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Abstract

We investigate the propositional modal logic of knowledge and time for distributed systems.
Previous results by Halpern and Vardi [HV89] and Ladner and Reif [LR] illustrate that the
validity problems for a number of these logics are highly intractable; in particular they prove a
number of I1}-completeness results. The logics considered by the above authors contain at least
two out of the three temporal logic operators: “sometimes”, “nexttime”, and “until”. Although
their proofs rely heavily on either the “nexttime” or the “until” operator, we show that the
completeness results remain valid if we restrict the temporal operators to “sometimes”,

1 Introduction

Recently, there has been a lot of interest in the logics of knowledge and time as a tool for analyzing
the behavior of distributed systems. In [HV89], Halpern and Vardi categorize these logics in terms of
two parameters: the language used and the class of distributed systems considered. The languages
they consider depend on the number of processors, the absence or presence of an operator for
common knowledge and the use of linear versus branching time. As in [HV89], we denote these
languages by CKL(s), KL(m), CKB(,,) and KB(,,), where m is the number of processors, C' denotes
the presence of an operator for common knowledge, and L and B stand for linear and branching
time. All of these languages include temporal operators for nexttime, until and sometimes.

We will now briefly describe the classes of systems considered in [HV89]. We view a distributed
system as a set of possible runs of the system. We assume that runs proceed in discrete steps, and
if r is a run then (r, 1) (for f € IN) describes the state of the system at the i-th step of run r. We say
that a processor knows a fact ¢ at a given point, if ¢ is true at all points (r',s') that the processor
considers possible at that point.

A processor does not forget if the set of runs it considers possible stays the same or decreases
over time. The dual notion is no learning: we say that a processor does not learn if the set of
runs it considers possible stays the same or increases over time. A system is synchronous if all
processors have access to a global clock. Finally, a system has a unique initial state if no processor
can distinguish (r,0) from (r',0) for all runs r and r'.

We use C to represent the class of all models and use subscripts nf, nl, sync and uis to indicate
classes of models where, respectively, all processors do not forget, all processors do not learn, where
time is synchronous, and where there exists a unique initial state.

In [HV89], Halpern and Vardi completely characterize the computational complexity for all
combinations of their languages and classes of models, including some results from [LR]. We will
now state all combinations that are undecidable and their respective complexity class.
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Theorem 1.1 (HV89)

1. The validity problem for CKL(>3) and CKB(>3) is I} -complete with respect to Cnt)r C(nf uin)s
Cnt.ome)s Cnt,nt)s Caf ogme,uis)r Cof,hogme)s Cntogme) a1 Cm)-

2. The validity problem for CKL(>3), KL(>3), CKB(>2) and KB(>3) is I} -complete with respect
to c(n/,nl,m'a)°

3. The validity problem for CKL(>3), KL(>3), CKB(>3) and KB(>3) is co-r.e.-comple;te with
respect to C(nl ui)-

Since the validity problem for linear temporal logic with the three operators mentioned earlier
is PSPACE-complete, while the validity problem for linear temporal logic with just { (sometimes)
as temporal operator is only co-NP-complete [SC], it will be interesting to examine the impact on
the complexity if we restrict the temporal operators in our languages to > for linear time (resp.
V& and 3O for branching time). Let CKZ(,,,), Kf(m), CKﬁ(m) and Kf(m) denote the languages
where O (resp. V¢ and 3) are the only temporal operators. Although the proofs in [LR, HV89]
rely heavily on the use of either the nexttime or the until operator, it turns out that, by using
new techniques, we get the same complexity results if we restrict the temporal operators to $
(resp. VO and 3¢). Using approximately the same techniques, we can prove that the well-known
I1}-hardness result for two-dimensional temporal logic [Ha] goes through if we restrict the temporal
operators to the sometimes operators in both directions $,, and O,.

The rest of the paper is organized as follows. In the next section we describe the formal
model according to [HV86, HV89]; in section 3 we describe the specific problems encountered if we
have only & as a temporal operator; in section 4 we prove the analogue of 1 for the linear time
language CKZ(Zz), by forcing models to be gridlike; in section 5 we prove the analogue of 2 and 3
for the linear time cases and a II} lower bound for two-dimensional linear logic, by appropriately
modifying the proof of Ladner and Reif [LR]. Finally, in section 6, we prove that for all classes of
models considered, the validity problems for the branching time languages CKF(M) (resp. K_B_(m))
are at least as hard as the corresponding validity problems for CKf(m) (resp. K—E(m)).

2 Syntax and Semantics

We start by giving the syntax of languages CKL(,,) and CKB(,,). We assume we have a set of
propositional variables @ and define the set of CKL(,,) and CKB(y,) formulas as follows:

e if p € @ then p is a CKL(y,) (CKB(,,)) formula.
o if p, ¢ are CKL(y,) (CKB(y)) formulas, then so are ~p and p A 4.

o if p is a CKL(y) (CKB(y,) formulas, then so are Kip (k knows ©), Ep (everyone knows o)
and Cp (g is common knowledge).

o if p, ¢ are CKL(y,) formulas, then so are Op (nexttime p), O (sometimes @) and U (p
until ¥).

e if p, 4 are CKB,,) formulas, then so are VO o, 30 ¢, YOp, IOp, YUy, JpU1.
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We define T, V and — in the usual way from — and A. In addition, we define for linear time O
(always ) as an abbreviation of ~(—¢, and for branching time we view VO (resp. 30 ¢) as an
abbreviation of =3~ (resp. ~VO-p).

We define the sublanguages KL(,,) (resp. KB(y,)) as the set of CKL(,,) (resp. CKB(y,)) formulas
without the C operator. By restricting the temporal operators in each language to { (resp. VO
and 3¢), we get the corresponding languages CKE(,,,), Kf(m), CKE(,,,) and KF(m).

