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ABSTRACT 

A m o d e l  o f  i n f o r m a t i o n  i s  p r e s e n t e d ,  i n  w h i c h  s t a t e m e n t s  s u c h  a s  
" t h e  i n f o r m a t i o n  s e t s  a r e  common k n o w l e d g e "  may b e  f o r m a l l y  s t a t e d  a n d  
p r o v e d .  The m o d e l  c a n  a i s o  a b e  e x t e n d e d  t o  i n c l u d e  t h e  s t a t e m e n t :  
" t h i s  m o d e l  i s  common k n o w l e d g e "  i n  a w e l l - d e f i n e d  m a n n e r ,  u s i n g  t h e  
f a c t  t h a t  when  an  e v e n t  A i s  common k n o w l e d g e ,  i t  i s  common k n o w J e d g e  
t h a t  A i s  common k n o w l e d g e .  F i n a l l y ,  t h e  m o d e l  may a l s o  b e  u s e d  t o  
d e f i n e  a " n a t u r a l "  t o p o l o g y  on i n f o r m a t i o n .  
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1. I n t r o d u c t i o n  

In  1976,  Aumann p u b l i s h e d  h i s  s e m i n a l  p a p e r ,  " A g r e e i n g  t o  

D i s a g r e e , "  i n t r o d u c i n g  t h e  c o n c e p t  o f  common knowledffe  i n  game t h e o r y .  

In  h i s  m ode l ,  e v e r y  p l a y e r  t has  an i n f o r m a t i o n  p a r t i t i o n  H t o f  t h e  s e t  

o f  a l l  p o s s i b l e  s t a t e s  o f  t h e  w o r l d  ~ such  t h a t  when e ~ ~ o b t a i n s ,  

p l a y e r  t i s  i n f o r m e d  o f  t h e  member o f  H t wh ich  c o n t a i n s  e .  T h i s  m o d e l ,  

wh ich  may be d e r i v e d  f rom more p r i m i t i v e  a s s u m p t i o n s - - a s  i s  shown in  

Aumann ("An A x i o m a t i z a t i o n  o f  K n o w l e d g e " )  and B a c h a r a c h  ( 1 9 8 5 ) - - s e e m s  t o  

be s u f f i c i e n t  f o r  d e s c r i b i n g  t h e  s t r u c t u r e  o f  i n f o r m a t i o n  in  a game and ,  

i n d e e d ,  f o r  a l l  p r a c t i c a l  p u r p o s e s  e n c o u n t e r e d  so f a r .  

However ,  game t h e o r y  mode l s  q u i t e  f r e q u e n t l y  c a l l  f o r  i n f o r m a l  

a s s u m p t i o n s  r e g a r d i n g  t h e  m e t a - i n f o r m a t i o n ,  t h a t  i s ,  t h e  i n f o r m a t i o n  

a b o u t  t h e  i n f o r m a t i o n .  A p r e v a l e n t  a s s u m p t i o n  o f  t h a t  s o r t  i s  t h a t  t h e  

i n f o r m a t i o n  s t r u c t u r e  ( i . e . ,  t h e  p a r t i t i o n s  o f  fl) i s  i t s e l f  common 

k n o w l e d g e .  Such an a s s u m p t i o n  i s  s u p p o s e d  t o  be e x p r e s s i b l e  i n  t h e  

p a r t i t i o n  m o d e l .  I n d e e d ,  i n  Aumann ( 1 9 7 6 ) ,  we f i n d  (p .  1 2 3 7 ) :  

Wor thy  o f  n o t e  i s  t h e  i m p l i c i t  a s s u m p t i o n  t h a t  t h e  i n f o r m a t i o n  

p a r t i t i o n s  P1 and P2 a r e  t h e m s e l v e s  common k n o w l e d g e .  

A c t u a l l y ,  t h i s  c o n s t i t u t e s  no l o s s  o f  g e n e r a l i t y .  I n c l u d e d  i n  

t h e  f u l l  d e s c r i p t i o n  o f  a s t a t e  ~ t h e  w o r l d  i s  t h e  manner  i n  

which  i n f o r m a t i o n  i s  i m p a r t e d  t o  t h e  two p e r s o n s .  T h i s  

i m p l i e s  t h a t  t h e  i n f o r m a t i o n  s e t s  P l ( ~ )  and P 2 ( ~ )  a r e  i n d e e d  

d e f i n e d  u n a m b i g u o u s l y  as  f u n c t i o n s  o f  w, and t h a t  t h e s e  

f u n c t i o n s  a r e  known t o  b o t h  p l a y e r s .  

I t  s h o u l d  be s t r e s s e d  t h a t  t h i s  a s s u m p t i o n  i s  i m p l i c i t  i n  Aumann 's  

mode l .  M o r e o v e r ,  i t  i s  n o t  t r i v i a l  t h a t  i t  may be f o r m a l i z e d  i n  a w e l l -  

d e f i n e d  manne r .  A s t r a i g h t f o r w a r d  f o r m a l i z a t i o n  w i l l  have  t o  i n c l u d e  

s u b s e t s  o f  ~ ( t h e  i n f o r m a t i o n  s e t s )  i n  t h e  d e f i n i t i o n  o f  e a c h  member o f  

~ ,  t h u s  r e n d e r i n g  t h i s  d e f i n i t i o n  s e l f - r e f e r r i n g .  

T h i s  i m p l i c i t  s e l f - r e f e r e n c e  has  t r o u b l e d  many game t h e o r i s t s  i n  

t h e  l a s t  d e c a d e .  At l e a s t  f o u r  i n d e p e n d e n t  t r i a l s  t o  cope  w i t h  t h i s  

p r o b l e m  were  made i n  t h e  l a s t  few y e a r s :  Tan and W e r l a n g  ( 1 9 8 5 ) ,  G i l b o a  

( 1 9 8 6 ) ,  Kaneko ( 1 9 8 7 ) ,  and Samet  ( 1 9 8 7 ) .  We w i l l  now g i v e  a ( v e r y )  

b r i e f  s u r v e y  o f  t h e s e  p a p e r s ,  w h i l e  t h e  c o n t e n t  o f  G i l b o a  (1986)  w i l l  be 
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given in the following sections.  

