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BELIEFS 

Abs trac t  

In existing models of decision under uncertainty where the decision maker  may have multiple beliefs 
(vague beliefs) the different beliefs are not distinguished by their degree of reliability. This paper  extends 
the model of vague beliefs in this direction: the decision maker  may have multiple beliefs, but  also has a 
complete order over them (a belief over his own beliefs, or higher order beliefs). 

We characterize the complete orders over acts which can be held by a decision maker  with higher 
order beliefs. S tandard  expected utility theory is a special case of the  representation we present. 

1 In troduct ion  

On June 18, 1815, at about  six thir ty  in the afternoon the French army was close to victory over the 
English army. If  you had asked Napoleone Bonapar te  an assessment of the probabil i ty of his final success, 
he would have probably answered along the following lines: 

"A lot depends, you know, on what  Grouchy and Bliicher a re  going to do." 
Emmanuel  Grouchy, mar~chal de France, had the task of pursuing the Prussian army; on the 18th, 

he was waiting for orders in the countryside near the present location of Louvain-la-Neuve, with thir ty 
thousand men. 

Gebhard  Leberecht von Bliicher was the Prussian general, located north-west of Grouchy, with more 
than  one hundred thousand men. He was not waiting. Both could have joined the bat t le  tha t  was taking 
place between Mont-Saint-Jean and Waterloo. 

"So there are as you see -l'empereur would continue- four possible scenarios: Grouchy joins the battle, 
and B1/icher does not; Bliicher does and Grouchy does not, and so on. In the first case I think we shall 
win almost  surely; in the second I admit  it is going to be hard: five to one is a lost batt le.  In the third 
scenario.. 2 

*Long discussions with Elchanan Ben Porath have given the start to the project. This research begun while the 
author was v!siting the Department of Economics at Tel Aviv University, July '91 ("Summer in Tel Aviv 1991") 
and was completed while he was visiting CORE (UCL) during the fall of '91. To both institutions I am grateful 
for hospitality and support. 
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and so on: four different first order beliefs. If you had then persisted, and asked Napoleone his 
assessment of the relative probabilities of the four scenarios he had just  mentioned, he would have 
revealed to you what we call in this paper  his higher order probabilities. Together with the belief tha t  
Napoleone had on the possible outcomes in the different scenarios, they give a complete description of 
his probabilistic assessment over the outcome space (win, lose). 

The purpose of this paper  is to provide a theory of decision making under uncertainty and beliefs over 
beliefs without assuming tha t  the expected utilities under different beliefs are weighted linearly, as they 
are not, for example, by the people whose behavior is described in the Ellsberg paradox. 

We refer the reader to e.g. Karni and Schmeidler [1989] for a discussion of the relevant literature, and 

move on to the analysis. 

2 Pre l iminaries  

Notation and formal s tructure are fairly standard. S denotes the state space. We always assume tha t  S 
is a topological space. More specifically: 

A s s u m p t i o n  1. S is compact and Hausdorff. 

and is endowed with the Borel a-algebra 13(S). The assumption of a topological s tructure on the 
state space may be unusual, but  we are ready to defend it. The most  natural  way of modelling the state 
space seems to be to formulate it as the set of valuations over the propositions tha t  the decision maker 
can formulate in his language. This space, in a proper formulation, satisfies the condition A1; indeed 
it satisfies the stronger condition A I '  below. This reason is, of course, further strenghthened by the 
technical advantages tha t  the topological s tructure gives. 

For reasons tha t  will be  discussed later, we sometimes consider s tate  spaces which satisfy the stronger 
assumption: 

Assumpt ion  1L S is compact and metric. 

The space of consequences we consider is simplified. In this we follow Bewley [1986]; in particular the 
utility is linear in rewards or payoffs. Formally, acts are functions from states to consequences (which are 
rewards or payoffs); the set of acts is denoted by F _-- { f  : S --~ ~} .  For an act f E F and a s tate  s E S, 
f(s) is the reward or utility in state s. 

In this paper  we shall consider special subspaces of the space of acts, namely C(S) ,  the continuous 
functions, and B(S, B(S)), the space of bounded measurable real valued functions on (S, B(S)). We recall 
below definition and basic properties of the space B(S). In both spaces for x E /R  we denote the constant 
function equal to x over X by lx .  