We will now give the semantics for CKL(y,). A linear time model M for m processors is a tuple
(R,m,~1,... ~m), where R is a set of runs, 7 : R x IN — P(®) assigns to each point the set of
propositional variables that are true at that point, and ~; is an equivalence relation on R x IN.
Note that we use the definition from [HV86]. We define (M, r,1) |= ¢ (p is satisfied by point (r, 1)
of M) with induction on ¢:

e (M,r, i) Ep<>pen(r,i)

o (M,r,d) E—p <= (M,r,{) [t o

e Mrii)EpAY <= (M,r,i)EeA(M,ri)EY

o (M,r,9) = Kpp <= V(r',1') ~p (r,9) : (M, r', ") E o

o (M,r,i) = Ep<=Vk <m:(M,r,i) E Kpp

o (M,r,i) | Cp <= Vn: (M,r,i) £ E"p

o« (Myri) | Op <= (Myri+1) Ep

« M) EOpe=>Tizi: (M) ke

o (Myr,i) Uy <= 3" >i: (M,r,i) E ¢ AV (i <" < i' = (M, r,i") | p)

Given a model M for m processors, we define ~. as the transitive closure of Jj=; ~k. Then
(M, r,1) = Cp if and only if V(r',¢') ~, (r,¢) : (M, r',¢') = .

We will now give the semantics for CKB(,). A branching time model M for m processors is a
tuple (F,m,~1,... ~py) where F is a forest, n assigns to each point of F the set of propositional
variables that are true at that point, and ~ is an equivalence relation on points of F. We assume
that each node in F has some successor. We will view F as a tuple < Rp,=p> where Ry is the set
of the infinite branches of F that start at the root of some tree in F. (r,1) denotes the i-th node
of r and (r,5) =F (r',4) if and only if (r,¢) and (r',) denote the same node of F. We will define
(M, r,{) = ¢ with induction on ¢. We only give the clauses for 3¢ and V<, the other temporal
operators are defined analogously.

o (M,r,)) EVOp <= VY(r',i)=f (r,9) T >1: (M,r, ) Ep
o (M,r,)) E3Cp <= 3(r',i)=F (r,d) > ¢: (M, ) Ep

As usual, we say that a formula ¢ is valid with respect to a class of models D, if and only if
for all models M € D and for all points (r,f) of M : (M,r,{) E . A formula ¢ is satisfiable
with respect to D if and only if there is some model M € D and some point (r,) of M such that

(M, r,4) F p.
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We will now define the classes of models of [HV89]:

e Processor k does not forget in M if for all r,r' € R and 4,4' € IN: if (r,i) ~; (r',s") then
V5 < 135" < ' such that (r, 7) ~¢ (', 5").

¢ Processor k does not learn in M if for all r,r' € R and ¢,s' € IN: if (r,i) ~; (r',4') then
Vj > 135" > i such that (r, 5) ~¢ (r', 5').

o Time is synchronous in M if for allr,+' € R and 4, +' € IN and all processors k: (r,) ~ (r', ')
implies that § = ¢'.

e M has a unique initial state if for all r,' € R and all processors k: (r,0) ~ (+',0).

We use C to represent the class of all models and use subscripts nf, nl, sync, uis to indicate
classes of models where, respectively, all processors do not forget, all processors do not learn, where
time is synchronous, and where there is a unique initial state.

3 From Points to Intervals

Since all upper bounds follow directly from the corresponding upper bounds from [HV89], it will be
enough to prove the corresponding lower bounds. As in [HV89], all IT} lower bounds for linear time
will be proved by a reduction from the recurrence problem for nondeterministic Turing machines.
A Turing machine is recurrent if and only if it has an infinite computation that starts on the empty
tape and reenters its start state infinitely often. If Aj,Az,As,...is a recursive enumeration of the
1-tape, right-infinite nondeterministic Turing machines, then {n | A, is recurrent} is Ti-complete
[HPS]. To prove a II lower bound for the validity problem with respect to a certain class of models
D, it will be sufficient to construct for an arbitrary 1-tape, right-infinite NTM A a formula ¢ 4 such
that A is recurrent if and only if 4 is satisfiable with respect to D.

In all our proofs, it is essential that the constructed formulas force runs to encode certain
strings. The obvious way to encode some string on run r starting at { is by letting (r,i+ 5) encode
the j-th symbol of the string. However, if we restrict the temporal operators to just <>, we can’t
distinguish adjacent points satisfying the same set of formulas. To solve this problem, we introduce
a propositional variable tick, alternating on runs. tick partitions each run into an infinite number
of intervals. For all n, let [r,],, be the set of points in the n-th interval of r starting at ¢ (Note that
we start counting the intervals from 0).

[r¢]o [rél [r8)2 [ré)s
(r’,)ﬁ_._ﬁ\':_._’_v\__:_.__.
N o e, e, e
tick ~tick tick —tick

We will encode strings at consecutive intervals of a run. We say that (r,1) encodes some string
if and only if each point in the j-th interval of (r,1) ([r, 1];) encodes the j-th element of the string.
It is possible to mark a fixed number of consecutive intervals on a run by propositional constants.
Let 1-int(p, up,) be the conjunction of the following formulas:
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Op A O(p A tick — O(—tick — O-p)) A O(p A ~tick — O(tick — O—p))
p holds somewhere at some interval, and p holds nowhere outside that interval.
O(tick A O(p A tick) — O(—tick A Op) V p)
0 (~tick A O(p A —tick) — O(tick A Op) V p)
p holds exactly at some prefix of an interval
O(p A tick — O(upp A —tick)) A O(p A ~tick — O(upp A tick))
up, holds at somewhere after the p interval.
O (up, A —tick — O (tick — O-up,)) A O (upp A tick — O(—tick — O-upy))
if up, holds somewhere at some interval,
then up, holds nowhere outside that interval.