Tan and Werlang (1985) begin with a basic uncertainty space ~ and 

construct upon i t  the spaces of be l i e f s ,  be l ie f s  regarding be l i e f s ,  and 

so on in an in f in i t e - r ecur s ion  model. They redefine common knowledge 

and show that for a given Aumann model there exis ts  an i n f i n i t e -  

recursion model such that the two notions of common knowledge coincide. 

They note that the i r  resu l t s ,  together with those of Brandenburger and 

Deke] (1985), show that  the two approaches are equivalent. One of the 

merits of the i r  model is that they can formally s ta te  that  "the 

information pa r t i t ions  are common knowledge." 

However, the pa r t i t ions  they re fe r  to are those of the "basic" 

uncertainty space, and not of the "universal" space obtained from the 

former by constructing the hierarchies of be l i e f  upon i t .  In other 

words, they do not formalize Aumann's implici t  assumption but ra ther  

construct a super-model to deal with the meta-information. Needless to 

say, they do not t ry  to formally construct a model which will i t s e l f  be 

common knowledge. 

The model presented in Gilboa (1986) is supposed to be an exact 

formalization of Aumann (1976). I ts  f i r s t  and most primitive version 

shows that  the problem we began with can be quite eas i ly  solved: one 

can write down a well-defined model in which every s ta te  of the world 

speci f ies  "the manner in which information is imparted" to the players--  

in the sense of subsets of the same uncertainty space ~. 

However, th i s  is not a l l  we intended to do: although the basic 

se l f - r e fe rence  problem has been solved, the par t i t ions  themselves or, to 

be  p r e c i s e ,  t h e  f a c t  t h a t  t h e r e  a r e  s u c h  p a r t i t i o n s ,  a r e  n o t  y e t  common 

knowledge, let alone the model itself. The solution suggested by Gilboa 

(1986), though not carried out formally, is the introduction of logic 

into the mode[, that is to say, explicitly writing down the assumption 

t h a t  a l l  the  axioms o f  l o g i c  a n d  the_.mo.del__we.,_havg s_o . far  describ_e.d, are  

common knowledge. Using the t r i v i a l  resu l t  that  i f  an event A is common 

knowledge, then i t  is common knowledge that  A is common knowledge--one 

deduces (rather than assumes) that this  las t  assumption Is i t s e l f  common 

knowledge, and hence the model i t s e l f  (including th is  assumption) is 
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common k n o w l e d g e .  

G i i b o a  (1986)  a l s o  s u g g e s t s  e x t e n s i o n s  o f  t h e  model  and a few o t h e r  

r e s u l t s  which  a r e  i n c l u d e d  in  t h e  s e q u e l .  

Kaneko (1987)  a l s o  i n t r o d u c e s  l o g i c  i n t o  t h e  model ( b u t ,  as  o p p o s e d  

t o  G i l b o a  ( 1 9 7 6 ) ,  i n  a d e t a i l e d  f o r m a l  way) .  He f o r m a i l y  d i s c u s s e s  t h e  

n o t i o n  o f  " s h a r i n g  t h e  e p i s t e m i c  w o r l d "  d e f i n e d  by a p r o p o s i t i o n ,  t h u s  

p r o v i d i n g  t h e  t o o l s  t o  d e a l  w i t h  a model  which  i s  i t s e l f  common 

k n o w l e d g e ,  a l t h o u g h  he does  n o t  e x p l i c i t l y  assume t h a t  h i s  model i s  

s u c h .  

The main d i f f e r e n c e  b e t w e e n  Kaneko (1987)  and G i l b o a  (1986)  i s ,  a t  

l e a s t  t o  t h e  b e s t  j u d g m e n t  o f  t h e  a u t h o r ,  t h a t  ganeko  d i s t i n g u i s h e s  

b e t w e e n  f a c t u a l  and s t r u c t u r a l  common k n o w l e d g e :  f a c t u a l  common 

k n o w l e d g e  i s  t h e  n o t i o n  d e f i n e d  by humann and i t s  o b j e c t s  a r e  e v e n t s - -  

s u b s e t s  o f  t h e  b a s i c  u n c e r t a i n t y  s p a c e ,  ~ .  S t r u c t u r a l  common k n o w l e d g e  

i s  o n l y  d e f i n e d  in  a s u p e r - m o d e l ,  t h e  o b j e c t s  o f  which  a r e  s t a t e m e n t s  

( o r  m a t h e m a t i c a l  p r o p o s i t i o n s ) ,  i n c l u d i n g  s t a t e m e n t s  a b o u t  t h e  s u p e r -  

model  i t s e l f .  L i k e  Tan and Welang ( 1 9 8 5 ) ,  ganeko  (1987)  does  n o t  

p r o v l d e  a f o r m a l i z a t i o n  o f  h u m a n n ' s  i n t u i t i v e  f r a m e w o r k  bu t  r a t h e r  

s u g g e s t s  t h a t  t h e  Aumann model  ( o f  s t a t e s  o f  t h e  w o r l d ,  p a r t i t i o n s ,  

e t c . )  be r e s t r i c t e d  t o  i n f o r m a t i o n  a b o u t  t h e  game ( " t h e  b a s i c  

u n c e r t a i n t y " ) ,  and t h e  m e t a - i n f o r m a t i o n  w i l l  be d e a l t  w i t h  i n  a s u p e r -  

mode l .  These  m ode l s  do n o t  e x p l i c i t l y  s o l v e  t h e  p r o b l e m  we began  w i t h  

( c a n  Aumann 's  i n t u i t i o n  be j u s t i f i e d  i n  h i s  o r i g i n a l  and s u c c i n c t  

m o d e l ? ) .  The p o s i t i v e  a n s w e r  t o  t h i s  q u e s t i o n  i s  g i v e n  i n  G i l b o a  

( 1 9 8 6 ) ,  where  i n f o r m a t i o n  and m e t a - i n f o r m a t i o n  a r e  d e a l t  w i t h  in e x a c t l y  

t h e  same way and t h e r e  i s  c o m p l e t e  e q u i v a l e n c e  b e t w e e n  s t a t e m e n t s  

( i n c l u d i n g  m e t a - i n f o r m a t i o n a l  s t a t e m e n t s )  and e v e n t s  which  a r e  s u b s e t s  

o f  t h e  s e t  o f  t h e  s t a t e s  o f  t h e  w o r l d .  