To the reader who finds the case of continuous acts of no interest we emphasize that  all the results 
discussed in the following extend to the case of measurable acts. This point is discussed in detail later. 
The only substantial  price to pay is tha t  the beliefs of the decision maker, when F = B(S, B(S)), are 
finitely additive measures, as they are in Savage [1952]. 
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For the Borel a-field B(S) we define simple functions as the finite linear combination with real coeffi- 
cients of characteristic functions of sets in B(S). The space B(S, I3(S)) is then the uniform limit of simple 
functions; it is a Banach space with norm IIfll = suplf(s) l .  Since there is no ambiguity, we shall shorten 

sEs 
the notat ion to B(S) .  The dual of B(S)  is bfa(S),  the space of bounded finitely additive set functions. 

The case F = B(S)  can either be t reated separately or reduced to the case in which acts are continuous 
functions by a well known technique based on Stone's Representation Theorem. We follow this second 
way here to preserve homogeneity of the presentation. In this way in fact the analysis of F = B(S)  is 
reduced to the case F = C(S) with the only technical complication tha t  the space S cannot be assumed 
to be metric. 

The representation theorem we use is: 

T h e o r e m  2.1. (Dunford and Schwartz, [1957], IV.6.18 and 19). There exists a compact Hausdorff 
space $1 and an isometric algebraic isomorphism U between the algebras C(S1) and B(S, I3(S) ). U maps 
positive functions into positive functions. Also there exists a one to one embedding o r s  as a dense subset 
of $1, such that each f in B(S ,B(S) )  has a unique continuous extension f l  to $1, and f l  = U(f) .  

This theorem allows us to identify acts which are Borel measurable functions on S as continuous 
functions on a different (larger, in the sense of the theorem) space, and correspondingly to identify the 
finitely additive measures on S with the countably additive measures on $1. An additional step in the 
analysis would be to provide conditions which insure the beliefs over S itself to be a-addi t ive measures. 
This is not pursued in this paper.  

When S is metric, we consider the space of regular, countably additive probabil i ty measures over 
(S, B(S)),  denoted by ~ (S) .  

I t  is always assumed to be endowed with the weak* topology. As such it is itself a compact  metric 
space, and (P(S) ,  B(7~(S))) has a set of regular, countably additive probabili ty measures defined on it. 
We denote this set by 'P( 'P(S)).  

In the more general case of $1 compact  Hausdorff we have tha t  P(S1),  the set of probabil i ty measures, 
is a compact  subset of rca(S1), the space of regular countably additive measures on $1, again endowed 
with the weak* topology. We remark that  79('P($1)) is a non empty  compact  Hausdorff set, but  non 
necessarily metric (see e.g. Heyer, [1977]). 

With  these preliminaries out of the way, we can now go back to our decision maker. He is assumed 
to hold a preference relationship over F which is assumed to be complete and transitive, and is denoted 
by ~.  We furthermore assume tha t  this preference relation can be represented by a real valued function 
v. Formally: 

A s s u m p t i o n  2. There exists a real valued function v : F ~ Jt~ such that for any x, y E F x ~_ y if and 
only if v(x) > v(y). 
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The space of acts is in bo th  cases F = C(S)  or B(S )  a vector lattice with the order given by the pointwise 
inequality. We write, for x, y E F,  x > y if and only if x(s)  _> y(s) for every s E S. 

As in Bewley [1986: assumption 1.2] we assume tha t  more utility is better,  tha t  is: 

A s s u m p t i o n  3. x > y implies x ~ y, 

or equivalently: 

A s s u m p t i o n  3 ' .  v is an increasing function. 

We shall require a regularity condition on v. Stronger conditions will be considered later, but  a stand- 
ing assumption is the following: 

A s s u m p t i o n  4. v is a locally Lipschitz function. 

A function v is said to be locally Lipschitz at x E F if there exists a neighborhood U of x such tha t  
v is Lipschitz on U. 