O(p — O((-upp A Oupp) — p))

Thus, (r,{) = 1-int(p, up,) if and only if there is exactly 1 interval at which p holds, p holds nowhere
else and up, holds exactly at some prefix of the next interval.

Therefore if (r,{) |= 1-int(po, p1) A 1-int(p1, p2) A ... A 1-int(pn—1, upp) then there are n consecutive
intervals on r after ¢ such that p; holds at exactly the j-th interval.

Now we can define = and ~; on intervals:
[T, ’]n }': p = V(r,j) € [r’ ‘]n : (r7j) |= p
(Note that [r, 1], [~ ¢ does not imply that [r, ], = —¢p)
[r,i]n ~k [r's ¢']n <= Y(r,5) € [r,¢]n (", 5) € [r', '] : (r, 5) ~k (', 5) A
V(r', ") €lr',d"ln A(r, 5) € [r,¢]n : (r,7) ~& (', 5")

Though the specific classes considered do imply specific behavior for the epistemic relations
with respect to points, not much of this behavior carries over to intervals. For example, it is
perfectly possible for a model in C(,ync) not to be synchronous with respect to intervals. However,
the following formula 1 will force that some of the structural properties of points hold for intervals
as well.

KO((tick — Kytick) A (—tick — Kg—tick))
Lemma 3.1 If M € C(ny), (M, 1,9) = & and (r,7) ~x (', 5') for some (r,j) € [r,4]a(n > 0), then

o there exists some 1’ such that (r,{) ~¢ (', ')

o for all ', if (r,i) ~ (r',1") then (r',5") € [r',¢']n and Vn' < n: [r,i]p ~g [r', ']
Lemma 3.2 If M € C(nuync) and (r,4) ~k (r',4), then Vn : [r,4]n ~p [r',d]n

We leave the proofs of these two lemmas to the reader. They are similar to the proofs in [HV89)
that force not necessarily synchronous models to be essentially synchronous.

4 Forcing Models to be Gridlike

Theorem 4.1 The validity problem for CKf(Zz) is I1}-complete with respect to Cint)s C(nf,uiz)s
C(nf,aym:); c(nf,nl)) c(nf,cync,m'a) and C(nf,nl,aync)-
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Since the I} upper bounds for these classes follow directly from [HV89)], it will be enough to
prove the lower bounds for two processors. Given an arbitrary 1-tape, right infinite NTM A, we
will construct a formula ¢ 4 such that:

e A recurrent = ¢4 satisfiable with respect to C(ns a1 symc) 30d C(nf,syne,uiv)-

¢ ¢4 satisfiable with respect to C(ns) = A recurrent.

This implies a IT} lower bound for all six classes. Fix a 1-tape right-infinite NTM A. Suppose A has
state space S, start state sy € S; tape alphabet I'; b € T : the blank; and transition function §. We
use a special symbol # to mark the left side of the tape. Let CD (set of cell descriptors) be the set
TU{#}U(S xT). We view the IDs of A as infinite strings over CD, where < s, a> denotes a cell with
contents a, which is currently read by the head while A is in state s. A starts on the empty tape in
state s, so the start ID of A (idp) is equal to #< s, b>b“. Now suppose idg - tdy - tdy - -+ is an
infinite computation of A. Then for all n: id, = #2n1Zn2...ZnnTrnt1d” (Tni € CD). The idea
is to encode this computation in a model, by letting the runs represent the IDs (using the interval
techniques of the previous section), and using the epistemic relations to simulate the transition
function.

K K K K [K [K
r # Zs1 Z32 Z3s T34 b bv
3 ._...k.'_' .—.-.k--—’ .—..-‘..—* .——..nk..—' .— ..... —’ .—- ----- —’ .—— uuuuu
K K K K IK
r # Z21 Z22 Za3 b b«
2 .__‘_. ._‘..__. ._|_. .__...‘.._. @ ccoen —e [ S
K K K K
rl ’_#.‘.._. ._zl.l..k.._. .__zla..‘._‘ .__.b....__. .——b .....
K K K
# < 8g,b> b bv
ro e— ----. — @— oo — O .- — O e
tick —~tick tick —tick

Since the encoding of IDs will be done at the intervals of runs, we start by partitioning each run
into an infinite number of intervals, using the propositional variable tick. The following formula
1 will take care of this:

CcO((tick — O—tick) A (—tick — Otick))

The epistemic relation X, is used to determine the contents of a cell at the next step of a
computation. Therefore, it should not be reflexive, transitive or symmetric. As in [HV89], we use
both epistemic relations ~; and ~; and introduce a propositional variable py to avoid reflexivity.
Now we define the relation — and its associated modal operator K as follows:

(r,¢) X, (r',¢) <= 3", 4" : (r,6) ~y (2", 6") ~2 (P4 A (r",4") = —pa A (r",¢") = pa
K+ := K1(-pa — Kz(pa — ¥))
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Let 2 be the conjunction of the following formulas:
C((pa — Opa) A (—pa — O-pa))
COC(-~Kipa A —~Kz—pa)

If (ro,%0) = 2 and (r,1) ~. (ro,10) then the value of pa on r from ¢ upwards is constant, and by
the second conjunct we can take an infinite number of X, steps from each point on r after 1. This

will ensure that we encode an infinite computation.
Since we are interested in the behavior of X, with respect to intervals, we define:
[, il =5 [, " <= Y(r,5) € [, ] 3(r, 3 € [, "] 2 (r, 5) = (, 5) A
. . . . ~ K .
v(r', ') € [',¢']a 3(r, 5) € [1,4]n : (r,9) — (v, 5")

For the IDs to match up right, we need synchrony and no forgetting of X, with respect to
intervals. Let @3 be the following formula:

co((tick — Ctick) A (—tick — C—tick))
By lemma 3.1 and the fact that ps is constant on runs we obtain the following lemma:
Lemma 4.2 If (ro,10) E ®3, (r,1) ~¢ (ro0,%0), (7, 7) X, (r',5"), and (r, 5) € [r,{]n(n > 0), then
o there exists some i' such that (r,1) X (i
o for all &', if (r,d) 25 (¢, 4) then (r', ) € [r',#']n and Vn' < n: [r,i]p = [, ).