F i n a l l y ,  Samet  (1987)  a l s o  c o n t a i n s  a f o r m a l i z a t i o n  o f  i n f o r m a t i o n  

and m e t a - i n f o r m a t i o n .  His  model  i s  s i m i l a r  t o  G i l b o a  (1986)  i n  t h e  

s e n s e  o f  r e t a i n i n g  t h e  r e l a t i o n s h i p  b e t w e e n  m e t a - i n f o r m a t i o n  and t h e  

u n c e r t a i n t y  s p a c e .  He, t o o ,  o n l y  s u g g e s t s  t h e  i n t r o d u c t i o n  o f  l o g i c  

i n t o  t h e  m ode l .  However ,  t h e  main p o i n t  i n  S a m e t ' s  p a p e r  r e g a r d s  t h e  

s u b s t a n c e  r a t h e r  t h a n  t h e  f o r m u l a t i o n  o f  game t h e o r y  a x i o m s :  he shews 
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t h a t  o n e  c a n  d i s p o s e  o f  t h e  p h i l o s o p h i c a l l y  c o n t r o v e r s i a l  a x i o m  t h a t  

e v e r y  p l a y e r  knows  w h a t  he  d o e s  n o t  know ( n a m e l y ,  t h a t  i f  p l a y e r  t d o e s  

n o t  know w h e t h e r  p r o p o s i t i o n  A i s  t r u e ,  t knows  t h a t  he  d o e s  n o t  know 

i t ) ,  and  s t i l l  o b t a i n  t h e  "common p o s t e r i o r "  r e s u l t  o f  Aumann ( 1 9 7 6 ) .  

2.  ~ e  s c  E~ P ~  0.n~. 9..f~..~hP .. Mode ~..~and _~.h~. 8 ~  ~.~_s 

The  m o d e l  p r e s e n t e d  i n  G i l b o a  ( 1 9 8 6 )  d e a l s  w i t h  m e a n i n g l e s s  

c h a r a c t e r s  ( s y m b o l s ) ,  f i n i t e  s t r i n g s  o f  t h e s e  c h a r a c t e r s  a n d  ( i n f i n i t e )  

s e t s  o f  s t r i n g s .  O n l y  t h e  a s s u m p t i o n s  i m p o s e d  upon  t h e s e  s t r i n g s  a n d  

s e t s  o f  s t r i n g s  a l l o w  u s  t o  i n t e r p r e t  t h e m  a s  r e p r e s e n t i n g  s t a t e s  o f  t h e  

w o r l d ,  e v e n t s ,  g a m e - t h e o r e t i c  a x i o m s ,  a n d  s o  f o r t h .  

S i n c e  i n f o r m a t i o n  a n d  m e t a - i n f o r m a t i o n  a r e  d e a l t  w i t h  i n  t h e  v e r y  

same way i n  o u r  m o d e l ,  we w i l l  b e  a b l e  t o  f o r m a l l y  s t a t e  a n d  p r o v e  

p r o p o s i t i o n s  s u c h  a s  " I f  an  e v e n t  A i s  common k n o w l e d g e ,  t h e n  i t  i s  

common k n o w l e d g e  t h a t  A i s  common k n o w l e d g e . "  F u r t h e r m o r e ,  " e v e n t "  may 

a l s o  be  t h e  f a c t  t h a t  A i s  common k n o w l e d g e ,  s o  t h a t  o n e  may a l s o  p r o v e  

t h a t ,  i f  A i s  common k n o w l e d g e ,  t h e n  [ i t  i s  common k n o w l e d g e  t h a t }  nA 

f o r  al ly n ~ I .  

We w i l l  a l s o  p r o v e  i n  o u r  f r a m e w o r k  t h a t  t h e  i n f o r m a t i o n  s e t s  h a v e  

t o  f o r m  p a r t i t i o n s  o f  ~ .  The  i n t u i t i v e  a r g u m e n t  o f  t h e  p r o o f  i s  v e r y  

s i m p l e  a n d  i s  i d e n t i c a l  t o  t h e  o n e  u s e d  i n  Aumann ("An A x i o m a t i z a t i o n  o f  

K n o w l e d g e " ) .  

N e x t  we t u r n  t o  t h e  i n t r o d u c t i o n  o f  l o g i c  i n t o  t h e  m o d e l .  

Intuitively, what that means is to allow the players of the model to 

~hJ~, rather than just ~n_~ facts. For instance, in the basic model 

the players know what the information sets are, and these form 

partitions, but the players cannot "understand" this last fact. In the 

extended model it makes sense to state that it is common knowledge that 

the information sets form partitions. In fact, in the extended model, 

the (extended) model itself is common knowledge; that is to say, all our 

assumptions are common knowledge, and hence everything we may state and 

prove is also known to every player in the model. 

Section 5 also suggests extensions of the model by the introduction 

of topology and of probabiiistic statements. However, we do not present 
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any additional results in this paper, but merely discuss the concepts. 

This introduction cannot be concluded without an apology. 

Unfortunately, all results presented in this paper are trivial. It 

seems that in this respect too, one may quote Aumann (1976): "We 

publish this observation with some diffidence, since once one has the 

a p p r o p r i a t e  f r a m e w o r k ,  i t  i s  m a t h e m a t i c a l l y  t r i v i a l . "  

On t h e  o t h e r  hand ,  in  s p i t e  (and  maybe b e c a u s e )  o f  t h e i r  

t r i v i a l i t y ,  t h e  p r o o f s  may be c o n f u s i n g .  T h e r e f o r e  t h e y  a r e  g i v e n  i n  

d e t a i l ,  and t h e  r e a d e r  who u n d e r s t a n d s  t h e  main i d e a  i s  a d v i s e d  t o  s k i p  

them.  