In the spirit of revealed preference analysis we now ask if a given ("revealed") preference order of a 
decision maker, as summarized by a function v, can be rationalized as thfe set of preferences induced by 
higher order beliefs. Formally, we say tha t  the order ~ has a higher order belief representation given by 
a pair (V, p) if the following condition is satisfied. 

x ~_ y if and only i f f p ( s  ) V(#(x) )dp(#)  > fT~(s) V(#(y) )dp(#) .  (2.1) 

for a pair V : ~ --* 1R, and p E "P('P(S)). Here #(x) denotes the integral of the function x with respect 
to the measure #. From the definition of v we have tha t  the function v must  satisfy 

v(x) = f V(~(x))dp(iz) .  (2.2) 
J~ (s) 

This is in fact the representation tha t  we shall consider. Notice tha t  the function /.~ ~-~ V(~(x ) )  
is continuous from (P(S) ,  weak*), and therefore the integral is well defined. Also note tha t  for any 
x E ~ ,  V (x )  = v( lx ) ,  and therefore v defines completely the function V. So in fact the problem we are 
considering is the one of determining the higher order belief p. A consequence of this trivial remark is an 
easy example of a preference order which does not admit  a representation as in (2.2). If v(x, y) = x°'y ~, 
with c~ + f~ = 1, c~ > 0, f~ > 0, then Y ( x )  = x, and for no p e P([0, 1]) we have (2.2). The case c~ + ,8 < 1 
will require a different argument.  A second consequence, which we record here for future reference, is 
tha t  v is continuous if and only if V is continuous, and is Lipschitz if and only if V is. 

3 N o n - s m o o t h  Preferences  

Given the relatively weak regularity condition on v given by A4,  non-smooth analysis is a forced choice. 
Several different formulations of non-smooth analysis, each a t tempt ing  to provide an extension of the 
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concept of derivative, are available. We choose, for his simplicity, the one given by Clarke [1983]. 

For a Banach space X with dual X*, let v be a real valued function on X, Lipschitz near x E X. 
Then for any h E X we define the generalized directional derivative at x in the direction h as follows: 

v°(x; h) -= lim sup v(y + th) - v(y) (3.1) 
y--~x t 
tJ.O 

The locally Lipschitz condition insures tha t  the limit is finite for every pair (x, h). It is known (see 
Clarke [1983]) tha t  (a) v°(x, .) is finite, positively homogeneous, subadditive and Lipschitz with the same 
Lipschitz norm as v; and (b) v°( ., .) is upper semicontinuous. 

The generalised gradient of v at x is the subset of X* defined by 

Or(x) _= {z E X * :  v°(x, h) > z(h) for every h E X} 

where z(h) is the value of z at h. It is known (see Clarke [1983]) tha t  (a) Ov(x) is a non empty, convex, 
weak* compact subset of X; and (b) for every h E X one has 

v°(x; h) = max{z(h) : z E Ov(x)} (3.2) 

The relationship between the traditional concepts of derivatives and the generalized gradient is dis- 
cussed in Clarke [1983]. The main result is that  the generalized gradient is indeed a generalization, 
namely that  if v admits a G£teaux, or Hadamard, or strict, or Frechet derivative at x, denoted Dr(x), 
then Dr(x) E Or(x). The inclusion may be strict in pathological examples; in the case of strict differen- 
tiability, however, Or(x) = { Dv(x) }. 

A specifically interesting example is the case in which v incorporates uncertainty 
adversion, tha t  is v is concave and locally bounded. In this case v is automatically locally Lipschitz, 

Or(x) coincides with the superdifferential of v at x, and v°(x; h) coincides with the directional derivative 
in the direction h. 

In our case the assumption that  v is increasing gives an additional information about  Or(x). Note 
that  the lattice structure on F induces a vector lattice structure in the dual; we denote by X *+ the 
positive cone of the dual of X. Then: 

L e m m a  3.1. Let X be a Banach lattice, and v : X ~ ~ locally Lipschitz, increasing. Then 

Or(x) c X *+ 

for any x E X .  

