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This paper attempts to study the consistency of several basic game- 

theoretic axioms. We focus on two of these: _q_qmmon_.knowledge (CK) and 

common sense (CS). Common knowledge assumes that the game itself and all 

other game-theoretic axioms imposed on the model are common knowledge~ 

Common sense assumes that when a player has a strictly dominant strategy, 

he/she will play it. 

We use the following version of the surprise-test paradox to show that 

the axioms CK and CS may be inconsistent. Suppose there are two players, 

the teacher and the class. The teacher should choose on which out of two 

days, say Thursday and Friday, a test will be given. The ctass is a dummy 

player, that is, it has a single strategy. The rules of the "game" are that 

the teacher has to be able to prove that, the evening before the day of the 

test, the class could not have proven that it would be taking place the 

following day. The teacher's payoff is 1 if he can prove it, and 0 

otherwise. The class' payoff is irrelevant. 

If we assume both CK and CS, we can follow the usual argumentation of 

the paradox: if the teacher decides to give the test on Friday, his payoff 

is bound to be zero, and that is common knowledge. The paradox lies in the 
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d e t e r m i n a t i o n  o f  t h e  t e a c h e r ' s  p a y o f f  s h o u l d  he g i v e  t h e  t e s t  on T h u r s d a y :  

i f  t h e  c l a s s  does  n o t  "know" ( i . e . ,  i s  n o t  a b l e  t o  p rove )  on Wednesday n i g h t  

t h a t  t h e  t e s t  w i l l  t a k e  p l a c e  t h e  n e x t  day ,  t h e  t e a c h e r ' s  p a y o f f  s h o u l d  be 

1. But ,  in  t h i s  c a s e  t h e  axiom CS i m p l i e s  t h a t  t h e  t e a c h e r  w i l l  i n d e e d  

p r e f e r  h i s  d o m i n a n t  s t r a t e g y .  Then CK i m p l i e s  t h a t  t h e  c l a s s  s h o u l d  a l s o  

"know" t h i s  f a c t .  I f ,  on t h e  o t h e r  hand ,  t h e  c l a s s  "knows" t h a t  t h e  t e s t  

w i l l  be g i v e n  on T h u r s d a y ,  t h e  t e a c h e r ' s  p a y o f f  w i l l  be O, bu t  t h e n  t h e r e  i s  

no way f o r  t h e  c l a s s  t o  deduce  t h a t  T h u r s d a y  would  i n d e e d  be p r e f e r r e d  by 

t h e  t e a c h e r  t o  F r i d a y .  

The s i t u a t i o n  d e s c r i b e d  above i s  n o t  a s t a n d a r d  game. N o r m a l l y  t h e  

d e s c r i p t i o n  o f  a game s h o u l d  s p e c i f y  t h e  p a y o f f  f u n c t i o n s  w i t h o u t  r e f e r r i n g  

t o  t h e  p l a y e r s '  knowledge  (o r  a b i l i t y  t o  p rove  f a c t s ) .  In  o r d e r  t o  f o r m a l l y  

d e a l  w i t h  t h e  p a r a d o x  d e s c r i b e d  above ,  we i n t r o d u c e  t h e  c o n c e p t  o f  

i n f o r m a t i o n - d e p e n d e n t  games.  L o o s e l y ,  an i n f o r m a t i o n - d e p e n d e n t  game i s  a 

q u a d r u p l e  (N, (S l ( h i ) i E N )  )LEN' K, where  N i s  a s e t  o f  p l a y e r s  and S l i s  a 

s e t  o f  s t r a t e g i e s  o f  p l a y e r  i - - a s  in  a s t a n d a r d  n o r m a l - f o r m  game. K i s  a 

s e t  o f  " p r e d i c t i o n  p r o f i l e s " :  e v e r y  e l e m e n t  o f  K i s  o f  t h e  form (VI)LE N, 

, S i .  Tha t  i s  V i i s  a s u b s e t  o f  a l l  where  f o r  e v e r y  i ~ N, V i c S E HiE N 

p o s s i b l e  p l a y s  o f  t h e  game, which  r e p r e s e n t s  p l a y e r  i ' s  p r e d i c t i o n  as  t o  t h e  

way t h e  game w i l l  be p l a y e d .  Final ly ,  h i :  S x K ~ R i s  p l a y e r  i ' s  p a y o f f  

f u n c t i o n ,  which  depends  n o t  o n l y  on t h e  a c t u a l  p l a y  o f  t h e  game, b u t  a l s o  on 

a l l  p l a y e r s '  p r e d i c t i o n s  a b o u t  t h i s  p l a y .  