3.  The B a s i c  Model 

L e t  T d e n o t e  a nonempty  s e t  o f  p l a y e r s .  Fo r  e a c h  p l a y e r  t E T l e t  

t h e r e  be g i v e n  two c h a r a c t e r s ,  k t and k t '  wh ich  w i l l  be i n t e r p r e t e d  as  

"t knows that. " and "t does not know whether. .," respectively. 

In addition, we will need another character, which will be 'c', to 

denote common knowledge. Denote K = {ktlt E T) U {kilt E T} U {'c'}. 

Let ~ he a nonempty set of characters, each of which denotes a 

state of the world. Similarly, let E be a set of characters, each of 

which denotes an event. 

A statement is one of the following: 

(i) A sequence w 'E' A where w E ~ and A E ~. (That is, the 

concatenation of three characters, the first of which belongs to ~, the 

second is the constant character 'E', and the third is a member of ~. 

In the sequel we will drop the apostrophes when they are more likely to 

c a u s e  c o n f u s i o n  t h a n  t o  p r e v e n t  i t . )  The m e a n i n g  o f  such  a s t a t e m e n t  i s  

t h a t  t h e  s t a t e  o f  t h e  w o r l d ,  ~,  b e l o n g s  t o  t h e  e v e n t  A. 

( i i )  A c h a r a c t e r  A 6 ~ .  The m e a n i n g  o f  t h e  s t a t e m e n t  "A" i s  t h a t  

t h e  e v e n t  A o c c u r s .  

( i i i )  A s e q u e n c e  kS where  k 6 K and S i s  a s t a t e m e n t .  The 

i n t e r p r e t a t i o n  o f  such  a s t a t e m e n t  d e p e n d s  on k,  as  e x p l a i n e d  e a r l i e r .  

( l v )  A s e q u e n c e  wS where  w 6 ~ and S i s  a s t a t e m e n t .  Such a 

s t a t e m e n t  s h o u l d  be r e a d  as  "S I s  t r u e  i f  w o b t a i n s . "  

The s e t  o f  a l l  s t a t e m e n t s  w i l l  be d e n o t e d  by E. S u b s e t s  o f  E w i l l  
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be called ~.~K&~. 

We now define a function E: ~ x 2 E ~ 2 Q as follows: 

E(A,L) = (~0 E C~l"w ~ A" E L) for A E ~ and L c E. 

Tha t  i s ,  E(A,L)  i s  t h e  s e t  o f  s t a t e s  o f  t h e  w o r l d  which  a r e ,  

a c c o r d i n g  to L, members o f  the event A. 

We define F = K U ~, and denote by F* the set of all finite-length 

strings of characters in F (including the empty string). 

For a language L and [ E F* we define a language f(L) by 

[(L) = ( S  E ZlfS e L) 

where  fS i s  t h e  s t a t e m e n t  g e n e r a t e d  by t h e  c o n c a t e n a t i o n  o f  f and S. 

For  i n s t a n c e ,  k l ( L )  w i l l  be t h e  l a n g u a g e  d e s c r i b i n g  what  p l a y e r  1 knows,  

a c c o r d i n g  t o  L. S i m i l a r l y ,  ~okl(L) w i l l  d e n o t e  t h e  l a n g u a g e  d e s c r i b i n g  

what  p l a y e r  1 would  know, i f  t h e  s t a t e  o f  t h e  w o r l d  ~ o b t a i n e d .  

We now d e f i n e  a f u n c t i o n  M: 2 E ~ 2 N by 

M(L) = {~ E niL c ~(L)} 

f o r  any L c ~. T h a t  i s ,  M(L) i s  t h e  s e t  o f  s t a t e s  o f  t h e  w o r l d  wh ich  

a r e  c o m p a t i b l e  w i t h  L. Note  t h a t  t h e  d e f i n i t i o n s  o f  t h e  s t a t e s  o f  t h e  

w o r l d  a r e  a l s o  d e p e n d e n t  on L. 

We w i l l  now l i s t  s e v e r a l  r e q u i r e m e n t s  on l a n g u a g e s ,  d e s i g n e d  t o  

s u p p o r t  o u r  i n t e r p r e t a t i o n  o f  t h e  v a r i o u s  s y m b o l s .  

A l a n g u a g e  L i s  s a i d  t o  s a t i s f y  t h e  f i r s t - o r d e r  c o n s i s t e n c ~  

r e q u i r e m e n t s  i f  i t  i s  t r u e  t h a t :  

(1)  For  any  B c ~ t h e r e  e x i s t s  a u n i q u e  A E ~ such  t h a t  E(A,L)  = B. 

T h i s  c h a r a c t e r  A w i l l  be d e n o t e d  E - I ( B , L ) .  (Thus ,  E - l :  

2 ~ x 2 Z ~ ~ . )  

(2)  For  any  A E ~,  "A" E L i f f  

E(A,L)  ~ M(L).  

(3)  M(L) i s  n o t  empty .  
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(4) For  any  ~ E O i t  i s  t r u e  t h a t :  

(a)  For  any  B c ~ ,  e i t h e r  "~ E - I ( B , L )  '' E L o r  "~ E - I ( B C , L )  '' E L or  

"~ E-I(B c,L)'' a L- 

(b) For any B c ~ and any t E T, exactly one of the following is 

t r u e :  

o r  

"~ k t E - i ( B , L )  '' E L 

"~ k t E - I ( B C , L ) "  E L 

" ~  kt E-I(S'L)" e L 
(5) For  any  t E T and S E E, 

(a)  I f  k tS  E L, t h e n  S E L; 

(b) I f  k t S  E L, t h e n  k t k t S  E L; 

(c)  I f  k t  S E L, t h e n  k t k t S  E L. 

(6) For  any  s E E, cS E L i f  and o n l y  i f  kS E L f o r  any  f i n i t e - l e n g t h  

s t r i n g  

E Un~ 1 ( k t [ t  E T) n.  