Now we turn to the encoding of IDs. We will encode IDs on runs where pa holds. To encode the
cell descriptors, we introduce for each z € CD a propositional variable p,. Let ¢4 be the formula

Co(pa — V (pz A= V Py))

zeCD yGCD,y;éz

If (ro0,10) = ®1,-..,9p4 and (r,1) ~. (ro,i0) and pa holds at (r,s) then each point on r after 1
encodes exactly one cell descriptor.

We say that the n-th interval of (r,1)(|r,{],) encodes z € CD, if each point in [r, ],, encodes z.
To encode the start ID (ido) at the first run, we introduce the following formula @,s4r¢ (up, is a
dummy variable):

pa A 1-int(pg, Pcsg,b>) A 1-int(pcag b>, uPs) A O(Pg V P<agb> V Pb)

To simulate the transition function we just have to make sure that X, points to the correspond-
ing cell of a next ID. Suppose ¢d - 1d’. The only cells that can be affected by the transition are
the cell holding the state and its neighbors. On each run we mark the 3 consecutive intervals cor-
responding to these cells with propositional variables left, state, right. Let o5 ; be the conjunction
of the following formulas (upstate is a dummy variable):

C(pa — 1-int(left, state) A 1-int(state, right) A 1-int(right, upsiat.))



248 Session 7

CoO(pa A V P<s,a> — State)
<8,a>€SXT

Now we can force the transition on all non-marked cells. Let @52 be the conjunction of the
following formulas:

\/ CO(pa A (Sleft A —state A -right) A p, — Kpy)
zeCD

CO(pa A (—left A —~state A —right) A Opy — K Ops)

Now the transition on the three marked intervals. Let N(z,y, 2) be the set of successor triples
of < z,y,z > as given by the transition function . Let ¢5 3 be the following formula:

C(pa A O(left A pg) A O(state A py) A O(right A pg) —

V (O(left — Kpo) A O(state — Kpy) A 0 (right — Kp,)))
(z'¢',2')EN(z,9,2)

Let o5 be the conjunction of 5,1, 5,2 and 5 3. By lemma 4.2, if (r,1) |= 1,..., 95 and (r,1)
encodes some ID id = Zg. .. Zn1b* of A, and for some j € [r, i]m(m > n+1), (r, 5) = (+', 5') then
there exists some #' such that (r,{) = (v, ") and (r',4") encodes a successor ID yp. ..y,b" of id.

Since by @2, we can take an infinite number of X, steps from any point in the model, we know
that we encode an infinite computation of A.

The only thing left to be done now, is to force the encoded computation to be recurrent. That
is, at each time in the computation, there must be some later time where the computation is in the
start state. To be able to express this requirement in a formula, we must be able to discriminate at
each time those IDs which occur at some later step in the computation. Therefore, we time stamp
each run that encodes an ID with the time of the computation. Say (r,{) is at time ¢t if and only if
exactly the (¢ + 2)-nd and (¢ + 3)-rd interval of (r,1) are marked with time;, time;. The first run
is at time O; we will mark the second and third intervals on this run with time; and times. Let ¢
be the conjunction of the following two formulas (with upsim. a new dummy variable):

C(pa — 1-int(timey, timeg) A 1-int(timeg, Upsim.)) A CO(pa A timep — Ktime;)

1-int(p<sy p>, timey)

That is, each pa run is time stamped, and by lemma 4.2, if (r,s) ~ (ro, o) and (r,1) is at time ¢,
and (r,7) X, (r',5') for some j € [r,i]m(m > t + 2), then for each ¢’ such that (r,1) =N (r',d") -
(r',4') is at time t + 1. By the second conjunct, (ro, 1o) is at time O.

To check whether an infinite computation is recurrent or not, we need to discriminate between
runs that encode IDs in the start state and those that are in a different state. To this end we
introduce the following formula ¢7:

C(O V P<ao,z> — Dstartstate) A C(EI /\ Pag,z> — D—wstartatate)
zel zel
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If (ro,40) = ¥1,..., 7 and (r,1) ~. (ro,10) and (r,1) encodes an ID, then startstate is constant on
the run, startstate is true if the state of the encoded ID is the start state, false otherwise.
Finally, we state the formula to force recurrence o,

CO(COC(pa A timeg — startstate))

Let @4 be the conjunction of p; to 7, Pstart and ,... Suppose (M,ro,1o) = w4 for some
M € C(ny)- Then (ro, 10) encodes idp. Suppose (r,1) ~ (ro, %0) and (r, 1) encodes some ID id at time
t. By @y, for each 1’ there must exist some " > ' such that (r,1") = C(pa A timegs — startstate).
In particular, there must exist some m > 0 and some j such that (r, j) € [r,{]t+s4+m and (r,5) &

C(pa A times — startstate). By o, we can take m — steps from (v, 7), say (r, j)(—K—»)"‘(r', 7.