P r o o f .  Let z E Or(x). We claim that  for any h > 0, z(h) > O. Suppose otherwise that  there exists an 
h > 0 with z(h) < 0: since v is increasing, one has v° (x , -h )  < 0 directly from the definition, and from 
the two inequalities we conclude v ° ( x , - h )  < z ( -h ) .  But z E Or(x) implies v°(x,u) > z(u) for every 
u E X,  a contradiction. • 
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One last mathemat ica l  preliminary. In order to give a simple integral representation of the derivative 
of v in the case of a non finite s tate  space S we need to introduce the Gelfand integral of a function with 
values in the dual of a Banach space, C(S)* in our case. We need to this purpose the following: 

L e m m a  3.2. Let f : 73(S) --~ C(S)* be a function such that the real valued function i~ ~ f(#)(g) is 
I3(P(S)) measurable and p-integrable for any g • C(S); then there exists a u • C(S)* such that 

f 
u ( g ) = /  f(#)(g)dp(~) for every g • C ( S ) .  

Jp (s) 

For a proof of this lemma, see Diestel-Uhl [1977] p. 53. If we let f : ~ ~ ~V 1 (#(x)) for a fixed x • C(S), 
we have tha t  for any g • C(S), the function of # defined by f(ll)(g) =_ #(g)Vl(#(x)) is measurable 
and integrable, and therefore the element of C(S)* given by f~,(s)#Vl(l~(x))dP(I ~) -= u is defined, and 

u(g) = fp(s) #(g)Vl(#(x))dP(#) , for every g • C(S). 

We are now ready to show how the preferences, as represented by v, describe the higher order beliefs. 
The main conclusion is tha t  the first moment  of the higher order belief is completely determined by the 
value of v in the neighborhood of constant acts. 

T h e o r e m  3.3. Let S be compact Hausdorff, and v : C(S) ~ IR be a locally Lipschitz function satisfying 
(2.2) above. Then 

f 
Ov(Ix) = Ov(Ix)(S) ] tzdp(#) 

did (S) 

R e m a r k .  Note tha t  there exists a unique probabili ty measure in Ov(lx), and it is given by the first 
order, average belief f~(s) ~dp(l~). 

P r o o f .  We begin with two preliminary claims: 

OV(x) C Ov(lx)(S) for every x • / R  

0Y(~( . ) ) ( lx )  C ~(0Y)( /z( lx))  for every x • .17~,/.L • "P(S). 

(3.3) 

(3.4) 

Since V(x) = v ( l z )  for any x E /R, denoting by h : /R --~ F the linear functions x --~ l x  we have from 
the Chain Rule (Clarke [1983], 2.3.10) tha t  OV(x) C Ov(lx) o h. On both sides of the inclusion we have a 
dosed interval in the real line; applying both sides to y e ~ ,  we have from Ov(lx) o h(y) = yOv(lx)(S), 
which is what claim (3.3) says. The claim (3.4) follows also from the Chain Rule. 

We then claim tha t  for the case of S compact  Hausdorff 

Ov(lx) C f #(OV)(~(lx))dp(l~). (3.5) 
(s) 

We consider first the case in which S is also metric. Here the claim (3.5) follows from (3.3), (3.4) and 
the formula 
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0/p(s) V(#(x))dp(#) C Iv(s)OV(#(.))(x)dp(#) (3.6) 

for any x E C(S), (see Clarke [1983] p. 76). It is easy to check that  the conditions required for the 
above differentiation under the integral sign (respectively 2.7.10) and (ii), p. 75, and (c), p. 76) are 
satisfied in this case. In particular note that , the condition (c) requires P(S)  be a separable metric space: 
a requirement which is obviously satisfied when S is compact and metric. 
We may now consider the case of S compact Hausdorff, and we claim that  (3.6) holds in this case too. 
As in Clarke, from the definition of generalized directional derivative and Fatou's lemma we obtain: 

)° 
V(#(.))°(x, h)dp(/~) _> V(#(.))dp(~) (x, h) > z(h) (3.7) 

(s) (s) 

for any z E Of~(s ) V(#(.))(x)dp(#) and h E C(S). We note first that  the correspondence OV has a simple 
form. Recall that  

V(#(.))°(x, h) ~ max{aV(#(.))(z)(h)}. 