R e q u i r e m e n t  (1) i s  a g r a m m a t i c a l  r e q u i r e m e n t .  I t  a s s u r e s  us t h a t  

any  s e t  o f  s t a t e s  o f  t h e  w o r l d  w i l l  have  a l e t t e r  E t o  d e n o t e  i t ,  and 

t h a t  t h i s  l e t t e r  w i l l  be u n i q u e .  The s e c o n d  r e q u i r e m e n t  means t h a t  

t h o s e  e v e n t s  which  a r e  s u p p o s e d  t o  o c c u r  a t  L ( i . e . ,  t h o s e  A ' s  i n  ~ f o r  

which  "A" E L) a r e  e x a c t l y  t h o s e  which  c o n t a i n  M(L). R e c a l l  t h a t  M(L) 

i s  t h e  min ima l  e v e n t  known t o  o c c u r  a t  L, s i n c e  i t  c o n s i s t s  o f  t h e  

s t a t e s  o f  t h e  w o r l d  which  a r e  c o m p a t i b l e  w i t h  L. The t h i r d  r e q u i r e m e n t  

a s s u r e s  us t h a t  t h e r e  a r e  such  s t a t e s  o f  t h e  w o r l d .  The f o u r t h  

r e q u i r e m e n t  i s  d e s i g n e d  t o  c a p t u r e  S a v a g e ' s  (1954) n o t i o n  o f  "a  s t a t e  o f  

t h e  w o r l d  r e s o l v i n g  a l l  u n c e r t a i n t y . "  I t  f i r s t  p a r t  s t a t e s  t h a t  a t  e a c h  

w, f o r  each  e v e n t  B, e i t h e r  B or  i t s  complement  s h o u l d  o c c u r .  I t s  

s econd  p a r t  s t a t e s  t h a t ,  a t  e ach  w and f o r  any  p l a y e r  t ,  t h e r e  a r e  t h r e e  

p o s s i b i l i t i e s ,  e x a c t l y  one o f  which  has  t o  r e a l i z e :  (a)  t knows B; (b) 

t knows BC; (c)  t does  n o t  know w h e t h e r  B or  B c.  R e q u i r e m e n t  (5) s a y s  

t h e  f o l l o w i n g :  (a)  I f  somebody ( t )  knows a f a c t ,  t h e n  t h i s  f a c t  i s  

t r u e ;  (b) i f  t knows a f a c t ,  t h e n  t knows he knows i t ;  (c)  i f  t does  n o t  
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know w h e t h e r  a c e r t a i n  f a c t  i s  t r u e  o r  n o t ,  t h e n  t knows t h a t  he  d o e s  

n o t  know i t .  The l a s t  r e q u i r e m e n t  (6)  i s  t h e  d e f i n i t i o n  o f  common 

k n o w l e d g e .  

We now proceed to define the Sg.condgFdercpns.ister,q~requJre.ments 

on a language L: 

(7) For any string [ E F*, f(L) satisfies the first-order consistency 

requirements. 

(8) For any string f E F*, any ~ E ~ and any A E ~, 

~([(L)) = ~(L) 

and 

E(A,f(L)) = E(A,L). 

Requirement (7) means that all languages generated by L will also 

satisfy (1)-(6). (Hence, they will also satisfy (7).) Requirement (8) 

is again a grammatica] one, and ensures that the names of all states of 

the world and all events are the same for all languages generated by L. 

If L satisfies (7)-(8), it is called an information set. Note that 

if L is an information set, [(L) is also an information for any string 

f ~ F*.  

We w i l l  now t u r n  t o  some t r i v i a l  r e s u l t s  w h i c h  w i l l  d e m o n s t r a t e  t h e  

way i n  w h i c h  m e t a - i n f o r m a t i o n  i s  f o r m a l i z e d  i n  t h i s  m o d e l .  Our f i r s t  

r e s u l t  s a y s  t h a t ,  i f  a c e r t a i n  f a c t  i s  common k n o w ] e d g e ,  t h e n  i t  i s  

common k n o w l e d g e  t h a t  i t  i s  common k n o w l e d g e .  

1. P r o p o s i t i o n :  S u p p o s e  L i s  an  i n f o r m a t i o n  s e t ,  and  l e t  cS E L f o r  

some S ~ E. Then  ccS  a L. 

Proof: Suppose kl,k2 E Un> 1 (ktlt E T) n. Since cS E L, we have 

klk2 s E L. This being true for any ~2' it is true that klcS E L for all 

~i" But this is equivalent to ccS E L.// 

Before continuing, we have to simplify our notations. In view of 

requirement (8), whenever the information set L under discussion is 
-1 

fixed, it may be omitted from the function E and E Furthermore, 

these functions may be dispensed with altogether: since they translate 
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elements of ~ into elements of 2 O and vice versa,  no ambiguity may 

r e su l t  from the i r  omission. We wil l ,  therefore ,  use elements of 2 O to 

denote elements of ~ as well. For instance, i f  B c ~ then "B" should be 
-1 

read as "E (B,L)" 

Our next r e su l t  is  well-known. I t  s t a t e s  that  each player has a 

p a r t i t i o n  of ~, such that  i f  ~ E ~ obtained, the player would know the 

elements of the p a r t i t i o n  which contains e. The i n t u i t i v e  explanation 

of this  r e su l t  is that  i f  a player knows what he knows and knows what he 

does not know, at each ~ the set  of s t a t e s  of the world he considers as 

possible is exact ly  those s t a t e s  at  which he would know what he indeed 

knows. We remind the reader that  th is  r e s u l t  is  obtained in Aumann ("An 

Axiomatization of Knowledge"), though in a d i f f e r e n t  framework. 

In the sequel, L will  be assumed to be an information set  unless 

otherwise s ta ted .  We begin with a few lemmas: 

. Lemma: For each ~ E 0, M(~(L)) = (~). 

P[qo[: By the de f in i t ion  of M and requirement (8), w E M(w(L)). 

