h a t  p and  q d e n o t e  t he  p r o b a b i l i t i e s  to  CONTINUE a t  t he  c u r r e n t  

and  a t  t h e  o t h e r  i n t e r s e c t i o n ,  r e s p e c t i v e l y ,  and  h(p ,q)  d e n o t e s  t he  r e s u l t i n g  

e x p e c t e d  p a y o f f  a t  t h e  c u r r e n t  i n t e r s e c t i o n .  F o r  now,  th ink  o f  p and  q a s  

f i x e d .  

De f i ne  t w o  r a n d o m  v a r i a b l e s ,  Z and  t .  Z is t he  e n d - n o d e  t h a t  is 

e v e n t u a l l y  r e a c h e d ,  and  t is  t h e  c u r r e n t  t ime .  Thus  Z t a k e s  t he  va lue s  A, B 

and  C; a s  f o r  t ,  we  a r e  on ly  i n t e r e s t e d  in t w o  va lues ,  s a y  t = 1, which  is 

t h e  t i m e  when  X is v i s i t ed ,  and  t = 2, wh ich  is t h e  t i m e  w h e n  Y is v i s i t e d  

( i f  CONTINUE is chos en  a t  X). 

F r o m  t h e  d e f i n i t i o n  o f  p and  q, we have:  

P ( Z  = A l t  = 1) = l - p ,  

P ( Z  = B i t  = 1) = p (1 -q ) ,  

P ( Z  = C l t  = 1) = pq, 

P ( Z  = A f t  = 2) = l - q ,  

P ( Z  = B i t  = 2) = q ( l - p ) ,  

P ( Z  = C lt = 2) = qp. 

In a d d i t i o n ,  i t  is equa l ly  p r o b a b l e  t h a t  t he  c u r r e n t  t i m e  t is 1 o r  2: 

P ( t  = I )  = PCt = 2) = 1/2.  
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O t h e r w i s e ,  t h e  t w o  d e c i s i o n  p o i n t s  w o u l d  n o t  be  i n d i s t i n g u i s h a b l e  7. Of  

c o u r s e ,  t h i s  is t r u e  w h e n  w e  c o n s i d e r  t h e  t o t a l  p r o b a b i l i t y ,  n o t  t h e  

c o n d i t i o n a l  p r o b a b i l i t i e s  g i v e n  one  e n d - n o d e  o r  a n o t h e r .  

P u t t i n g  i t  a l l  t o g e t h e r  y i e ld s :  

P ( Z  = A a n d  t = 1) = ( l - p ) / 2 ,  P ( Z  = A a n d  t = 2) = ( l - q ) / 2 ,  

P ( Z  = B a n d  t = 1) = p ( 1 - q ) / 2 ,  P ( Z  = B a n d  t = 2) = q ( 1 - p ) / 2 ,  

P ( Z  = C a n d  t = 1) = p q / 2 ,  P ( Z  = C a n d  t = 2) = q p / 2 .  

T h e  " c u r r e n t  i n t e r s e c t i o n "  N is d e f i n e d  a s  t h e  i n t e r s e c t i o n ,  i f  any ,  

v i s i t e d  a t  t h e  c u r r e n t  t i m e  t .  I f  t = 1, i t  is  n e c e s s a r i l y  X; i f  t = 2,  t h e n  

i t  is  Y i f  Z = B o r  Z = C, a n d  "none"  i f  Z = A (we  w r i t e  t h i s  a s  N = 0).  T h u s  

w e  o b t a i n  P (N  = X) = P ( t  = 1) = 1 /2 ;  P (N  = Y) = P ( t  = 2 a n d  Z ~ {B, C}) = 

q ( 1 - p ) / 2  + q p / 2  = q / 2 ;  a n d  P (N  = ~) = P ( t  = 2 a n d  Z = A) = ( l - q ) / 2 .  

T h e  e x p e c t e d  p a y o f f  h ( p , q )  a t  t h e  c u r r e n t  i n t e r s e c t i o n  c a n  t h u s  be  

w r i t t e n  a s  

h ( p , q )  = P (N  = X [ N  e {X, Y}) E ( u ( Z )  l N = X) + 

P (N  = Y [ N  E {X, Y}) E ( u ( Z ) [ N  = Y), 

w h e r e  u (Z)  is t h e  p a y o f f  a t  t h e  e n d - n o d e  Z. T h u s  

7 A m o r e  f o r m a l  a r g u m e n t  is a s  f o l l o w s :  D e n o t e  t h e  d r i v e r ' s  t w o  d e c i s i o n  
p o i n t s  by  I a n d  J (one  is  a t  X a n d  t h e  o t h e r  a t  Y - -  b u t  i t  is  n o t  k n o w n  w h i c h  
is  w h i c h ) .  In  e a c h  he  p o s s e s s e s  c e r t a i n  k n o w l e d g e  a n d  c e r t a i n  p r o b a b i l i t i e s .  
L e t  ~o be  t h e  p r o b a b i l i t y  P i ( I=X)  t h a t  he  a s c r i b e s  a t  I t o  t h e  e v e n t  t h a t  I is 