By 5, there must exist some 3' such that (r, i)(ib)”‘(r', i'), (', ') encodes some ID id' such that
id(F)™id' and (v', ') € [',¥"]t+34+m- By we, (',1') is at time ¢ + m, but then (r', j') |= times A pa
and therefore startstate is true at run +'. Thus, id’ is in the start state. Since (r,:) was chosen
arbitrarily, we have showed that M encodes a recurrent computation of A.

To conclude the proof of theorem 4.1, we still have to show that ¢ 4 is satisfiable with respect
t0 C(nf,nl,sync) @04 C(nf,aync,uis) if A is recurrent. As the proof is straightforward, we leave this to the
reader.

Theorem 4.3 The validity problem for CKZ(Zz) is I1}-complete with respect to C (nd,syme) -

We will show that formula o4 works for C(y ume) as well, i.e. A recurrent ¢ ¢4 is satisfiable
with respect to C(,,,,W). By lemma 3.2, we can prove the following analogue of lemma 4.2.

Lemma 4.4 If M € C(ny yme), (r,9) = 3 and (r,4) X (',4), then Vn : [r, €]n X, [, 4]

Analogous to the the proof of theorem 4.1, if (M, ro,4) = o1, ..., pe, (ro,t) ~c (r,1) X, (r',9)
and (r,) encodes some ID id at time ¢ then, using lemma 4.4, (r',{) encodes a successor ID of id
at time ¢t + 1.

Suppose (M, ro,?) |= @4 for some M € C(p ymc)- Then (ro,1) encodes ido. Suppose (r,) ~
(ro,7) and (r,f) encodes some ID id at time t. As in the previous proof, there must exist some
m > 0 and some j such that (r, 5) € [r,1]¢13+m and (r, 7) = C(pa A timeg — startstate). By o2, we
can take m — steps from (r,1), say (r, i)(—"—»)"‘(r' ,4). By o5 and pg, we know that (r',1) encodes
some ID ¢d' such that id(-)™id' and (r',s) is at time t + m. By (nl, sync), (r,5) ~. (', 5) and by
lemma 4.4, (r',5) € [, {]t+m+s- Therefore, startstate is true at run #'. Thus, id' is in the start
state. Since (r,s) was chosen arbitrarily, we have showed that M encodes a recurrent computation
of A. Again, we leave the other direction of the equivalence to the reader.

Theorem 4.5 The validity problem for CK_E(Zz) is I} -complete with respect to Cini)-

In our proof of the II} lower bound of Theorem 4.3, it was essential that formula ps forced
synchrony with respect to intervals. This is not the case for models in C(ni), since lemmas 3.2
and 4.4 do not hold for non-synchronous models. However, in [HV89] it is shown that we can force
synchrony on finite prefixes of runs. This will enable us to force synchrony with respect to intervals
on finite prefixes of runs. This will suffice to prove a II] lower bound with respect to Cm) With
minor changes to ¢ 4. Details are left to the full paper.
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5 Variations on a Theme by Ladner and Reif
Theorem 5.1 The validity problem for KZ(Zz) and CKZ(Zz) is IT}-complete with respect to C(nf i uis) -

Since the IT} upper bounds for these classes follow directly from [HV89], it will be enough to
prove the II} lower bound for Kf(z). In [LR], Ladner and Reif prove that the validity problem for
KB(3) is undecidable with respect to C(nf,ni,uis)- In particular, they construct for each deterministic
Turing machine T a formula that forces a run to encode an infinite computation of T. As pointed
out in [HV89], their proof can be trivially modified to obtain a II} lower bound for KL(3). We will
use the main idea of Ladner and Reif’s proof to obtain for each nondeterministic Turing machine
Aa KZ(z) formula that encodes the recurrence problem for A.

Let A be a 1-tape right-infinite NTM. Suppose A has state space S, start state s € S; tape
alphabet I'; b € T' : the blank; and transition function §. Let A be the set I' U {#,$} U (S x I).
We start by giving [LR]’s definitions extended to nondeterministic Turing Machines.

We view the IDs of A as finite strings of the form: $a0$a,$...$a,$ with ao...a, € I'*(S x r)r-.
A starts on the empty tape in state so and we define the start ID of A idy as the string $< so, b>$.
Define an infinite computation as an infinite string over A of the form: #™oido#™ ¢d #™2 ... with
for each i : m; > 0, id; F id;y4, |id;| = 24 + 3.

Define a function collapse : AYUA* — A¥UA*, that replaces multiple contiguous occurrences
of the same symbol by one occurrence, that is:

collapse(ag*ai™ay™ ...) = apajaz ... € AY (if for all : m; > 0, a; £ ait+1)
collapse(ag®ai™ a3 .. .af™) = collapse(ag®al™al?...a¥) =
apaiaz...a, (if for all i: m; > 0,a; # a;41)

Suppose o and 7 are infinite computations of the form:
o = FH#HH#Fdott i drH i dadt - -
T=9 sdo# tdy # idy # idg #---

Analogously to [LR], we can define a function NV : A® — P(AS) that verifies the matching of these
strings. If & and 7 are infinite computations as given, then Vi(r;,...,7i45) € N(0y,...,0:i45). The
following lemma shows how we can use N to determine if A has an infinite computation.

Lemma 5.2 (LR) If o, r are infinite strings over A such that:

1. 0 € #%$((~{#,$}9) #3¢)~

2 re(-$%)¥

3. Vi: (T;, cen ,1‘,‘+5) € N(a;, - .,0'.'+5)

4. collapse(o) = collapse(r)
Then o and 7 are infinite computations.

We will construct a formula ¢4, such that 4 is satisfiable with respect to C(nf,nl,ayuc) if and
only if A is recurrent. As in [LR], we will encode two infinite computations on each run. Again we

partition runs into an infinite number of intervals by the propositional variable tick. Let ¢/ be the
formula:
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En((tick — Ontick) A (—tick — Otick))

If (ro,10) |= ¢1 then by (uis, nl), tick alternates on all runs.