However, i f  for  some ~' E O, ~' E M(~(L)), then ~(I,) c ~ ' (L) .  Take 

B = {~}. I f  "B c'' E ~(L), requirement (2) is  contradicted.  Hence, by 

requirement (4), "B" e ~(L), whence "B" E ~ ' (L ) .  But th is  implies 

w' e M(~'(L)) c B, that  i s ,  w' = ~ . / /  

For the next few lemmas we will fix a player t E T, and write "k", 

"k" instead of "kt", "kt"' respectively. 

3. Lejnma: For each ~ E 0, w E M(k(L)) iff k(L) c ~(L). 

Pyoof: By def in i t ion  of M, w E M(k(L)) i f f  k(L) c ~(k(L)). But 

r e q u i r e m e n t  (8) i m p i i e s  e ( k ( L ) )  = ~ ( L ) . / /  

4. Lemma: "kM(k(L))" E L. 

P r o o f :  By r e q u i r e m e n t  ( 2 ) ,  "M(L)" E L f o r  any  i n f o r m a t i o n  L and ,  i n  
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part icular ,  "M(k(L)) E k(L). th is  is equivalent to "kM(k(L))" E L . / /  

5. Lemma: For  e a c h  w E ~ ,  ~ E M ( k ( L ) )  i f f  " k M ( k ( L ) ) "  E w ( L ) .  

.Proo_.f: F i r s t  assume ~ E M(k(L)). By Lemma 4, "kM(k(L))" E L, whence, 

using requirement (5), "kkm(k(L))" E L, or "kM(k(L))" E k(L). As Lemma 

3 implies, k(L) c ~(L), the f i r s t  part is proved. Now assume that  

"kM(k(L))" E ~(L). By requirement ( 5 ) ,  "M(k(L))" E W(L), whence, by 

requirement (2), M(k(L)) D M(w(L)). However, by Lemma 2, M(w(L)) = {w), 

and w E M(k(L)) has been proved.// 

6. ~!~PgD~9~: For any ~, ~' E ~, ~' E M(k(~(I,))) i f f  M(k(e(L))) = 

M(k(~'(L))). 

Proof: F i rs t  assume that ~' E M(k(~(L))). By the def in i t ion of M, 

k(~(L)) c w'(L). However, by Lemma 4, "kM(k(w(L)))" E k(w(L)), whence 

"kM(k(~(L)))" E ~(L) or "M(k(~(L)))" E k(~'(L)).  By requirement (2) one 

obtains M(k(e(L))) D M(k(~'(L))). TO see that the converse inclusion 

also has to hold, assume the converse, i . e . ,  M(k(e'(L))) ~ M(k(w(L))). 

By requirement (4), exactly one of the following three poss ib i l i t i e s  is 

true: (i) "kM(k(o'(L)))" E o(L); ( i i )  "kM(k(~'(L))) c'' E ~(L); ( i i i )  

"kM(k(~'(L)))" E ~(L). I f  (i) were to hold, then "M(k(~'(L)))" E 

k(~(L)), which implies M(k(e'(L))) D M(k(e(L))), contrary to our 

assumption. On the other hand, ( i i )  would imply 

"M(k(w'(L))) c'' E k(w(L)), yielding M(k(w'(L))) c D M(k(~(L))), whence 

M(k(~'(L))) c D M(k(w'(L))), contradicting the nonemptiness of 

M(k(~'(L))). Hence we are l e f t  with ( i i i ) .  By requirement (5) we 

obtain "kkM(k(~'(L)))" E ~(L), or "kM(k(~'(L)))" E k(w(L)). However, 

Lemma 3 implies that ~' E M(k(~(L))) is equivalent to k(~(L)) c ~'(L).  

The former being true, we obtain "kM(k(w'(L)))" E ~'(L).  On the other 

hand, Lemma 4 yields "kM(k(~'(L)))" E ~'(L),  a contradiction to 

requirement (4). This completes the f i r s t  part of the proof. Now 

assume M(k(~'(L)))= M(k(~(L))). We note that requirement (5) implies 

k(~'(L)) c o ' (L) .  By the def in i t ion  of M and requirement (8), th is  is 
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e q u J v a i e n t  t o  ~ '  ~ M ( k ( w ' ( L ) ) ) .  H e n c e ,  w' e M ( k ( ~ ( L ) ) )  h a s  b e e n  p r o v e d ,  

and  t h a t  c o n c l u d e s  t h e  s e c o n d  p a r t  o f  t h e  p r o p o s i t i o n . / /  

We n o t e  t h a t  p r o p o s i t i o n  6 i s  e q u i v a l e n t  t o  t h e  f o i l o w i n g :  "The  

r e l a t i o n  R t c ~ x ~} d e f i n e d  by:  " ~ R t ~ '  i f ,  when ~ o b t a i n s ,  t h e  p l a y e r  t 

c o n s i d e r s  ~ '  a s  p o s s i b l e  . . . .  i s  an  e q u i v a l e n c e  r e l a t i o n . "  The e q u i v a l e n c e  

c l a s s e s  o f  R t f o rm  t h e  i n f o r m a t i o n  p a r t i t i o n  f o r  p l a y e r  t .  

We now t u r n  t o  a few r e m a r k s  r e g a r d i n g  t h e  c a r d i n a l i t y  o f  t h e  s e t  

o f  a l l  i n f o r m a t i o n  s e t s .  We f i r s t  n o t e  t h a t  f o r  a g i v e n  s e t  ~ ,  ~ i s  

e s s e n t i a l l y  u n i q u e .  T h e r e f o r e ,  t h e  s e t  o f  a l l  i n f o r m a t i o n  s e t s  i s  w e l l  

d e f i n e d  by  t h e  s e t  o f  p l a y e r  T an d  t h e  s e t  o f  s t a t e s  o f  t h e  w o r l d  ~ ,  and  

i t  w i l i  be  d e n o t e d  by  I (TA'~) .  In  g e n e r a l  i t  w i l l  be  t r u e  t h a t  I ( T , £ I )  i s  

l a r g e r  t h a n  C~. F o r  i n s t a n c e ,  J t  i s  e a s y  t o  s e e  t h a t  

7. Remark :  i f  [T! ~ 3 and  ! ~  ~ 2,  t h e n  

II(T.~)! ~ .  