t h e  f i r s t  i n t e r s e c t i o n  ( i .e . ,  X). S i n c e  I a n d  J a r e  i n d i s t i n g u i s h a b l e ,  t h e  
p r o b a b i l i t y  P j ( J = X )  t h a t  he  a s c r i b e s  a t  J t o  J b e i n g  X, is a l s o  ~0. S i n c e  I=X 

a n d  J=X a r e  c o m p l e m e n t a r y  e v e n t s ,  i t  f o l l o w s  t h a t  P j ( I = X )  = 1-~0. S i n c e  w e  a r e  

t a l k i n g  a b o u t  one  a n d  t h e  s a m e  d r i v e r ,  w e  c a n  a s s u m e  t h a t  t h e  d r i v e r  a t  I a n d  
t h e  d r i v e r  a t  J h a v e  c o m m o n  p r i o r s ,  a n d  t h a t  P i ( I=X)  a n d  P j ( I = X )  a r e  c o m m o n l y  

k n o w n  b e t w e e n  t h e  d r i v e r  a t  I a n d  t h e  d r i v e r  a t  J. T h e r e f o r e  by  t h e  A g r e e m e n t  
T h e o r e m  ( A u m a n n ,  1976), w e  h a v e  ~o = P i ( I=X)  = P j ( I = X )  = 1-~0. So ~0 = 1/2 .  
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h(p,q) 
I/2 F I 

- /u(A)'(1-p) + u(B).p(1-q) + u(C) 'pql  + 
1/2 + q /2  L 

q /2  [u(B).(1-p) + u(C) .p] .  
1/2 + q /2  

Note t h a t  we have obtained tha t ,  given t h a t  one is cu r ren t ly  at  an 

in tersec t ion ,  the probabi l i ty  t ha t  i t  is X equals 1/(l+q), and t h a t  i t  is Y 

equals q/(l+q). These are  the "consis tent  beliefs" of  P&R (indeed, which is 

the cu r ren t  in te rsec t ion  depends on the behavior only a t  the o t h e r  

in tersec t ion ,  and not  a t  the cur ren t  one - -  where  nothing has been yet  done; 

t h e r e f o r e  these  probabi l i t ies  are  a funct ion  of  q and not  of  p). 

Next, let x and y denote the probabi l i t ies  to CONTINUE at  X and Y, 

respect ively.  The expected payo f f  (at START) is then 

f (x ,y)  := u(A).(1-x) + u(B).x(1-y) + u(C).xy.  

A behavior ~ is p lanning-opt imal  i f  i t  is a maximizer  of  f(p,p) over p. 

compare p lanning-opt imal i ty  wi th  ac t ion-opt imal i ty ,  note t h a t  

To 

1 1 1 1 f(q,p).  
h(p ,q) . (~  + ~) + u(A).( 2 - ~) = 2 f(P'q) + 

Let  g(p,q) denote this  expression; the r igh t -hand  side may be in te rp re ted  as 

the expected payof f ,  evaluated a t  START, of  choosing p a t  one in te rsec t ion  and 

q a t  the other ,  but wi thout  knowing which is which. Now p~ is ac t ion-op t imal  

if  i t  is a maximizer  of  h(p,p ~) over p, the second argument  being f ixed  a t  p~. 

Equivalently,  since h(p,p~), f o r  f ixed p~, is j u s t  a posit ive l inear  

t r a n s f o r m a t i o n  of  g(p,p~) (see above}, we have: p* is ac t ion-op t imal  i f  and 

only i f  p* is a maximizer  of  g(p,p*) = [f(p,pJ) + f(p~,p)] /2  over p. From 

this  i t  immediate ly  fol lows tha t  the  randomized planning-opt imal  decision ~ is 

ac t ion-opt imal .  Indeed, the f i r s t  order  necessary  condi t ions of  the two 

problems are  identical;  they  are  moreover  su f f i c i en t  f o r  ac t ion-op t imal i ty ,  

where  the func t ion  to be maximized is l inear  8. 

8 This a rgument  is general;  i t  proves Proposi t ion 3 of  P&R. 
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