Since we will encode two strings on each run, we need to encode 2 elements of A per point.
Therefore we introduce for each ¢ € A two propositional variables s, and t.. Let ¢z be the
conjunction of the following formulas:

EQ(V (A~ V s)AEO(V (A~ V  t)

cEA deA d#e cEA deA,d#e

If (ro,40) = ¥2 and (r,5) ~& (ro,%0) (k € {1,2}) then each point on r after 1 encodes exactly 2
elements of A, say a point encodes s = a and t = b if exactly s, and # hold. An interval [r,4]n
encodes s = a [resp. t = b] if each point in that interval encodes s = a [t = b]. Now we can define
the encoding of strings on a run: (r,) encodes 8* = o [t¥ = 7] if for all n : [r, 1], encodes s = oy,
[t = m].

The formula 14 that we will construct will force the existence of strings o and 7 fulfilling the
conditions of lemma 5.2. Following [LR], we will encode collapse(c) and collapse(r) on the current
run and o and 7 on other runs. We use propositional variable coll, constant on runs, to discriminate
between the current run, where we want coll to hold, and the runs that encode the noncollapsed
computations. The following formula 3 will take care of this.

coll A —Kjcoll A E((coll — Ticoll) A (—eoll = D1—eoll))

As in [LR], we will enforce the following situation: if (ro,%0) |= $4 then there exist strings o
and 7 fulfilling conditions 1,2,3 and 4 of lemma 5.2 such that:

o if (ro,40) ~1 (r,¢) and (r,5) |= —coll then (r,s) encodes s* =0 and t* =7
e (ro0,%0) encodes s* = collapse(s) and t* = collapse(r)

If we have constructed $4 and (ro,%0) = ¥4, then by lemma 5.2, (ro,fo) encodes an infinite
computation of A. We can then easily force this computation to be recurrent by adding the following
conjunct t,.. to a:

D<> V 8<So,a>

acl

We now turn to the construction of the formula ¢ 4. First of all we have to make sure that if
(ro0,40) ~1 (r,1) ~1 (v',¢") and (r,1),(r',4") |z —coll, then (r,1) and (r',4") encode the same strings.
As a first step, we force synchrony for ~1, by the following formula t4:

K;O((tick — Kytick) A (—tick — Ky—tick))

If (ro,40) = ¥1,-.., %4 and (r,¢) ~1 (ro,%0) then by (nl) for each jo > io there exists some j > ¢
such that (r,5) ~1 (ro, Jo)- By lemma 3.1, it follows that for all n : [r, ], ~1 [ro,70]n. We can now
force all —coll runs to encode the same strings, by formula ¢s:

K101 (—coll A s, — Ki(—coll — s.)) A K30 (—eoll At, — Ky(—ecoll — t.))
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If (ro,%0) E $1,...,9s, (r0,9%0) ~1 (r,9) ~1 (v',¢') and (r,5),(r",i') |= —coll then, by ¢4, Vn :
[r,8]n ~1 [r',4']n. By ¢2 each point on ro and r encodes exactly two elements in A and therefore
by 15 Vn : [r,{], encodes s = a [t = b] if and only if [r',4],, encodes s = a [t = b].

We have to ensure that —coll runs encode strings o and 7 fulfilling the conditions of lemma 5.2,
ie. o € #%8((~{#,8$}8)"#°8)” and r € (—$$)" such that Vi : (r;, .. ., Ti+5) € N(oi,. .., 0i+5).

Following [LR], it can easily be seen that these conditions can be checked locally: we can
construct a local condition such that if for all n this condition holds for o, .. “Onit6sTn.--Tntb
(taking some extra care for the first seven symbols), then o and r are of the appropriate form. This
is the reason why Ladner and Reif can force this situation using just one run. Obviously, one run
won’t suffice in our situation, since we don’t have the nexttime operator. However, we can force
the local condition for one interval at each run.

If (r,) ~1 (r0,%0), and (r,s) |= —coll we use (r,) to check the local condition for some interval
[r,t]n. In order to do this, we have to be able to distinguish the first 7 intervals of (r,¢). We mark
interval O to interval 6 of (r,1) by propositional variables start, to starts, by the following formula
Ye.

5
Ki(—coll — starty A /\ 1-int(starty, startyy 1) A 1-int(starts, upstart))
k=0

We can check the local condition for some interval by just looking at that interval and its 5
successors. We mark 6 consecutive intervals on each —coll run by argy to args, using formula 7:

4
Ki(~coll — M 1-int(argy, argrrs) A (1-int(args, ©Parg))
k=0

It is now easy to construct a formula g such that: if (ro, o) |= ¥1, ..., ¥ and (ro,0) ~1 (r,1),
(r,4) = —coll and [r, 1], |= argy then [r, ], fulfills the local condition (we leave the construction of
this formula to the reader).

By t5 we know that for each (r',1") ~; (ro,1o) such that (r',¢') |= —coll the following holds:
Vn : [r,{], encodes s = a [t = b] if and only if [r', '], encodes s = a [t = b]. Therefore [r', '], fulfills
the local conditions as well. We have to make sure that each interval is checked, i.e. for each n there
must be some (r, ) ~1 (ro, fo) such that (r,s) = —coll and [r,1]n |= argg. The following formula g
provides for this:

O-K;—~(—coll A argy)

Suppose (ro, o) = t1,...,%9. Choose some (ro, jo) € [ro,%0]n. By ¥ there exists some (r,7) ~
(r0, Jo) such that (r, 5) |= —coll A args. By (nf), there is some i < j such (r,%) ~1 (r0,%0). Then by
lemma 3.1, (r, 7) € [r,{], and [r, {], |= argy as required.