Proof: We w i l l  show tha t  for  each subset  M of tile na tu ra l  numbers there  

e x i s t s  a d i s t i n c t  information se t  L M E I (T ,~ ) .  Let there  be given M. 

Assume {1,2,3} c T and A = {~0} c ~. For each m ~ I l e t  S m denote the 

s tatement  "k " l ( k 2 k 3 ) m k l A  '' ( w h e r e  (k2k3)m ' '  d e n o t e s  t h e  m - f o l d  

c o n c a t e n a t i o n  o f  " k 2 k 3 "  w i t h  i t s e l f } .  Now l e t  L M be  an  i n f o r m a t i o n  s e t  

f o r  w h i c h  

{m ~ l lS  m E L M} = M. 

As L M ¢ L M' for M ~ M', our remark is proved.// 

N o t e :  I f  IT[ = 2,  t h e  p r e v i o u s  r e m a r k  i s  no l o n g e r  t r u e .  

I ( T , ~ )  i s  d e n u m e r a b l e  f o r  a n y  f i n i t e  ~ .  

M o r e o v e r ,  i n  g e n e r a l  i t  i s  t r u e  t h a t :  

in that case 

8.  .Remark.: II(T,C~}I > I~1.  
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.~r,~9,,f: Trivial since for any A c ~ there exists an  information set L in 

which, for a given t E T, M(kt(L)) = A.// 

This remark may be interpreted as an impossibility result: tile set 

of all information sets I(T,~) is, in a way, the set of a]i conceivable 

states of the world. (Technically, not every information set has to 

"resolve ail uncertainty." Hence, not every information set may be a 

description of a state of the world. It is easy to see, however, that 

the previous remar'k is vaiJd even when one restricts one's attention to 

those information sets which, indeed, "resolve all uncertainty.") The 

meaning of this result is, therefore, that the states of the world in a 

model of information (of the type discussed here) cannot exhaust all 

conceivable states of the world. 

The mode] presented in Section 3 is rich enough to formalize 

phrases such as "it is common knowledge that A is common knowledge" or 

to prove that the information is structured as in the classical 

partitions model. However, it is not rich enough to formalize phrases 

such as "it Js common knowledge that the information is structured as in 

the classical partitions model." In other words, the fact that 

Proposition 6 proven above is common knowledge cannot be expressed irt 

the model. This is quite obvious since our model does not contain any 

logical symbols that may be used to describe mathematical statements. 

The point we would like to stress here is that these symbols are 

(almost) all that is needed to extend the model to include mathematical 

statements. 

S i n c e  t h i s  p a p e r  a l r e a d y  h a s  a low r e s u l t s / d e f i n i t i o n s  r a t i o ,  we do 

n o t  i n t e n d  t o  d e f i n e  t h e  e x t e n d e d  m o d e l  f o r m a l l y .  We w i l l ,  t h e r e f o r e ,  

o n l y  d e s c r i b e  t h e  c h a n g e s  t h a t  h a v e  t o  b e  made i n  t h e  m o d e l ' s  s t r u c t u r e  

a n d  a s s u m p t i o n s :  

1) The  a l p h a b e t  o f  t h e  m o d e l  h a s  t o  i n c l u d e  t h e  s t a n d a r d  l o g i c a l  

s y m b o l s  ( ] ,  V, A, ( , )  V, B, => . . . .  ) .  

2) Any information set has to satisfy additional requirements, 
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which will guarantee that these symbols have their common 

meaning. For instance, if S e L, then it is false that IS 

L, e t c . ) .  

3) R e q u i r e m e n t s  ( 1 ) - ( 8 ) ,  d e f i n i n g  i n f o r m a t i o n  s e t s ,  have  t o  be 

translated into formal mathematical ianguage, and then it 

should be assumed that for each information set these 

requirements are common knowledge. 

Assuming such a model, we may write: 

Informal Propo_s.ltiop: Propositions 1 and 6 proven above are common 

knowledge. 

I n f p r m a ]  P roof ' :  A l l  we have  t o  do i s  r e p e a t  t h e  p r o o f s  o f  S e c t i o n  2, 

s t a t i n g  " i t  i s  common knowledge  t h a t .  " b e f o r e  e a c h  s t e p .  

In  f a c t ,  t h i s  i n f o r m a l  p r o p o s i t i o n  may be i n t e r p r e t e d  as  s t a t i n g  

t h a t  u n d e r  t h i s  m o d e l ' s  a s s u m p t i o n s ,  t h e  model  i t s e l f  i s  common 

k n o w l e d g e ,  and so a r e  a l l  t h e  r e s u l t s ,  i n c l u d i n K t h ~ _ _ q n e  you  a r e  now 

re.__afi.ing. What makes t h i s  s e e m i n g l y  m e a n i n g l e s s  s t a t e m e n t  w e l l  d e f i n e d  

i s  P r o p o s i t i o n  1: i t  s u f f i c e s  t o  assume t h a t  t h e  a s s u m p t i o n s  o f  t h e  

model  a r e  common k n o w l e d g e ;  t h i s  v e r y  f a c t  { i . e . ,  t h e  l a s t  a s s u m p t i o n )  

w i l l  a l s o  have  t o  be common knowledge  by P r o p o s i t i o n  1. Thus i t  may 

a c t u a l l y  r e f e r  t o  i t s e l f  w i t h o u t  d o i n g  so f o r m a l l y .  