Since h is fixed, we may partition P(S) = "P(S) + U P(S)- ,  where "P(S) + ~ {# : #(h) > 0}, "P(S)- _= {# : 
#(h) < 0}, two Borel measurable subsets. Then 

max{OV(tz(.))(x)(h)} = max{#(h)(OY)(#(x))}, 

and this last is equal to (max(OV)(#(z)))#(h) if # e P(S) +, and (min(OY)(#(x)))~(h) if # E P(S)- .  
We now consider more closely the set OV(#(x)). Since V is defined over n~, by positive homogeneity of 
V°(y, .) for every y E H:~ the two points V°(y, =t=l) completely describe the function V°(y, .); also V is 
increasing, so V°(y, -1)  < 0 < V°(y, 1), and therefore clearly 

o r ( y )  = {[-v°(y, -1), v°(y, 1)]}. 

We now proceed with the proof. We want to prove the inclusion 

0 c 

The integral on the right has to be interpreted as the Gelfand integral, and that  the integrand is equal 
to #(0V)(#(x)).  Since the integrand is a correspondence, let us be more specific on the meaning of this 
integral. Let ,S be defined by 

S = {f  : P(S)  -~ ~ ,  f ( , )  e (OV)(,(x))p - a.e. it, 
f is B(P(S))-measurable and integrable}. 

This set is not empty (the function # ~-+ V(#(x), 1) s is an element in the set) and convex. With the 
topology t~(Loo, L1) on the real valued Loo(p) functions, this set is also compact, becausei t  is the set of 
measurable selections out of a real, convex, compact valued correspondence (see Castaing and Valadier 
[1977]). 
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For any f E 8 ,  consider now the function F : tt ~ ~ f (# ) ,  a weakly measurable function. We may now 
define f~,(s) OV(#(.))(x)dp(lt) as the set of Gelfand integrals of such functions, and find it convenient to 

write G(f) the Gelfand integral of F,  where F(/z) = # f ( p ) .  Then we let: 

/9  OV(#('))(x)dp(tt) =- {z e C(S)* : z = G(f), for some f e 8}. 
(s) 

Consider now a net {f~}, with f~ ~ f0 in a(Loo,L1), and let F ~' = t t f~(~) .  Then G(f ~) ~ G(f  °) 
in the weak* topology of C(S)*. In fact for any h e C(S) ,  

= ]z f~ (tt)dp(tt) ) (h) 
fT,(s)" #(h)f~(#) dp(tt) ~ f~(s)#(h)f°(t  t)dp(tt) 

= G ( f f )  

because # ~-~ it(h) is in Ll(p), for every h E C(S). 
As a continuous image of a compact  set, fp(s )OV(~( . ) ) (x)dp(#)  is weak* compact .  Let now z E 

O fp(s ) V(#(.))(x)dp(#). We have seen tha t  

o(h; 0/.(s) < 

for every h e C(S);  here a(h; A) is the support  function of the set A C C(S)* at h. This inequality is 
(3.7) above, rewritten. By H5rmander 's  theorem (H5rmander [1954]), we have the inclusion. An easy 
argument  by contradiction shows tha t  the two sides are actually equal. 

4 Differentiable  Preferences  

When V is differentiable of order k, the function v allows us to identify higher order moments  of the 
measure p: they are immediately determined by the higher order derivatives of v. We first define precisely 
this last notion. In section 3 the use of the Gelfand integral has allowed us to define the first order 
derivative of v, by identifying the value of the derivative at a point x E C(S) with an element of C(S)* 
which had a simple integral representation. The argument used to prove Lemma 3.2 above can also be 
used to provide the same representation for higher order derivatives. More precisely, for any k such tha t  
V k exists and is continuous there exists a multilinear continuous functional Lk(x, .) : C(S) k ~ ff~ such 

tha t  
k 

Lk(x, hl,'" ",hk) = f ~-~ tz(hj)Vk(tt(x))dp(,) for every (hl , . . . ,hk)  E C(S) k. 
Jp (s) j-_~_ 

Then we have 

T h e o r e m  4.1. Let V be a C ~ function, and p e P ( P ( S ) ) .  Then v : C(S) ~ IR defined as in (2.2) is a 
cr-function, and 

k 

Okv(x)(hl, ... , hk) = f H tt(hj)Vk(tt(x))dP(#) 
J T~ (s) j=l 
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for every k _< r, ( h l , . . . , h k )  • C(S)  k, and x • C(S) .  