We have proved that if (ro, f0) |= t1, . .., %o, there exist o and 7 fulfilling conditions 1,2 and 3 of
lemma 5.2 such that: for all (r, ) ~; (ro, %0) with (r,¢) |= ~coll : (r,5) encodes s¥ = o and t“ = r.

In order to apply lemma 5.2, we have to ensure that condition 4 holds as well, i.e. collapse(o) =
collapse(r). We will let (ro,5o) encode s* = collapse(o) and t¥ = collapse(r) and force the two
strings encoded by (ro,1o) to be equal. First we will force the condition for r. Let 10 be the
formula:
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] (tc - KltC)

If (ro,40) = ¥1,- - -» Y10 then by 43 there exists some (r,1) ~1 (ro,i0) such that (r,s) = —coll. By
Y4, Vn : [ro,i0]n ~1 [r,t]n. Since (r,1) encodes t¥ = 7 and each point on ry encodes exactly one
value for t, (ro, t0) encodes t¥ = r = collapse(r).

We ensure that (ro, o) encodes two equal strings by the following formula t);;:

O(t; < s¢)

If (ro,%0) = ¥1,. .., %11 then (ro, fg) encodes s¥ = t¥ = collapse(r).

Finally, we force (ro, fo) to encode s* = collapse(c). As in [LR] we will use ~2 to simulate the
collapse function for 0. Since o # collapse(s), ~2 must behave differently from ~;. Therefore we
partition the runs into different intervals, this time using our propositional variable sg. Let [r, t]f,
be the n-th sg-interval of (r,1).

[ré)3 N [ril3 M
P e M N e S e N
(T,i).-'"_."‘._“'-.—.—"'-H‘""."'
[ —

T Y
s It ] 33 s

We can now force ~3 to be synchronous with respect to sg intervals. Let t12 be the formula:
K;0((sg — Kasg) A (—sg — Kamsg))

If (ro,0) &= ¥1,...,%12 and (r,5) ~2 (ro,%0) then by (nl) Vjo > 4o there exists some j > ¢ such
that (r, 7) ~2 (r0,J0). By lemma 3.1, it follows that Vn : [r, i)} ~2 [ro,90)}. We want the n-th sg
intervals of (ro,%o) and (r,1) to encode the same value for s. The following formula ;3 will take
care of this.

K.,O (Sc — Kzsc)

Suppose (rg, o) = ¥1,- - -, Y13, (r0,10) ~2 (r,1) and (r,1) encodes s* = o« and collapse(a) € (~$$)".
Then [r, {]}, must encode s = (collapse(c))n, since the sg intervals take adjacent identical s-symbols
together. By t13, [ro, 0]} encodes s = (collapse(c)), as well. Since we already know that (ro, fo)
encodes s = collapse(r) € (—$8)¥, the sg and tick intervals of (ro,#o) coincide. Thus, [ro,%o]n
encodes s = (collapse(c)),, and therefore (ro,tp) encodes s¥ = collapse(a). Since we want (ro, 5o)
to encode collapse(o), and collapse(o) € (—$8$)¥, we just need to force the existence of some
(r,9) ~2 (ro,%0) such that (r,s) encodes 8“ = . Let t14 be the formula:

—Ky—(=coll A argg A 1-int(starto, start;) A O(arge — s4))

If (ro,90) = ¥1,- .-, Y14 then there exists some (r,1) ~3 (ro,%0) such that (r,s) |= —coll and starto
holds exactly at [r,]op and [r,{]o encodes s = #. By (uis, nl), there must exist some j such that
(r,7) ~1 (ro,i0). By ¢s, (r,7) |E —coll, and therefore (r,s) encodes s = ¢ and starty holds
exactly at [r, jlo. But then (r,1) also encodes 8“ = o, and by ;3 it follows that (rg, o) encodes
s¥ = collapse(o).

Finally, let ¥4 be the conjunction of t; to 4. If (ro,40) |= ¥4 then by lemma 5.2 (ro,10)
encodes s* = collapse(c) and collapse(o) is an infinite computation of A. If (ro, 1) satisfies ,.. as
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well, then collapse(o) is an infinite recurrent computation of A. Therefore, if ¥4 A ¢y, is satisfiable
with respect to C(ns ni uis), then A is recurrent.

To conclude the proof of theorem 5.1 we have to check that 4 A t),.. is satisfiable with respect
t0 C(nf,ni,uis) if A is recurrent. Again, this is left to the reader.

Theorem 5.3 The validity problem for Kf(zz) and CK_I_/(Zz) 18 co-r.e.-complete with respect to
C (nd,uis) -

In the proof of theorem 4.5, we have mentioned that no learning enables us to force intervals to
be synchronous with respect to finite prefixes of runs. Now we can add an extra conjunct to
formula v 4 of the previous proof to encode the halting problem. This gives us a r.e. lower bound
for satisfiability and therefore a co-r.e. lower bound for validity. The corresponding upper bound
follows from [HV89].

Two Dimensional Temporal Logic

We can apply the techniques of the proof of theorem 5.1 to obtain a I} lower bound for two-
dimensional temporal logic with only the two sometimes operators as temporal connectives. The
models for two-dimensional temporal logic are two-dimensional grids, infinite to the right and
upwards, i.e. each point is a pair (1, ) of natural numbers. Let L be the propositional language
with operators , (sometimes to the right) and { (sometimes upwards) such that: (M,1,J) |

Orp & W 21: (M,i,5) Ep, and (M,i,5) E Cup & 35" 2 7: (M,4,5") = 0.
Theorem 5.4 The validity problem for f(z) is 1} -hard.