A l t h o u g h  t h e  c o n c e p t  o f  i n f o r m a t i o n - d e p e n d e n t  games was a b y - p r o d u c t  o f  

t h e  s t u d y  o f  t h e  p a r a d o x  as  d i s c u s s e d  above ,  we b e l i e v e  t h a t  t h e s e  games 

d e s e r v e  c o n s i d e r a t i o n  by t h e m s e l v e s .  V a r i o u s  s i t u a t i o n s  a r i s i n g  in  

economics  seem t o  be b e s t  d e s c r i b e d  by i n f o r m a t i o n - d e p e n d e n t  games.  For  



Information-Dependent Games 399 

I n s t a n c e ,  economic  phenomena r e l a t e d  t o  f a s h i o n  a n d / o r  s o c l a l  norms w i l l  

u s u a l l y  be more p r e c i s e l y  d e s c r i b e d  and b e t t e r  u n d e r s t o o d  once  we a l l o w  t h e  

p a y o f f s  t o  v a r y  w i t h  p l a y e r s  t p r e d i c t i o n s  a b o u t  t h e  p l a y  o f  t h e  game. 

However,  t h e  i n t r o d u c t i o n  o f  i n f o r m a t i o n - d e p e n d e n t  games does  n o t  

s u f f i c e  t o  f o r m a l i z e  t h e  " p a r a d o x "  d i s c u s s e d  e a r l i e r .  We s t i l l  have  t o  

e x p l a i n  t h e  c o n c e p t s  o f  " k n o w l e d g e , "  " p r o o f , "  and t h e i r  r e l a t i o n  t o  t h e  

" p r e d i c t i o n s "  which  a p p e a r  i n  t h e  d e f i n i t i o n  o f  I n f o r m a t i o n - d e p e n d e n t  games.  

To t h i s  end we have  t o  f o r m a l l y  r e f e r  t o  g a m e - t h e o r e t i c  ax ioms .  For  

I n s t a n c e ,  t h e  axiom CS was u sed  by game t h e o r i s t s  f o r  d e c a d e s ,  and i t  i s  

even  q u i t e  p r e v a l e n t  t o  assume i m p l i c i t l y  t h a t  t h e  p l a y e r s  assume i t  a s  

w e l l .  Bu t ,  t o  t h e  b e s t  o f  our  knowledge ,  n e i t h e r  t h i s  axiom nor  any  o t h e r  

has  e v e r  been  t r e a t e d  as  a f o r m a l  m a t h e m a t i c a l  o b j e c t .  To t h i s  end one has  

t o  d e f i n e  t h e  s e t  o f  a l l  games,  t o  d e f i n e  t h e  " p l a y  o f  a game" as  a f u n c t i o n  

from t h i s  s e t  i n t o  t h e  s e t  o f  c o n s e q u e n c e s  ( p o s s i b l e  p l a y s  o f  a l l  games ) ,  

and f i n a l l y  t o  w r i t e  down t h e  axiom CS i n  t e r m s  o f  t h i s  f u n c t i o n .  (The 

f o r m a l  and l e n g t h y  d e f i n i t i o n s  a r e  n o t  t o  be found  in  t h i s  p a p e r . )  

Given  a f o r m a l  t r e a t m e n t  o f  game t h e o r y ,  i n c l u d i n g  a s s u m p t i o n s  a b o u t  

t h e  p l a y e r s '  knowledge  and a b i l i t y  t o  p r o v e ,  we d e f i n e  an " t n f o r m a t i o n a l l y  

c o n s i s t e n t  p l a y "  o f  an i n f o r m a t i o n - d e p e n d e n t  game as  an e l e m e n t  ( s ,  ( v i ) t 6  N) 

o f  S × K ( s p e c i f y i n g  b o t h  t h e  a c t u a l  p l a y  o f  t h e  game and a p r e d i c t i o n  s e t  

f o r  each  p l a y e r ) ,  wh ich  i s  c o n s i s t e n t  i n  t h e  f o l l o w i n g  s e n s e :  (a)  t h e  

a c t u a l  p l a y  o f  t h e  game does  n o t  c o n t r a d i c t  any  p l a y e r t s  p r e d i c t i o n ,  and (b) 

f o r  each  p l a y e r  i ,  I t  can  be p r o v e n - - u s i n g  t h e  game t h e o r e t i c  a s s u m p t i o n s  

and t h e  s t a n d a r d  n o r m a l - f o r m  game c o r r e s p o n d i n g  to  t h e  p l a y e r s '  

p r e d i c t i o n s - - t h a t  p l a y e r  i knows t h a t  t h e  p l a y  o f  t h e  game w i l l  be i n  V i and 

V i i s  t h e  min ima l  s e t  s a t i s f y i n g  t h i s  r e q u i r e m e n t .  
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With t h i s  d e f i n i t i o n  we may f i n a l l y  d e s c r i b e  t h e  p a r a d o x  as  s a y i n g  

( r o u g h l y )  t h a t  i f  CS and CR a r e  b o t h  i n c l u d e d  in  t h e  g a m e - t h e o r e t i c  ax ioms ,  

t h e r e  e x i s t s  ( i n f o r m a t i o n - d e p e n d e n t )  games w i t h o u t  any i n f o r m a t i o n a l l y  

c o n s i s t e n t  p l a y s .  
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