The proof is left to the reader. 

In particular, if V is smooth, then the measure p is determined, as we see from the following: 

T h e o r e m  4.2. Let V be a C°°-function, and V~(x) ~ 0 for every k and for some x. Then the measure 
p is uniquely determined by the sequence of derivatives of v at Ix.  

P r o o f .  Consider the Fourier transform of p, fi : C(S)  ~ C, where ~' is the field of complex numbers, 
given by 

~5(x) = ] exp(i/~(x))dp(~). 
J~ (s) 

We first claim that  if/~l(x) = fi2(x) for every x • C(S) ,  then Pl = P2 on e(p(s)). Note that  the equality 
of the transforms ~51 and/~2 holds only on C(S) ,  a subspace of C(72(S)), but  the algebra of functions 
{Fx : "P(S) --~ ~', x • C(S)},  where F~(#) = exp(i#(x)) satisfies the conditions of the Stone-Weierstrass 
Theorem. 

So if Pl(g) = P2(g) for every g in this algebra, then the equality holds for h • C(P(S) ) .  Now if 
pl(h) = p~(h) for every h • C(P(S) ) ,  then pl =p2 on B(P(S)) ,  and we conclude the proof of the claim. 

The theorem now follows from the fact that  

= 

j = 0  

from the dominated convergence theorem, and this last term is in turn equal to 

oo it  O J v ( l x  ) 

j !  VJ(x) ' 
5=o 

5 Finite State Space 

We now concentrate on the finite state space case. Let S = { s l , " . ,  sin+l}; the set "P(S) is now din, the 
n-dimensional simplex; a generic element p E An is p = ( p l , " "  ,Pn); also let e = (1 , . . - ,  1) E /R  n. For a 

n + l  

f / e  ZW n+l, we shall find it useful to denote/3 = (% i), with 7 • zWn, i • ~V. Also Ij3] = ~ ~ .  
i = l  

Note tha t  a given distribution p with support  on din induces the sequence of moments {M~}f~E/V,+~, 

defined by 

Mp fl = ~ p~ ' . . . p~" (1  - p.e)~"+~dp(p). (5.1) 
n 
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For a function v : /R n+l ~ .~ we denote, whenever it exists, the ~8-derivative as 

Of3V(X) ..~ ~OXl ] "'" ~ V(XI, ' ' ' ,Xn+I). 

Also for a pair (p, '7) e ~ n  x ~ we write p~ = ~ - 1 P : ' "  

A utility function which satisfies a representation as (2.2) also satisfies a necessary condition : 

T h e o r e m  5.1. If  v : .~n+l ~ .~ has a representation as in (2.2), and Vk(x)  ¢ 0 for every k and for 
some x, then the ratios 

o v(x, x , . . . ,  x) (5.2) = 

are independent of x, and correspond to the moments Mp # of a distribution p over An. 

The proof is immediate. 

We now consider the converse problem. Suppose that  the sequence of ratios R(f~, x) is a sequence M E 
independent of x. We want to find conditions on this sequence which insure the existence of a measure 
p with support on An such that  the representation (2.2) is satisfied. The first step in this direction is to 
determine conditions for the existence of a measure p on A~ such that  

M E = M (~,i) -- f p~(1 - p .  e)idp(p). (5.3) 
J ~  

n 

The solution to this problem is a special case of the classical problem of moments. We recall briefly here 

the main points of this topic. 

Let {m~}~e./~r ,, be an infinite sequence of real numbers, K a closed set in . ~ .  An n-dimensional 

distribution p whose spectrum is contained in K, and is a solution of m u = fp~dp(p) for every 7 E 
is called a solution of the (K, {m~}ue~W,,)-moment problem. A necessary and sufficient condition for a 

solution to exist is given in Shohat and Tamarkin [1943], and we recall it here since we are going to use 

it. 