R e m a F k ~ :  In  t h i s  f r a m e w o r k ,  t h e  S a v a g e a n  n o t i o n  o f  s t a t e - o f - t h e - w o r l d  

" r e s o l v i n g  a l i  u n c e r t a i n t y "  w i l l  mean t h a t  f o r  e a c h  ~ E ~ ,  ~ (L)  i s  

c o m p l e t e  and c o n s i s t e n t .  S i n c e  a c o n s i s t e n t  l a n g u a g e  may be e x t e n d e d  t o  

a com~l_ete and c o n s i s t e n t  one  by t h e  axiom o f  c h o i c e  ( o r  even  w i t h o u t  

i t ,  i n  c a s e  ~ and T a r e  f i n i t e ) ,  t h e  e x i s t e n c e  o f  i n f o r m a t i o n  d e p e n d s ,  

b a s i c a l l y ,  upon t h a t  o f  c o n s i s t e n t  l a n g u a g e s  s a t i s f y i n g  a l l  o t h e r  

r e q u i r e m e n t s .  Of c o u r s e ,  we c a n n o t  p r o v e  t h a t  such  c o n s i s t e n t  l a n g u a g e s  

e x i s t ,  and such  a p r o o f  i s  i m p o s s i b l e  by G o e d e l ' s  t h e o r e m s .  However ,  we 

may use  ( a g a i n )  t h e  r e c u r s i v e  s t r u c t u r e  o f  t h e  mode l :  a r e a d e r  who has  

n o t  d o u b t e d  t h e  c o n s i s t e n c y  o f  t h e  model  p r e s e n t e d  i n  S e c t i o n  2 s h o u l d  

n o t  d o u b t  t h e  e x i s t e n c e  o f  i n f o r m a t i o n  s e t s .  
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R e m a r k _ 2 :  I n  t h e  mode l  d e s c r i b e d  a b o v e ,  t h e  p l a y e r s  a r e  a l l o w e d  t o  know 

a n y  f a c t  we know,  i n c l u d i n g  t h e  p r o p o s i t i o n s  we h a v e  p r o v e d .  H o w e v e r ,  

t h e y  a r e  n o t  a l l o w e d  t o  p r o v e  t h e s e  p r o p o s i t i o n s  t h e m s e l v e s .  I f  o n e  

r e a l l y  l i k e s  t o  l e t  t h e  p l a y e r  " t h i n k , "  a s  we h a v e  p r o m i s e d  t o  do i n  t h e  

b e g i n n i n g ,  o n e  s h o u l d  a s s u m e  f o r m a l  l o g i c  t o  be  common k n o w l e d g e ,  a n d  

t h e n  o n e  c a n  show t h a t  a l l  p r o o f s  may be  c a r r i e d  o u t  w i t h i n  t h e  m o d e l .  

5 .  O t h e r  P o s s i b l e  E x t e n s i o n s  

5.1 Topology: There is little doubt that information plays a 

major role in reality. Information about the information does not seem 

to be as important as the information itself, but it cannot be dismissed 

as irrelevant. It is, however, quite rare that the nature of the game 

played in reality will depend heavily upon what player I knows about 

what player 2 knows about what player I knows, etc. It seems that even 

the wittiest spy will get confused after a relatively small number of 

iterative concatenations of {ktlt ~ T}. Therefore, it is preferred that 

any solution concept applied to the game w£1i not be too sensitive with 

respect to the highly complicated statements in the information of the 

game. 

This "bounded rationality" type of argument leads us to define a 

topology on the set of information sets, with respect to which one may 

require a solution concept to be continuous. The topology we suggest is 

defined as follows: for each n ~ I, let En denote the statements in 

of length n. (The exact definition of "length" is immaterial. For the 

sake of concreteness we will suppose that it is the number of characters 

contained in the statement.) Consider the topology generated by the 

sub-base 

{(L  e I ( T , ~ ) I L  N z n  = LO N z n } I L  0 e I ( T , ~ ) ,  n ~ 1} .  

I n  t h i s  t o p o l o g y ,  L ~ L 0 i f f  f o r  e a c h  n ~ I t h e r e  e x i s t s  ~ s u c h  t h a t  

f o r  a l l  ~ ~ ~ ,  L a n d  L 0 a r e  i d e n t i c a l  a s  f a r  a s  n - l o n g  s t a t e m e n t s  a r e  
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concerned. Note that the space of all information sets is a metric 

space. 

in case ~ and T are f i n i t e ,  E is denumerable, and for any 

enumeration of i t ,  E: N ~ E, we may map 2 Z into [0,1] by the function: 

x(E,L) = Li=l 2-I 
- i  

{E(i)EL} .3 

We conclude this sub-section with the following t r i v i a l  remark which may 

further motivate our choice of topology oil I(T,~): 

Remark: 

e q u i v a l e n t :  

(1) 

( i i )  

( i i i )  

(iv) 

I f  I T / ,  t~21 < ~,  L (n _> 1 ) ,  L e 2 Z, t h e n  t h e  f o l l o w i n g  a r e  
n 

L ~ L; 
n 

OnE1Uk~n Lk = U n ~ 1 % ~ n  LR : L; 

For  some e n u m e r a t i o n  E , x ( E , L n )  ~ x ( E , L ) ;  

For  ally e n u m e r a t i o n  E , x ( E , L n )  ~ x ( E , L ) .  

~ : . 2 . _ _ ~ . F ~ b a b i . ~ .  The l a s t  e x t e n s i o n  o f  t h e  model  t o  be d i s c u s s e d  

h e r e  i s  t h e  i n t r o d u c t i o n  o f  p r o b a b i l i s t i c  s t a t e m e n t s .  "Knowledge"  may 

be c o n s i d e r e d  as  " b e l i e f  w i t h  p r o b a b i l i t y  1 , "  w h i l e  t h e  model  may 

i n c l u d e  b e l i e f s  w i t h  o t h e r  d e g r e e s  o f  p r o b a b i l i t y  as  w e l l .  Such an 

e x t e n s i o n  may s e r v e  as  a f o r m a l i z a t i o n  o f  H a r s a n y i ' s  ( 1 9 6 7 - 6 8 )  model  o f  

b e l i e f s ,  bu t  we w i l i  n o t  e x p a t i a t e  oil i t  s i n c e  i t  doe s  n o t  seem to  

f o r m a l i z e  any  n o t i o n  n o t  i n c l u d e d  i n  t h e  model  o f  M e r t e n s - Z a m i r  (1985} .  
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