We will briefly sketch how to construct a formula ¢4 such that ¢4 is satisfiable if and only
if A is recurrent. First of all, note that if ¢4 is satisfiable, then there exists a model M, such
that (M, 0,0) |= @ 4. Therefore, we will assume that the constructed formula is satisfiable in (0, 0).
Introduce two propositional variables tick, and tick, such that tick, alternates on horizontal runs
and 1is constant on vertical runs, and tick, alternates on vertical runs and is constant on horizontal
runs. We will use two-dimensional intervals [(n, m)] (n,m € IN) to take over the role of points:

[(n,m)] := {(3,7) : (¢,0) in the n-th tick, interval of (0,0) and
(0, 7) in the m-th tick, interval of (0,0)}

Now we do have a gridlike structure: for all n and m, there exist ¢y, i2, j1, 2 such that [(n,m)] :=
{1 << AR<F< 2}

Using the same trick as in the proof of theorem 5.1, we can force the existence of strings o and
7 fulfilling conditions 1,2 and 3 of lemma 5.2, such that each horizontal run encodes s* = o and
t¥ = 7 on its consecutive horizontal tick, intervals.

We want (0,0) to encode the same strings collapse(o) and collapse(r) vertically, i.e. on its
consecutive tick, intervals. We use two new sets of propositional variables {3, : ¢ € A} and
{. : c € A} and force the values of § and £ to be constant on horizontal runs. To ensure that (0, 0)
encodes £ = collapse(r), we mark the diagonal with propositional variable D, i.e. (%, 5) E D if
and only (,7) € [(n n)| for some n. Now we can force points on the diagonal to encode the same
values for ¢t and i. This ensures that (0, 0) encodes f = collapse(r).
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It is easy to ensure that the strings vertically encoded on (0, 0) are equal. To ensure that (0, 0)
encodes § = collapse(o), we partition horizontal runs into intervals with s¢ and vertical runs into
intervals with 83. Since the value of s4 is constant on vertical runs, and the value of 83 is constant
on horizontal runs, this gives us again a two-dimensional gridlike structure. We can mark the
diagonal in this structure with D,, and force the points where D, holds to encode the same values
for s and 8. This ensures that (0,0) encodes § = collapse(s). By lemma 5.2, (0,0) encodes an
infinite computation of A, and it is trivial to add a conjunct that forces this computation to be
recurrent.

6 A Generic Reduction from Linear to Branching Time

Intuitively, the validity problems for branching time languages are harder then the corresponding
validity problems for linear time. We will show that we can uniformly reduce the validity prob-
lems for CKf(m) and Kf(m) to the corresponding validity problem for CKF(,,,) and K_B-(m), thus
corroborating our intuition.

There is an obvious way to associate a branching time model with each linear time model and
vice versa: suppose M = (R,7,~],... ~y,) is a linear time model, then M is a branching time
model as well; if M = (F,x,~y,... ~p,) is a branching time model then we define the corresponding
linear time model My, as (Rp, T, ~1,...~yn) (recall that RF is the set of branches in F). Note that
if M € D where D is one of our sixteen classes of models, then M € D.

Theorem 6.1 There exists a polynomial time bounded function f from CKZ(m) to CK—B-(m) formulas
such that:

1. for each linear time model M and all (r,3): (M,r,d) E o = (M, 1,4) E f(p)

2. for each branching time model M and all (r,5): (M,r,1) = f(p) = (ML,r,¢)E o

And if p € KL () then f(p) € KB ().

As a first attempt, we take g to be the function that replaces all ¢ occurrences in a CK—E(m)
formula by V. Function g does not satisfy the conditions. The problem is that in branching time
models 3O g() can hold, while VO g(4) does not hold. Given a CKL(m) formula p, we will exclude

this situation for all subformulas Oy of ¢ in all relevant points. Define a function lin from CKf(m)
to CK-B_(m) formulas:

lin(p) = T; lin(~p) = lin(p); lin(p A ) = lin(p) A lin(y)
lin(Kirp) = Kplin(p); lin(Ep) = Elin(p); lin(Cp) = Clin(p)
lin(Op) = (VOg(p) « IOg(p)) AVDlin(p)

By an easy induction on the structure of formula ¢, we can prove the following lemma.

Lemma 6.2 If M = (F,m,~1,...~p) i8 a branching time model such that (M, r,1) |= lin(p) then
(M,r,5) = 9(p) & (ML, r, i) E p.
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Let f(p) := g(¥) A lin(p); we will prove that f fulfills the conditions of theorem 6.1. Suppose
M is a linear time model and (M, r,¢) = p. If we view M as a branching time model, then for
all points (r',¢') in M and all branching time formulas ¢ : (M, ', ') |= YO « 3Oy, Therefore,
(M, r,1) |= lin(p) and by lemma 6.2, (M, r,1) = g(p). But then (M, r,5) = f(p) as required. If M
is a branching time model and (M, r,{) = f(y), then by lemma 6.2 (Mg, r,5) = ¢.

Corollary 6.3 IfD is one of our sizteen classes of models then there is a polynomial time reduction
from the validity problem for CKL(y, (resp. KL(sm) ) with respect to D to the validity problem for
C’KF(,,,) (resp. K—B—(m) ) with respect to D.

Corollary 6.4
o The validity problem for CKI?—(zz) 18 H}--complete with respect to C(,.f), C(,.f,,,.-,), C(,,f,,w),
Cntunt)sr C(nfoyme,uis)s C (ot ntome)s Cotame) 84 Cn)-
o The validity problem for CKF(ZZ) and Kﬁ(zz) 18 I1}-complete with respect to C(nf,nl,uis)
o The validity problem for CKE(Z” and Kf?-(zz) 18 co-r.e.-complete with respect to C(n1,uis)-

Lower bounds by theorems 4.1, 4.3, 4.5, 5.1 and 5.3. Upper bounds by [HV89].
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