To a sequence (a(7)}~e.~V" of real coefficients, all but a finite number of which are zero, we associate 

the polynomial Q(p) = ~ a('7)p "Y, and we denote by Q the set of all such polynomials. Now a sequence 

{m ~ } defines a linear functional .hA on Q by 

M ( Q )  = ( 5 . 4 )  

Note that  if the M~'s are given as in (5.1) above, then .hA(Q) ---- fa,, Q(p)dp(p). The linear functional 
characterizes the solution to the moment problem : 
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T h e o r e m  5.2. (Shohat-Tamarkin). A necessary and sufficient condition for the (K, {mT}.rejN- )- 
moment  problem to have a solution is that the functional .h4 is non negative over K ,  that is the following 
condition is satisfied: 

if Q _> 0 on K,  then .A4(Q) > O. 

To give a useful criterion to varify the condition above we first reduce the set of polynomials, for 
which one has to check if .Ad is positive, to a smaller subset. We consider K = An; if n -- 1, then the 
moment problem is the Hausforff problem. Define the subset "/~ of Q as the set of polynomials that  can 
be written as follows: 

T~ = {R  e Q:  R(p) = E b('),, i)pT(1 - p .  e)', b(7 , i) > 0 for every (% i)}. (5.5) 

Clearly polynomials in ~ are non negative on An. Using the strong law of large numbers one can prove 
that  this set is dense in the set of continuous functions positive over An. But since the sequence of 
numbers {m r} is arbitrary, a stronger approximation result is needed. This is our next step. 

For any f : An ~ l~ we define the m-th Bernstein polynomial of f by : 

Brn(f)(p)  = ~ f p ~ ( 1 - p .  
([(l<m} 

( ~ ) ~  and where for ( ( ,m)  e ~ x N ,  wedenote  m & =  m ~ i=1' 

(m) m, 

(5.6) 

It is immediate tha t  Bm maps Q into ~ ,  and that  it is linear on Q. It is therefore convenient to 
analyze first the action of .Brn on the polynomials PT(P) = P% We first note tha t  if we denote for 
(~,k) • ~ x ~ , ~k = ~1(~1 - 1 ) . . .  (~1 - k l ) . . . ~ m . . .  (~m - kin) then the equality 

( m )  e)m_l~l ~k-~ = p k  (5.7) 
{l~l-<rn,~- >k-e} ~ p~(1 - p" rnlkl-1 

holds. This follows from the multinomial theorem. We can rewrite each factor in Bm(PT) in a way 

which allows us to use (5.7) : 

L e m m a  5.3. For every (~, 7, m)  E ~ × ~ x ~V, m > 171, 

,'_<~ 7 ) ml~,l_ 1 
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where c(m,%3")  = 0 ( ~ )  if3" < % and c(m, 7 ,7)  = 0(1). 

P r o o f .  Here 3" < 3" means 7' <_ 3' componentwise, and different in at least one component. Then 
write (~ = ~ ,_<~  c(%3")~,_~,  with c(%3") a fixed finite set of coefficients, and then let c(m, 7 ,7 ' )  _= 

l ~ I - - 1  c (7 ,7  ) 2 . J ~ .  Note that  ml7,1_1 < m WI, and so c (m ,%7 ' )  < c (7 ,7 ' )m 17'1-171 = 0 (-~) if 13"1 < 13'1 as 
claimed. • 
Now from Lemma 5.3 and 5.7 above we conclude 

Bm(P~)(p) = p~ + -~- E c'(m' 7"Y')P~" c(m' 7' 7') = 0(1) in m, 
m 

7 1 < 7  

and so for Q(p) = E T J V "  a(3')P ~, rn > I% 

B,n(Q)(p) = Q(p) + -~- ~ d (m, % 3")pT'. (5.8) 
m 

We can now conclude that  it is enough to check that  the functional .M is positive on 'R. : 

T h e o r e m  5.4. For the (An, {M('r'°)}~ej1w)-moment problem to have a solution p it is necessary and 
sufficient that if R E 7~ then M ( R )  _> 0. 

P r o o f .  For the sufficiency it is enough to note that  lim .M(Bm(Q)) = .M(Q) because of (5.8); and 
rrl.---~ ,q- o o  

.M(Bm(Q)) _> 0 for every m because Bm maps Q into 7£. 

This theorem provides the answer to the original question of finding conditions on the sequence {M t~} 
that  make it the sequence of moments of a measure p over An. Clearly these conditions have to be 
satisfied by the subsequence {M (~,°) }; and we shall see soon that  this subsequence contains all the infor- 
mation about p. But  first we use Theorem 5.4 to express the condition for the existence of a solution to 
the moment problem in terms of a set of inequalities involving {M (7,°) } : 

Corollary 5.5. The (An, {M('Y'°)})-moment problem has a solution if and only if for every (7',i) e 

() E E (-1)# i M (7+~''0) > 0. 
j=O I~[=j 7 - -  

P r o o f .  From Theorem 5.4 it is enough to check that  the linear functional induced by M (7,°) as in (5.4) is 
positive on TO, and since the polynomials in ~ have positive coefficients for terms of the form p'Y' (1 - p .  e) i, 
it is enough to check positivity on them. But 

i 

#=0 I~1=# 7 pT+~ 
I 
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We s u m m a r i z e  the  previous  discussion: for a measure  p on An to  exist  which satisfies M ~ = 
f a ,  p~(1 - p .  e)idp(p) for every j3 = (% i) E tW n+l it is necessary and sufficient t h a t  (1) the  sequence 

{M(~,°)}~e.tW satisfies the  condit ion in Corol lary  5.5, and  (2) t h a t  for the  solut ion p de te rmined  in (1), 

M t~ = Mff for every /~  e .tV n+l.  

5.1 A n  example. (Cobb-Douglas utility). 
For v(x l ,  " ,xn)  = YIj=i at n .. n x j  , c~j > 0, ~ j = l  a j  < 1, the  sequence of ra t ios  

R(/~,x) = l~Ij~_l a j (a j  - 1 ) . . - ( a j  - ,Sj + 1) 

I I(I I - I ) . . .  (I I - 1,oI + I )  

is a cons tan t  independen t  of  x. A direct  a rgumen t  in this case shows t h a t  no represen ta t ion  as in (2.2) 
exists.  For s impl ic i ty  if n = 1 then  x 1 x 2 f[o,ll(xlp + x2(1 - p ) ) a l + a 2 d p ( p )  would imply, on the  line 

x2 = txl ,  t > 0, t a2 = fl0,1](P + t(1 - p ) ) a ' + a 2 d p ( p ) ,  and therefore  0 = f[0j] PaI+~2dp(p) and  s imilar ly  

0 = f[0,1] (1 - p)al+a2dp(p), a contradict ion.  

5.2 Uniqueness of Higher Order Beliefs 
In the  case we are analyzing (S finite, v a C °o function, Vk(x)  ~ 0 for every k and some x) we also con- 
clude t h a t  the  higher order  belief  is unique. A m o m e n t  p rob lem is said to be  de te rmined  if the  difference 
a m o n g  the  solut ions is constant .  Since the  measure  p is a p robabi l i ty  measure ,  a de te rmined  problem has 
a unique solution.  From S h o h a t - T a m a r k i n  ([1943], Corol lary  11.3) if a m o m e n t  p rob lem has a solut ion 
with  the  suppor t  in a bounded  set, then  the  problem is de termined,  and  therefore  our p rob lem has a 
unique solution.  

Let  us r emark  an interest ing consequence of the  uniqueness result .  Because  of the  non l ineari ty 
in t roduced  by the  funct ion V, the  suppor t  of  p is not  in general  a convex set. As an example  of  this 

2 

possibility, in a two s ta tes  case with v(x, y) = E O i ( x p i  -Jr y(1 -- p i ) )a ,  Cz E (0, 1), the  uniqueness  of the  
i = 1  

2 

solut ion to the  m o m e n t  problem,  with M (j,k) = E Oim~ (1 - mi) k, proves t h a t  #~ = miss,  + (1 - m~)5s 2 
i = 1  

i ---- 1, 2, are the  two only beliefs in the  suppor t  of  p with weights 0i. 
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